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ABSTRACT

The alpha-betza strategy is a widely used methoc for economizing on the size
of game trees. Keretofore, its application has been limited to depth-first tree
growth in recursive search functions., However, many modern game players use
retentive (i.e. coroutine-based) control to achieve greater attention mobility
in the game tree, e.g. for heuristically guided "best-first"™ searching. This
paper reformulates the alpha-beta strategy for this generalized control setting.
Algorithms are provided (in complete PASCAL code) for the following operations
on appropriate nodes arbitrarily selected from a game tree: terminal node
expansion, resumption of heuristically suspended move generation, tree
re-rooting (i.e. top-level move selection), subtree redevelopment to satisfy a
new search thoroughness condition, including restart of nodes that were cut-off »
but may no longer be, Empirical results are presented indicating that, in
addition to heuristic freedom, this method typically offers trees with fewer
terminal nodes than in the recursive case, due‘ to Dbest-first descendant
ordering, and the availability on the average of greater tree context for node

cutting.
CR categories: 3.66; 4,22,

Kevy words and phrases: alpha-beta pruning, game trees, heuristic search,

minimaxing, retentive control, PASCAL.
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1. MOTIVATION.

1.1. The alpha-beta strategy.

The alpha-beta strategy is a2 familizr method for economizing on the growth
of game trees [S171], [N171], [wWn77]. Under the =alpha-beta strategy, 2
nonterzinal node is Ycut-off" or abandoned whenever it is known from the node's
context that its wultimate value cannot possibly rise to the root of the tree
under the rules of minimax value propagation. Althcugh the alpha-beta strategy
has at times been called 2 heuristie, it is rather an optimizatiopn admitting no‘

possibility of error in top-level move selection.

A number of studies have estimated the savings offered by the =zlpha-beta
strategy under various conditions [Bd78al], [FGG73], [Gr76], [KM75]), [Nw77]. 1In
sum, these findings indicate that the alpha-beta strategy significantly slows
(but does not eliminate) the exponential growth problem for game tree searching.
In view of its ease of implementation in ordinary depth-first searching via

recursion, the method has seen wide application.

1.2. Came playing under retentive control.

At the time of the alpha-beta strategy's original discovery (e.g. [HE63];
see [KM75] for a historical summary), recursion was the most advanced control
form geﬁerally available in higher-level programming languages. Todzy, however,
more advanced contreol structures are common, particularly in AI languages
[BR74]. If one puts aside true concurrency (see [K178] and [Bd78b] for
approaches to alpha-beta pruning in this setting), the central feature of these
advanced structures is pretentive control, whereby activations of program units

are not necessarily deleted when exited,. This cepebility offers a logicel
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parallelism that goes beyond recursion, and can suppcrt such programming styles

as coroutines, backtracking, and demand-driven generztor functions.

In the specific domain of game plaving, retentive control offers the

following attractive search methods as alternatives to depth=-first search:

i) breadth-first search, in which the game +tree 1is searched 1in

ply-order;

ii) best-first search, in which nodes zare examined in an order

dictated by some dynamic measure of "promise", and

iii) evolvine tree search, in which a significant portion of the game
tree 1is retained from one move cycle to the next, in order to

eliminate its reconstruction in subseguent searches.

1.2, tlpha-beta pruning under retentive control.

Ezch of the search strategies above goes beyond ordinery depth-first search
in that some degree of lateral mobility in the gzme tree 1is reouired.
Nevertheless, the notion of zlphe-beta pruning is still sensible. Our goazl here
is to show the feasibility and attractiveness of adapting alpha-beta pruning to
this logically parallel setting. In particular, procedures will be defined for
performing the following actions in any order on appropriate nodes arbitrarily

selected from az game tree:
i) expand 2 node that is currently terminal;

ii) resume move generation from =a nonterminzl node that was

heuristically suspended;
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iii) re-root the tree by selecting a top-level descendant to be the
new root (thereby "evolving" the rame tree one level through a

move decision);

iv) redevelop a subtree, i.e. expand and resume enough of its nodes
to satisfy some extended measure of thoroughness (e.g. depth of

terminals), and

v) restart move generation from a nonterminal node that was
previously cut-off, but may no longer be due to the alteration of

its cutting value through actions of type (i) - (iv).
Qur correctness and economy conditions will be the following:

i) minimax correctness: upon the completion of each action of ‘type
(1) = (iv), including any indicated node restarts (v), the root
node will possess the correct minimax value for the current tree
(and hence will indicate the correct next move according to the

search done thus far);

ii) cuttine correctness: after each move selection, i.e. rerooting
and tree redevelopment according to some lookzhead heuristic
(e.g. the desired depth of terminals), the resulting root value
and indicated move will be consistent with that of the full tree
delimited by that heuristic, even though the =actual tree will

usually be smaller (e.g. have some "high" terminals), and

111) cutting effectiveness: whenever move generation is done, it will
be done wunder the most stringent alpha-beta thresholds dictated

by the current tree at large.
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2. A-B TREES.

2.1. Implicit vs., explicit tree representations.

In traditional depth-first game pleyers, the geme state information (we

will use "board position") is typically represented in the following fashion:

i) there is 2 single global datz structure E representing the

current board position;

ii) as move lookahead is done by the recursive search function,

incremental changes are made to B for each hypothesized move, and

iii) as each such move 1is retracted, its incremental change is

explicitly "undone" on R.

This approach does not conveniently generalize to the logically parellel
seerch methods outlined in section 1.2. Instead, one of the following two

alternative apﬁroaches to game tree representation is generally used:

a) [implicit] The global data structure E reflects the given board
position associated with the root of the tree and is left
unchenged during the search, The incrementel change to B
associated with each move is retained as data local to the search
process at each node. The board access functions then examine
these changes in LIFO order along the path from the current node
to the root, The game tree thus exists dmplicitlvy through the
control relationships of the suspended search functions at each
node. Ry coupling coroutine-based control with this distributed

representation for B, rapid "context switching" or lateral tree
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mobility is attained.

b) [explicit] Tﬁere is only one re-entrant searcn process, and zll
state information associated with each boerd position is directly
encoded into an explicit context tree [MPST78] of board
positions. Each node may possess &a cozplete B value, or an
incremental change as in (a). In either cese context switching
is rapid, since the single re-entrant search process may be
redirected to any existing node without extensive globzl or local

data manipulations.

tlthough approach (a) is a recognizable trend in LI progzramaning (due in
part to the availability of supporting features in languages such as CONNIVER
[MS72]), we will adopt approach (b) here. While the benefits of our method may
ultimately be greater under approach (a), using zpproach (b) here offers the

following immediate advantages:

i) exposition will be simpler since there will be no need to define
the coroutine and context management facilities reguisite to

approach (a), and

ii) the results obtained will be available imnediately to  AI

researchers using conventional high-level languzges.

Given this choice, it is useful to reformulate the classicel =alpha-beta
strategy in terms of the gtatic properties it induces on such trees, as opposed
to its more customary dynamic pruning effect. This will be done in three
stages. First, 2 particular representation of ordinary cinimax game trees will
be defined in section 2.2. Second, that representztion will be extended 1in

section 2.2 to "A-B trees'", which include noce cutting relationships. Third, a
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notion of A-B tree "validity" (thoroughness with respect to a particular
lookahead condition) will be defined in section 3.1. Finally, the classical
alpha-beta algorithm will be presented recast in these terzs in the remzinder of

section 3.

2.2. A game tree representation,
A gzme tree T 1s a set of nodes obeying the following conditions:

2.2.1. XNodes. A node in T is a record defined as follows (in PASCAL

TIJWTL] terms):

type nodedeg 0 .. maxnrofdesc;

descnr = 1 .. maxnrofdesc;

player = (max, min);

position = {representation of board pesition};
nodeval = -statvalmax .. statvalmax;

ptrnode = “node;

node = record nrdesc: nodedeg;

desc: array [desenr] of ptrnode;
parent: ptrnode;
onmove: player;
pos: position;
value: nodeval
end;

2.2.2. Terminal nodes. A noden in T is terminzl if n.nrdesc=0.

2.2.3. Nonterminal nodes. A node n in T 1is nonterminal if n.nrdesc>0.

Then  for cach i, 1<zi<=zn.nrdezc, the descendant link n.desc[i] points to &
descendant node d of n, with d”.parent = n; d is said to be & rank i node. The
descendant links of nodes in T form a tree structure on T in the obvious manner.
The root node of T is denoted root(T); the subtrce rooted by any node n in T is

denoted tree(n).
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2.2.4. onmove. FRoot(T) may have either max or min in its onmove field,
reflecting the player whose turn it currently is to move. However, each other

node n in T must obey the following recursive rule:

if n.onmove = max (min), then for each i, 1<zi<=n.nrdesc,

n.desc[i] " .onmove = min (max).

2.2.5. Dpps. The pos field of each node n represents the board position
associated with that node 1in the game tree. The exact nature of this value
(e.g. ite structure, whether the pos value is incrementzl or complete, etc.) is
unimportant to us. Naturally there &re some game-dependent conditions that
apply (e.g. that the net change in pos values from & nonterminal node to each
of its descendants corresponds to a different legal move by n.onmove, etec.), but

we leave these unstated here.
2.2.6. xa2lue., The value at a node n is determined as follows:
i) if n is 2 terminal node, n.value is the static vzlue of n.pos.

ii) if n is a nonterminal node and n.onmove = max (min), then n.value

is the maximum (minimum) over 1<=zid=n.nrdesc of n.desc[i] " .value.

2.2.7. desc order. We assume (for reasons to become clear in section 3)

that the descendants of each nonterminal node n are sorted in best-first order

of desirability (from n's viewpoint). That is, if n.onmove = mex (min), for
each i, 1<=zidsn.nrdesc-1, n.desc[i])”.value >= (<=) n.desc[i+1] " .value. Thus

n.value = n.desec[1]  .value.
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2.3. A-E trees and their representation.

Qur gocal of attention mobility in the game tree demands knowledge not

only

of the cut-off status of each node, but =also explicit éutter-cuttee

relationships.

that of A-B trees, which include such information.

To that end, we now extend our representation of game trees

to

(The more perspicuous name

"zlpha-beta trees" has, unfortunately, a quite different extant meaning [CW78].)

¥We assume the following new fields are added to node records:

node = record ... {fields as before]}
cut: boolean;
cutter, cutnodes, nextcut: ptrnode
end;

Definition. Ap A-R tree is a game tree (as per section 2.2), in which

node fields adjoined abocve obey the fcllowing conditions:

If n,cut=true, then node n is.currently cut-off by some other node in

Ts

i)

ii)

In this cacse:

n is a2 nonterminsl node, not all of whose immediate

descendants have been generated;

n.cutter points to the node cutting n (call it ¢). The

following must be true of ¢ and n:

a) c.cut = false;

b) c.onmove = n.onmove;

¢) ¢ is an immediate descendant of an ancestor of n,

but not itself an ancestor of n, and

d) if c.onmovezn.onmove=min, then c.valued>n.value

the
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(2lphg cut-off): otherwise (i.e. if
¢c.onmove=h,.onmovezmax), c.value<n.value (beta
cut-off);

iii) n.cutnodes = nijl.

If n,cut=fazlse, then node n is currently not cut-coff; instead, n
itself may be cutting one or more other nodes in T. Let S be
that set, i.e. S ={m in T such that @m.cut=true and

m.cutter=n }. Then:
i) if S is empty, then n.cutnodes=znil; otherwise:

ii) n.cutnodes boints to one node in S, and the remzining
nodes in S are chained together via their nextcut

fields (with a finel nil terminator).

Pefinition. An £-B subtree is & subtree of an £-F tree. Note that an L-B
subtree 1is 1itself not necessarily an A-B tree, since some of its nodes may be
cut by external nodes. When a subtree in an A-B tree is in faet an &4-B tree

itself, we say it is an jindependent 4-B subtree.

Readers well-acguainted with the alpha-beta method may have found three
aspects of thies representation notable. We point out each of these here, elong

with a brief word of motivation,

First, one mzy note that, contrary to the normal depth-first viewpoint, the
cutter ¢ of a cut-off node n is not a complementery (i.e. max for min, etc.)
agncestor of n, but rather a like (max for max, ete.) sibling or ancestor

sibling. Two obcervations are relevant:
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i) this approach is consistent with the customary viewpoint, in that

we have simply focused on a potential source of a cuttin

[1}]

ancestor's value, rather than the ancestor itself, and

ii) this approach is likely to economize on node restarting, for
changes in the ancestor's value will not bring into guestion the
restart of n unless caused by the strengthening of c¢'s value

(more on this later in section 4.3).

Second, one mey note that while the vealues of cut-off nodes are permitted
to rise in the tree's minimax value computation, cut-off nodes are nct
themselves eligible to do cutting, There are several reasons for this,

including:

i) node record size can then be minimized through the sharingﬂ of

fields that cannot simultaneouslv be active (e.g. cutter and

cutnodes --- unexploited here), and

ii) a cutter-cuttee dichotomy is maintazined which will =simplify our

algorithms, while
iii) no loss of cutting power results, as shown by the following:

Theorem 1. A cut-off node immediately below &z live node (i.e. one
currently undergoing move generation) cannot contribute a sharpened alpha or

beta value for its siblings.

Proof (Max case; min is symmetric). Let n1 be a min node whose
descendant n0 has  just undergone (beta) cut-off. Let the
(alpha, beta) values prevailing on n0 and n1 be (a0, b0) and (a1, b1)

respectively. Then v0>b0, Two cases applv.
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If vi<b1 then bO=v1l. Thus v0>b0=v1, so v1 is not dislodged

from n1 and bl will prevail on the next descendznt of n1,.

If v1>=b1, then b0=b1, and vO>b0=b1, so bl will agdin remain
in effect, even if v0 is installed at n1 due to v0<vl. The alpha

value al, of course, is unchanged in either case.

Finally, it may be noted that node cutting is not decne on tie values (i.e.
strict inegualities must hold on cutting tests). There are two justifications

for this deviation from customary practice:

i) the eqguality case 1s sufficiently rare thzt no noticeable

performance degradation occurs, and

ii) a pathological A-B tree condition termed "cross-cutting" (see

section 3.1) is thereby avoided,
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3. GROWING VALID A-B TREES.

Our introductory treatment of A-B trees will now be concluded in two finzl
stages. First, the notion of A-E tree %"validity" will be defined; secondly,
the classical alpha-betz algorithm will be presented, reformulated to <senerzte

velid A-E subtrees,

3.1. Valid A-B trees.

The A-B tree datz structure defined in =ection 2 provides a concrete
representation for game trees with explicit node cutting relationships. In
addition to the structural well-formedness rules given there, s further notion
of A-B tree correctness will be necessary to validzte the tree expansion
algorithme to be presented in subseouent sections. We begin with & series of

c¢efinitions.

£ -

3.1.1. Full geme trees. We say a game tree T is a full cecz2me tree with

recpect to the "horizon" function DEEPENOUGRE if:

i) for each node n in T: n is terminal iff DEEFENQUGH(n,.pos)

true, and

ii) for each nonterminazl node n in T: the full complement of n's

descendants has been generated (denoted n.nrdesc

NROFMOVESFROM(n.pos)).

=
v
"3
o

3.1.2. Xey nodes. Let T now be an A-E tree., Then the kev nodes of T

the smallest set satisfying the following recursive definition:

i) Root(T) is a key node of T.
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ii) Let n be a key nonterminal node of T. Then:

a) if n is uncut, then for each i, 1<zi<zn.nrdesc, n.desc[i]

is a2 key node, otherwise:

b) if n is cut-off, then n.desc[1] is a key node.

3.1.2. A=B subtree validitv. Let T be an A-B tree, and n a node in T. Ve
say tree(n) i1s a valid A-B subtree with respect tc DEEPENOUGH if whern n is

assumed t¢ be key in T:

i) for every key node m in tree(n): n is terminal iff

DEEPENOUGH(m.pos) = true, and

ii) for every uncut key nonterminal node m in tree(n): m.nrdesc =
NROFMOVESFROM(m.pos) .
lctes: Since root(T) must be key, saving T is valid means (i) and (ii) are

true o¢f every key node in T. Henceforth, for brevity, "valid A-B subtree" and

"full game tree" will both implicitly mean "with respect tc DEEPENOUGH".

3.17.3. Underlving game trees. Let T be an A-B subtree and G be a full game

tree, with root(T).pos = root(G).pos. Then we say G underljes T.

Our generzal objective‘in subseguent sections will be to providé a flexible
means for generating A-B trees that are consistent with, but typically more
compact than, all underlying full game trees. As we shall see, subtree validity
will be our principal means toward that end. These notions will be sharpened in

section 3.1.5, after one further lemma,.
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2,1.4, Renk 1 cutter nodes. It will be wuseful =&zt times tc put L-E

subtrees into a certein stendard form, as indicated by Lemma 1.

Lemma 1. Let T be an A-B subtree, Then T can be modified =so that every
cut-off node in T is either (i) cut-off from outside T, or (ii) cut-cff by &

rank 1 node in T. Moreover, if T is valid then the modified form of T 1is also

valid.
rocf. Let n1 be a cut-off node in T with ni.cutter = n0 in T
pcssessing rank > 1. Assume inductively that nt is the first such
node in postorder. Denote ni.parent as n2, etc. Let nk be the

sibling of n0 on the path from ni to nO.perent. We zssume n0 and nil

are min nodes (the alpha cut-off case; the beta case is symmetric).

Denote nj.valuve as vj, for 0 <= j <= k. Now let ni be the first
zin node on the path from ni £o nk that possesses z rank 1 sibling nit%
with value vi¥* such that vi¥ > vi, Observe thet if ni exists, then v
= v2 >= V3 = ,.. >= vi, since the odd nodes are rznk 1 min nodes.

Bence v1 >= vi.

ase 1. Node ni exists; since vi¥ > vi, ni* 1is =z potential
cutter of ni. If ni* 1is wuncut, make it the new cutter of n1.
Otherwise, make ni¥.cutter the new cutter of ni1, Ev induction,
ni* ,cutter is outside T, or is rank 1. Finzlly, note that since we
have neither expanded any terminals nor uncut any nodes, 1if T was

valid then it remains so.

Cese 2. No such node ni exists; hence nk has no wezker siblings

and vk >= v0. Moreover, vl >z vk by the peth reasconing used above,

tence v1 >= v0, refuting alphz cut-off of rn1 by n0, i.e. vi1 < v0,
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Note: Observe that this proof would not hold if cutting were done on

equality, e.g. on v1 <= v0 above., In such a case subtree c¢ross-cutting can

occur, in which two sibling nodes each cut-off nodes in the other's subtree,
with no alteﬁnétive cutter avallable higher in the tree. This pathological

condition can block the correctness of an otherwise valid A-B tree.

3.17.5. CLonsistency of valid A-B subtrees. Our principal result relating
valid A-B subtrees and underlying full game trees will now be presented, after a

preliminary lemma.

Lemma 2. Let tree(n) be an A-B subtree. Suppose n.desc[1] = n0 cuts some
ni. Then if n1 is uncut and resumed, no value change will result a2t nO.parent

in the resulting reminimaximization along the path from n1 to n0.parent.

Proof (min case; max case is symmetric). Define n2, ..., nk and
v0, ..., Vk as in the proof of Lemma 1. As 2 result of resuming min
nzde n1, v1 cannct be weakened, i.e, vi1' <= vi, Conéequently, the
value at max node n2 cannot be strengthened, i.e. v2' <= v2, etec.;
ultimately we have vk' <= vk, But by hypothesis:no is rank 1, so V0
>= vk, wheﬁce v0 >= vk'. (Note that any additional node resumptions
in tree(nk) would have to be triggered by a strengthened min node ni;
by analogous rgasoning these can only affect vk by strengthening it

further,)

If vk did not cut-off any nodes in tree(n0), v0 remains unchanged
and continues to. dominate at n0.parent. Now suppose vk did cut-off
some node n* in tree(n0). Then restarting n* due to vk' < vk could
only cause v0' < v0O if vO = v¥, But then v0 = v¥* < vk, contradicting

the original rank 1 hypothesis for n0. Hence again v0 continues to
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dominate at nl.parent,

Theorem 2. Let T be an A-B tree, and n such that tree{n) is a wvalid A-B
subtree of T. If tree(n) 1is an independent A-B subtree, then n.value =

root(Gn).value, for any full game tree Gn underlying tree(n).

Proof. By Lemma 1, we can assume all cut-off nodes in tree(n)
are cut from outside tree(n), or possess rank 1 cutters. Now assume n
is key; we proceed by induction on the key nodes of tree(n) in
postorder, Without =altering n.value, we will ensﬁre by construction

that the following property is true of tree(n) after our visit:

P(n): every key node in tree(n) rooting an independent
A-B subtree possesses a value ecual to that of its

corresponding node in Gn,

Cese 1: n is terminal. Then tree(n) is trivially an independent
t£-B subtree, and P(n) is true directly by the horizon condition shared

by tree(n) and Gn.

Cese 22: n is a cut-off nonterminal. Node n.desc{1] = ¢ is then
key; by induction, P(d). Moreover, by our rank 1 cutter assumption,
if d is cut then d.cutter is outside tree(n). Node n itself is
clearly cut from dutside tree(n). Delete any descendants of n of rank

> 1; this does not alter n.value. One may then conclude P(n),.

Cese gb: n 1is an wuncut nonterminal. Then 2ll descendants
n.desc[i] = ni exist and are key; hence P(ni). Suppose nl1 cuts some
node n* in tree(ni). Replace the missing descendants at n* with the

corresponding subtrees from Gn, By Lemma 3, this does not change the
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value at n. Repeat this process exhaustively; by our rank 1 cutter
hypothesis the only cut-off nodes recaining in tree(ni) are cut from
outside tree(n). If no such nodes exist in tree(ni), then tree(ni) is
identical to its corresponding subtree in Gn by construction. If all
ni meet this condition, then tree(n) is similarly correct; otherwise

n.value may still be incorrect. In either case, P(n).

Our final result is obtained through Corollary 1, which follows directly

fror Theorem 2:

Corollarvy 1. Let G be a full game tree underlying a valid A-B tree T.

Then the top-level move indicated by T is consistent with that indicated by G.

3.2. A valid A-B subtree algorithm,

2. ecifi jon. We now present GROHTREE,'a: nethod for Agenerating

()

valid A-R subtrees. The arguments to GROWTEEE‘are:,

n: a pointer to an uncut node in an A-B tree T. We assume any

existing descendants of n either root valid A-E subtrees, or span

a node m heuristically suspended (denoted HEURISTICSTOP(m)), and

ipha, beta: pointers to cutting threshold nodes above n in its tree,

in the sense of section 2.3; 1if no alphaz cutting value has yet

been established for n (e.g. n is the global root), then alpha

topmax, a pointer to a special pseudo node with topmax.value

-statvalmax = INITVAL(max) (similarly for beta and topmin,

w

pointer to a pseudo node with topmin.value = statvalmax

INITVAL(min)).
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The effect of GROWTREE under the input assumptions above is to produce an
A-B subtree tree(n) which is valid if it does not span a heuristically suspended

node,

3.2.2. Code for GROWTREE. Code for GROWTREE and a few of its auxiliary

routines will now be given., The other routines referenced may be found in the

eappendices, organized as follows:

fppendix p: miscellaneous auxiliary routines (in complete PASCAL);

Appendix B: game-dependent functions (in skeletazl PASCAL), and

Appendix C: heuristic control functions (in skeletal PASCAL).

procedure GROWTREE(n, alpha, beta: ptrnode);
var a, b: ptrnode;

bezin  {generate new descendants (with subtrees) from node n
under cutting thresholds given o5y zlphe and beta}
if DEEPENQUGH(n".pos) {horizon limit} then
n” .value:=STATICVALUE(n" .pos)
else
begin {expand n}
a:=zalpha; Db:=beta;
if n".nrdesc>0 then {compute locazl zlpha & betz,
relying on sorted descendants}
LOCALPEABETA(n" .desc[1], 2, b);
while not n".cut and
(n" .nrdesc<NROFMOVESFROM(n)) and
not HEURISTICSTOP(n) dg
begin CREATENEXTDESC(n);
GROWTREE(n~ .desc[n” .nrdesc], a, b);
CHECKDESC(n, n” .dese[n”.nrdesc], a, b);
if SHOULDBECUT(n, alphz, beta) then
CUTOFF(n, alphs, beta)

end
end;
SORTDESC(n)

end {GROWTREE};
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procedure CHECKDESC(p, g: ptrnode; var alpha, beta: ptrnode);

begin {see if value at desc ¢ is new local best for p;
urdate alpha or beta as approprizte}
if BETTER(aq  .value, p .value, p .onmove) then
INSTALLVALUE(p, q, alpha, beta) '
end {CHECKDESC};

' functijon SHOULDBECUT(n, alpha, beta: ptrnode): boolean;

begin {test if node n should be cut-off under tnresholds
given by alphz and betz}
if n” .nrdesc<NROFMOVESFROM(n" .pos) then
case n” .onmove of
max: SHOULDBECUT:=CUTS(beta, n);
min: SHOULDBECUT:=CUTS(alpha, n)
end
else SHOULDBECUT:=false
end {SHOULDBECUT};
procedure CUTOFF(n, alpha, beta: ptrnode);
begin {insert n on appropriate cut list of alpha or beta}
n”.cut:=true;
gcase n” .onmove gf
max: INSERT(n, betz);
min: INSERT(n, alpha)
end
end {CUTOFF};

3.3. Correctness,
The correctness éf GROWTREE can be argued as follows:

Theorem 3. Let n, alpha, and beta be as specified in section 3.2.1. Then

GROWTREE(n, alpha, beta7 performs as specified.

Proof (informal)., Assume n is key. If'n.pos is DEEPENOQUGH, n
will be 1left terminal, with tree(n) thereby valid. Otherwise, some
number of subtrees will be grown by GROWTREE recursively; by
induction these will be valid or contein suspended nodes. If any

suspended nodes result in tree(n), then GROWTREEZ performs as desired.
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Otherwise, all subtrees rooted by descendants of n will be valid.
Hence tree(n.desc[1])) will surely be valid. If n does not become
cut-off, then n.nrdesc = NROFMOVESFROM(n.pos) after GROWTREE. 1In

either case, tree(n) is valid.

Note: Henceforth (except in section 5), we will assume no nodes have been

suspended through HEURISTICSTOP, This will expedite our presentztion, and

permit stronger validity results.

3.4, Appraiszl.

The worst-case economic behavior of GROWTREE may be estimated as follows:
Let f be the maximum degree (fan-out) of any node grown, ¢ the depth (relative

to n) of the deepest new terminal, and m the number of new nodes grown. Then:

space: GROWTREE consumes 0(m) space for the new nodes produced. Its

working space (recursion stack, with locals) is 0(d).

time: Let 0(1) denote fixed running time. Then 211 routines other
than GROWTREE itself called within GROWTREE's loop are 0(1).
Moreover, one new node is created on each loop cycle; hence the
time spent local to those loops is 0(m). The time spent outside
the loop in each call is O(f log f) (from SORTDESC). Thus the
time overall for GROWTREE is O(m) * O(f log f) = O(m), assuming

m>>f,
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4, EXPANDING A TERMINAL NODE.

Our first "random access" operation to be defined on an A-B tree T will be
to expand an earbitrary terminal node t. This operation will be performed in

four stages: !

i) calculation of the cutting thresholds at each node along the path

from root(T) to t;

ii) expansion of t into an A-B subtree;

iii) remipimeximization of the values along t's path to root(T), and

iv) restart of any previously cut-off nodes no longer cut-off due to

the rise of t's new value,

4.1, FINDPATH,

Step (i) above will be accomplished with the aid of a global stack ps (for
"path stack") and a procedure FINDPATH. The stack ps is defined as follows:
type psentry = record alpha,'beta: ptrnode;

wascut: boolean;
oldvalue: nodeval

end;
var ps: array [0..depthmax] of psentry;
pstop: -1..depthmax; {top pointer for ps}

FINDPATH behaves as follows:

1) The path from t to root(T) (t's "root path") is determined by

recursive descent along parent links.



Page 22

2) The path stack ps is then constructed working backward from the

root. At each node n along that path a new record is pushed onto

ps, and:
a) n.value is saved in the oldvalue field of that record;

b) n.cut is saved in the wascut field of the record, 2and n

is uncut if n.cut = true;

¢) a new n.valve is computed ignoring the immediate

descendant of n along the path to t, and

d) the (alpha, beta) pair prevailing on that immediate

descendant is determined and saved in the record,.

Code for FINDPATH:

progedure FINDPATH(n, d: ptrnode);

begin {retract values along root path from descendant d of n:

build in ps the path stack prevailing on d}

if d=root then
PSPUSH(d" .value, false, topmax, topmin)

else

begin  {build pathstack tail first}
FINDPATH(n  .parent, n);
PSPUSH(d" .,value, d".cut, psl[pstop].alpha

psipstop).beta);

if d”.cut then
UNCUT(d); {kills any restart reguest as well)
REOPTIMIZE(n, d, ps[pstopl.alpha, ps[pstop].beta)
end
end {FINDPATR};
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progedyre REOPTIMIZE(p, q, alpha, beta: ptrnode);

beecin {recalculate value at p, ignoring the value at immediate
desc ¢; update alpha or beta as approp.}
if p".nrdesc=1 then '
p~.value:=INITVAL(p" .onmove)
£else INSTALLVALUE(p, BESTSIB(q), alpha, beta)
end {REOPTIMIZE};

function BESTSIE(p: ptrnode): ptrnecde;
begin {find best sibling of p; zt least one assumed to exist]
if p".parent”.desc[1)=p then
BESTSIB:=p” .parent” .desc[2]

else BESTSIB:=p  .parent” .desc[1]
end {BESTSIB};

Theorem L. Suppose FINDPATH(n, d) is invoked, with d a descendant of n in
an A-R tree T. Then upon FINDPATH's completion thebnodes on d's root path are
configured a2& they would be in the depth-first case were d the newest node

created (ignoring descendant ordering).

Proof. Follows directly from the description above.

L.2. Expanding t.

Once FINDPATH has completed, the expansion of t can be accomplished by

simply:
2) initializing t's value to INITVAL(t.onmove), and

b) using the (alpha,ibeta) pair in the top record of ps as cutting

thresholds for GROWTREE.
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4.3. Rezxinimaxing the root path from t. -

pefinition. An extended A-B tree is an A-B tree zs defined in section 2.3,
but with perhaps some of its cut-off nodes (those "marked for restart") on the

cutnodes list of the pseudo node restarthead.

Note: the previously defined concepts of "key node" and "valid A-E

subtree" apply without modification to extended A-B subtrees.

Once the new value at t has been established through GROWTREE, the path to

the root is examined in upward order. At each node n aloneg that path we must:
a) recalculate n's minimax value, and
b) re-establish n's cutting relationships. In particular:

1) using the (alpha, beta) pair for n saved on ps, determine
whether n should now be cut-off, If =0, do so;

otherwise:

2) if n was cut prior to FINDPATH (perhaps tv being restart

marked), mark it for restart;

3) if n is thereby cut-off, mark for restzart =zll of the

nodes it previously cut-off; otherwise:

4) see if the new value at n has been strengthened with
respect to the stacked old value. If so, re-check its
cut-off nodes; otherwise, retain its entire cut-off

list.
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The full details of this logic zre given in BACKUP, NEWNODEVAL and

ZYPLNDTEZRM below:

procedure BACKUP(d: ptrnode);
var q: ptrnode;

begin {back up newly installed value from d using path stack ps}
Q:=d;
while odroot do
begin PSPOP; o0:=q  .parent;
SORTDESC(q); {could do linear merge}
¢  .value:=¢" .desc[1]".value;
if SHOULDBECUT(q, pslpstopl.zlphz, psipstop].beta) then
CUTOFF(qg, ps{pstopl.alphe, pslpstop).beta)

if pslpstop].wascut then
ADDRESTART(c);
NEWNODEVAL(q, ps[pstopl.oldvalue)

£nd;
PSPOP {for root entry}
end {BACKUP}
procedure NEWNODEVAL(o: ptrnode; oldvalue: nodeval)

beegin {check implications of newly installed vazlue at
previously uncut node ¢ on root path}
if o".cut thep {mark 21l nodes cut by ¢ for restart}
RESTARTALL(q);
else
if BETTER(o".value, oldvelve, ¢  .cnmove) then
CEECKCUTS(q, g .cutrnodes, ¢ .cutnodes)
€nc {NEWNODEVAL};

procedure EXPANDTERM(t: ptrnode);

begin {expand terminal node t}
FINDPATH(t  .parent, t);
t”.value:=INJTVAL(t" .onmove);
GROWTREE(t, ps[pstopl.alpha, pslpstopl.beta);
NEWNODEVAL(t, ps[pstop].oldvalue);
BACKUP(¢t)
end {EXPANDTERM};



Page 26

Theorem 5. Let t be a terminal node in an extended A-B tree T. Then after
EXPANDTERM(t): (i) tree(t) is valid, and (ii) if T was valid before, it remains

S0.

Proof (informal). Through its use of GROWTREE, EXPANDTERM
produces a valid subtree at t, given the (alpha, betz) prevailing on t
as determined by FINDPATH. 4As a result of NEWNODEVAL and BACKUP, eany
node n whose cutter is removed as 2 result of a new value along t's
root path is marked for restart, and still is cut-off. Hence the set

of key nodes in T - tree(t) is unchanged, and validity is preserved.

4.4, Restarting newly uncut nodes,

As described above, EXPANDTERM can leave marked for restart some number of
previously cut-off nodes. In general, it is preferable to accumulate these
recuests and batch process them; mecharnisms for this purpose =are given in

section 8,

4.5. Appraisal,

We now consider the economic behavior of EXPANDTERM. Let d be the depth of
t relative to root(T), d' the depth (relative to t) of its deepest descendant, m
the number of nodes in t's new subtree, and r the length of the longest nextcut

chzin encountered by CHECKCUTS and RESTARTALL. Then:

space: through GROWTREE, EXPANDTERM consumes space 0O(m). Its
temporary workspace is 0(d) + 0(d'), for ps and GROWTREE's

recursion,

time: FINDPATH runs in time 0(d), if we assume UNCUT to be 0(1),
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which it could be by doubly linking the nextcut fields. GROWTREE
runs in time O(m) as before, anc BACKUP runs in 0(d) * [0(f) =+
0(r)], with the O0(f) term coming from the new value merge.
Moreover, an obligation for some number of node restarts may be
incurred, which must be considered part of EXPANDTERM's overhead.
Lf the time associated with nextcut 1list scanning and node
restarting can be ignored (as will be suggested in section §),

then the overall time for EXPANDTERM is 0O(d) ¥ 0(f) + O(m).
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5. RESUMING #& SUSPENDED NODE.

The meaning of node resumption,

The function HEURISTICSTOP called in GROWTREE provides for &a node under

rove generation to be heuristically abandoned. The mechanism for later resuming

move generation from such a node is closely related to the corresponding code

for

terminazl node expansion. The only differences are (a) the omission of

INITVAL invocation, and (b) the preliminary screening for current cut-off (which

is not a2 problem for terminal nodes),.

5.2.

5.3.

to

Code,

The code for RESUMENQODE is zs follows:

procedure RESUMENODE(p: ptrnode):

begin {resume move generation froz p if not cut}
Af p".cut then
{no point in resuming}
glse

begin  FINDPATH(p  .parent, p);
GROWTREE(p, ps(pstop].alpha, pslpstopl.beta);
NEWNODEVAL(p, pslpstopl.cldvalue);
BACKUP(p)
£ng
end {RESUMENODE};

Eppraisal.

The validity implications of RESUMENODE can be argued in a style analogous

that of Theorem 5. Moreover, the economic analvsis for EXPARDTERM holds

equally well for RESUMENODE. Thus we have space consumed = 0(m), workspace =

0(d) + 0(d'), and time = 0(d) * O(f) + O(m).
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6. RE-ROOTING £-B TREES.

6.1. Steps involved.

Selecting a top-level move in an A-B tree for evolution of the game can
readily be accomplished as follows. Suppose the renk i move has been selected;
thus root.desc[i] = mw is to become the new global root. Then the following

steps suffice:

i) mark for restart all nodes in m's subtree that are cut-off by

siblings of m;

ii) clear the cutnodes list of m (since these must 2ll be in subtrees

about to be erased);
iii) erzse the root node and all subtrees rooted by siblings of m, and

iv) mske m the new global root.

6.2. Code.
Code for this process is given in MAKEMOVE:

procedure MAKEMOVE(i: descnr);

var Ji deschr;
m: ptrnode;

becin {make i-th best move from root}
m:=z=root” .desc[i];
for j:=1 to root” .nrdesc do
if j<>1 then
{find nodes in m's tree cut by siblings of m)}
CLEARCUTSINTREE(root” .desc[ j]”.cutnodes, m);
m” .cutnodes:=nil;
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for j:=1 to root” .nrdesc do
if §<>1 then
ERASETREE(root” .desc[ j]);
dispose(root);
root:=m
end {MAKEMOVE};

6.3. Correctness of MAKEMOVE.

The correctness of MAKEMOVE can be argued as follows,

Thecrem §. Let tree(root) be a2 velid £-B tree such that
DEEPENOUGH(root.pos) = false (i.e. root is a nonterminal). Furthermore, let i

be such that 1 <= i <= NROFMOVESFROM(root.pos). Then root.desc[i] exists (call

it m), and after MAKEMOVE(1i) tree(m) is a valid extended 4-B tree.

Proof (informal). Since tree(root) is an A-B tree, root cannot
be cut-off, Since tree(root) is valid, root.nrdesc =
NROFMOVESFROM(root.pos), so m.exists. Any node in <tree(m) cut-off
from outside tree(m) must have a sibling of m as its cutter. Hence by
the operation of CLEARCUTSINTREE, each such node will be restart
marked. Since MAKEMOVE uncuts no nodes in tree(m), the validity of

tree(m) as an extended A-B tree is assured.

6.4, Appraisal.

The econcmic behavior of MAKEMOVE can be assessed zs follows. Let m be the

numnber of nodes currently in the tree and d its maximum depth. Then:

space: MAKEMOVE uses 0(d) workspace to support the execution of ERASETREE,

and results in a net gain in node working space,

time: MAKEMOVE is O(m), due to ERASETFREE, igncring node restart overhead.
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7. SUBRTREE REVALIDATION.

7.1. Why subtree revalidation?

Thus far, "rendom access" algorithms hzve been presented for terminzl node
expansion, suspended node resumption and tree re-rooting. These three
operations might be sufficient in a game player whose search attention is fully
heuristically controlled., That is, if one knows at 2ll times exactly which tree
nodes need consideration in order to satisfy current lookahead needs, then no
further attention control facilities are needed. However, such direct attention

control has the following drawbacks:

i) such fully random-access node processing incurs root path

overhead (from FINDPATH and BACKUP) for each node;

ii) generally, sttention cbntrol heuristics have only a part-time

effect, and some means of "browsing" the tree is needed, and

iii) some systematic means must be provided for handling the node

restart requests that result froc node value changes.

Moreover, in the absence of attention control heuristics, some efficient
means nust be found for revalidating an entire A-B tree given an extended
horizon condition DEEPENOUGH (e.g., when the game has evolved one move, and the
resulting tree after MAKEMOVE is to be pursued further). Thesé needs will be

met through the notions of A-B subtree prevzlicdztion and A-B tree redevelopment.

Definition. Let T be an extended A-B tree, and n a node in T. If tree(n)
is modified so as to become a valid A-B subtree, then we say tree(n) has been

evelidate
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Definition. Let T be a valid extended £-B tree. It T is modified so as

beccme a valid A-B tree, then we say T has been redeveigred,

32

to

This section presents an approach to subtree revalidation; this technique

will be then be applied in section 8 to the problem of A-B tree redevelorment.

7.2. kn approach to subtree revalidation.

Suppose r is the root of an A-E subtree. Revalicating r's subtree mayv

zccomplished as follows:

i) traversal of r!

o

subtree in depth-first order including
consideration (in Dbest-first order) of existing moves at each
node encountered, and generation of new descendant subtrees until

all are generated or r is cut-off;

o]
ot
;__;

ii) expznsion of terminzl nodes encountered un%i stopped by

DEEPENGCUGH;

iii) re-czlecylation of the vzlues a2t each nonterminzl node n in r's

subtree b inid , 1.e. as each new value is regorted, ignoring

previous values of yet-unrevzlidated descendants of n, but

iv) 4inclysion of the full complement of s=ibling values, both
revalidated and unrevalidated, in determining downward
(alpha, beta) thresholds (i.e. the "rightmost spur" viewpoint of

section 4.1 is retzined).

be
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7:3. €Codg.

Code for this process is embodied in REVALIDATEZ, SWEEPTREE, and related

routines,

procedure REVALIDATE(n: ptrnode);

beegin {revalidate tree rooted 2t n, consistent with DEEPENOUGRH}
FINDPATH(n  .parent, n);
SWEEPTREE(n, ps(pstopl.alpha, ps[pstop].beta);
BACKUP(n)

end {REVALIDATE};

procedure SWEEPTREE(n, alpha, beta: ptrnode);

var i: integer;
a, b: ptrnode;
oldvalue: nodevzal;

begin {revalidate tree rooted at n, given alpha & beta}
f DEEPENOUGH(n) then
. {do nothing}
else '

begin oldvalue:=n".value;
if n".cut then .
.UNCUT(n) {clears any restart as welll:
i:=1; n",value:=INITVAL(n" .onmove);
while (i<=n".nrdesc) and not n”.cut do
begin a:=zalpha; b:=z=betza; _
NEWALPHABETA(n, n”.desc[i], a, b); !
SWEEPTREE(n" .desc[i], 2, b);
Af BETTER(n".desc[i] .value, n”.value,
n” .onmove) then
begin n”.value:=n"desc[i] .value;
if (i=n".nrdesc) or
BETTER(n" .value,
n”.dese[i+1] " .value,
r" .onmove) then
if SHOULDBECUT(n, alpha, beta) then
CUTOFF(n, alpha, beta)

:

B

'
=i+

-

end;
GROWTREE(n, alpha, beta); {does SORTDESC as well}

NEWNODEVAL(n, oldvalue)

end
end {SWEEPTREE};
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Treorem 7. Let T be an extended £-R tree, and n be a node in T. Then upon

completion of REVALIDETE(n), tree(n) is a velid subtree of 7.

Proof (informal). The correctness of FINDPLTH, BACKUP and
NEWNODEVAL were argued previously in Theorems U and 5. Thus it
remains simply to show that given cutting thresholds alpha and beta
prevailing on n, SWEEFTREE(n, alpha, beta) produces a vzlid subtree at

n.

We argue inductively. Suppose n is terminal. Ir
DEEPENQUGH(n,pos), then n is unchanged and tree(n) is valid,.
Otherwise, GROWTREE(n, alpha, beta) is called, and by Theorem 3, =a

valid subtree at n results.

Now suppose n is nonterminal, SWEEPTREE will then be applied
recursively tc each of ifs existing descendants until all are so
treated or until n 1is cut-off, {EWALPHABET: ensures that such
recursive c¢alls are given proper alpha and beta arguments. By

induction, each of the resulting subtrees will be revzlidated.

Now suppose n is cut-off as z result of a revalidated tree(d) for
some descendant d. By the code for SWEEPTREE, that cut-off test will
be made only if d would sort into rank 1 among its siblings. Hence if

n is cut-off throuch 4, tree(n) is valid.

On the other hand, if n is not cut-off through the root value of
any revalidated subtree, then again GROWTREE(n, alpha, beta) will

insure a valid subtree at n.
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The economic behavior of REVALIDATE(n) may be assessed as follows.
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Assume

n 1is at depth d and its subtree contains m nodes before and m' nodes after

revalidation, with maeximum relative depth d'. Then:

spage:

REVALIDATE uses 0(d) + 0(d') workspace and consumes O(m')

0(m) added node space.

time: ¢the phases of REVALIDATE each run in the following time:

i)

ii)

FINDPATB: 0(d).

SWEEPTREE: O(m') # O(f log f), the latter factor
arising from the SORTDESC called within GROWTREE at
each level., Note that NEWALPHARETA as. written causes
an 0(f"2) facto;, but this can be reduced to O(f)
through 0(1) determihation at each cycle of the best
revalidated and the best uncut unrevalidated
descendants, Hence SWEEPTREE and GROWTREE  have

identiczl worst case time behaviors,

iii) BACKUP: 0(d) * 0(f), ignoring nextcut chain scanning.

Overzll, we have O(m') * O(f log £) + O0(d) * O0O(f). The

first

term will dominate for subtrees rooted high in the tree, and the

latter for subtrees placed more deeply.
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8. TREE REDEVELOPMENT.

8.1. Why tree redevelopment?

A revalidated extended A-BR tree may be obtzined systematically via
REVALIDATE(root), as just discussed, or through custorized attention control viz
EXPANDTERM and RESUMENODE (sections 4 and 5). In either case, it then becomes
necessary to establish the validity of the tree as an independent A-B tree, by
processing all nodes marked for restart. As defined in section 7, this process

is termed tree redevelopment.

8.2. Restart list processing.

Throughout the previous sections, nodes marked for restart have simply been
collected on the cutnodes 1list of the pseudo node restarthead for later
processing. There are =several good reasons for +tnhis deferred processing

approach:

i) a good probability exists that restart marked nodes will be recut
(e.g. durinz SWEEPTREE), thereby obviating the need for a

special restart;

ii) node restarting, as we shall see, involves z pcssible "rippling"
effect causing other nodes to beccme restart marked (hence

restart buffering is inescapable), and

iii) by deferring node restart until after revalidation of the entire
tree, the available cutting context Tfor their subsecquent
processing is maximized, thereby econcmizine c¢n ultizate tree

size.
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Tree redevelcpment may be accomplished by the following procedures:

procedure REDEVELOPTREE; !
var p: ptrnode;

bezin {given valid extended A-B tree at ziobal root,
make it valid as A-E tree}

loep p:=restarthead” .cutnodes;
£exit if p=nil;
UNCUT(p); {removes p from restart list}
TRYRECUT(p);
if not p”.cut then |
REVALIDATE(p)
£enc

end; {KREDEVELOPTREE}

procedure TRYRECUT(p: ptrnode);

var a, b, g: ptrnode;
bezin {see if p can be recut}

a:=topmax; b:=ztopmin; q:i:=p;
while g<droot do
becin Af g .parent”.nrdesc>1 then
LOCALPHARETA(RESTSIE(g), 2, b);
g:=¢ .parent
£nd;
if SHOULDBECUT(p, a, b) then

CUTOFF(p, a, b)
end: {TRYRECUT}

8.3. Correctness of REDEVELOPTREE.

The correctness of REDEVELOPTREE can be arsgued in the following three

stages:

Theoren 8. Let treé(root) be a valid extended A-E tree. Then at the
beginning of each cycle of REDEVELOPTREE's locp, tree(root) is once zgzin z

valid extended A-B tree.
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Proof (informal). Ry Theorem 7, REVALIDATE(p) will preserve the

-

r2lidity of 7 a8 an extendec £L-FE “Yree. Fernce the only issve is

By
1)

m

whether the optimization of TRYRECUT could possibly compromise the

velidity of T as an extended A-E tree. The answer is no, arcued as

follows,

Suppose TRYRECUT(p) causes p to be recut. If t 1is not key 1in
tree(rcot), it does not matter whethner tree(p) is velid or not, so the
recutting is safe. Now suppcse p is key in tree(rcoti. Then tree(p)
wes valid when cut-off by being restart marked; hence it remains so

when recut by TRYRECUT.

Theorem 9. Let tree(root) be a valid extended A-P  tree, Then

REDEVELOPTREE terminates.

Proof (informel). By the well-formedness conditions of extended
E-E trees, UNCUT, TRYRECUT, and REVALIDATEC clearly terminate for each
¢f the given arguments in REDEVELOPTREE. The oniy cuestion remzining
is whether an infinite sequence of node requests can resuvlt. Eut this

is impossible, a2s follows.

Suppose REVALIDATE(p) is invoked. If p is recut =as a
consecuence, since TRYRECUT(p) did not recut it, p's value nust have
changed {strencthened, in fact). But thern at lezst one new terminesl
node must have been added to tree(p). Similarly, if p is not recut,
it must have had at least one new descendant grown from it (since
tree(p) is revalidated, and p must now possess its full complement of
immediate descendants). In either czse, tree(roc:i) has increased in

nocde count; since tree(root) can be no larcer tharn any uncerlying
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full gcezme tree, this process must terrinate,

Theorem 10. Let tree(root) be a valid extenced &L-E tree.

REDEVELOPTREE produces a valid A-B tree at root.

8.

Proof (infermal). By Theorems 8 and &, REDEVELOPTREE - terminates
with 2 velid extended A-B tree at root. PRut the restart list must
then be empty, so tree(root) contains no externzlly cut-off nodes;

hence it is valid,

Appraisal.
The economic behavior for REDEVELOPTREE may be estimated z2s follows.

spagce: REDEVELOPTREE uses bounded workspace itself, so the overall
workspace is dominazted by that of REVALIDATE, proportionzl to the
maximur terzinzl depth in the finzl tree. The space consumed, cf

course, is preoportional to the nutber of new ncies created.

time: Let k be the number of restart recuests processed by
REDEVELOPTREE, and d the maximum depth of their root nodes, Then
each of the k TRYRECUT cells runs in 0(d) time. Now let k' be
the number of nodes that fail to be recut by TRYRECUT, and m' the
maximur node count of the revalidzted trees. Then as per section
7.4, we have O(m') * O(f log f) + 0(d) ¥ O(f) time for each of
these k' nodes. Overall, then, the maximum worst case time is

0(d) * 0(k) + O(m") f O(f log f) + 0(d) * 0(f).

Then
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9. EVALUATION.

9.1, Methods of evaluation.

The perfeormance of the algorithms presented here might be evaluated in

several ways, including:
i) estimation of their worst-case space-time behavior;
ii) probabilistic analysis;
iii) empirical evaluation in a real gzme player, and
iv) monte carlo studies in a simulated game environment,

Approach (i) has been taken informally throughout the previods sections.

However, the insights gained thereby do not relate directly to actual expected

perfcrmance. Apprcach (ii) is at present infeasible, given the complexity of
the algeorithes and the limited results this approach hes vielded on the simpler
depth-first case. While approach (iii) appears feasible, this avenue must await
the attention of an expert possessing a suitable existing game player. A smell
study using approach (iv) will now be summarized in the interest of providing

some preliminaryv estimates of the method's actual performance.

9.2, Studies performed.

9.2.1, Realistic environment. Previous monte carlo studies of the
alpha-beta method have been oriented toward the non-retentive, depth-first case.
In such a2 setting, static values ére needed only at a fixed tree horizon. In
our "evoluticnary" tree setting, however, it is important to model the

incremental nzture of static values =zlong tree paths. While "catzstrophice®
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static value changes can occur (e.g. loss of one's oueen in chess), these are
infrequent in comparison with small changes reflecting minor variation in =such
factors as comparative board control and material balance. Moreover, if such an
incremental assumption is not made, the utility of full local cutting context in
SWEEPTREE (i.e. via NEWALPHABETA) is dubicus, given the statistical

independence of terminal node values from ply to ply.

Our modeling approach, then, 1is simply to assign & random, uniformly
distributed static value increment to each node, and compute its full steatic
value by summing those increments along the path to the initizl tree rcot
(eguivalently, by adding its increment to the full static value of its parent
node). One may argue that this permits unrealistic "lop-sided" paths to result
in the tree, but this is proper since one player may be seriously overmatched;

if the players are fairly matched, such paths will rapidly be pruned.

0.2.2., fesylts. Teble 1 summarizes the results of our preliminary monte
carlo studies; It was felt tha£ heuristic attention control could not seriously
be modeled, so only £ree re-rooting, revalidation and- redevelopment of the
entire new tree were performed., In each case (i.e. for various node degree and

horizon depth combinations), the following measures were obtained:
i) the number of terminals in a full tree of those dimensions;

ii) the number of terminals predicted for the classical method,

assuming independent static values;

iii) the measured average number of terminals under the classical
method (to reveal the effect, if any, of our sense of static

value dependence), and



Page 42

iv) the average observed number of terminals in the evolving tree,
aiong with the average number of node restzrts required and their

average depth, for two representative subczses:

a) consistent selection of the best top-level move

(presumably statistically frequent), and

b) consistent selection of the werst top-level move

(presumably statistically infreocuent).

For each tree generated, a consistency check was made by comparing its root

value with that of a randomly selected underlying full game tree.

9.2.2. Interpretation. Two principal insights about evolving tree game

players may be gained from this small study:

i) that significantly smaller trees result in comparison with the

classical approach, and

ii) node restarting is a negligible overhead due to

z) the low number of node restarts reguirec (less than 6

per cent of NRP in Table 1), and

b) their deep placement, on average, in the current tree

(average move height of 1 in Table 1),

9.3. Conclusions,

A method has been presented that adapts the classiczl alpha-beta method to
exploit the attention mobilityv offered by retentive ccntrol. The following

advantages and disadvantages appear to result:




A1) heuristic freedom;

42) elimination of subtree regeneraztion from one top-level

move to another, and

43) smaller trees in certain stetisticzl settings.

disadvantares:

D1) space required for tree representation (but this is
optionzally controllable through selective subtree

non-retention), and

D2) time overhead for random-access node processing (if
desired), and slightly slower subtree traversal during
tree redevelopment (due tc¢ descendant sorting in

. GROWTREE); however, this 1is presumably faster than
actual move regeneration, and contributes to advantage

L3 above,

Acikmowledeement. The author is indebted to Prof. Robert Keller

interest and insights in this work.
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Table 1. Summary of Empirical Results.

N D NBP ! NBP NBP rank NBP restart’  restart

(degree) (depth) full pred.2 observ. picked evolv. count depth
2 3 8 7.0 6.8 1 6.2 0.1 2.0
. 2 6.1 0.1 2.0

2 4 16 12.4 11.5 1 10.0 0.2 3.0
2 10.1 0.0 3.0

2 5 32 22.2 20.7 1 16.1 0.2 4.0
2 17.2 0.1 4.0

2 6 64 38.5 34.9 1 26.8 0.5 4.8
2 27.8 0.2 4.8

3 3 27 18.9 17.6 1 15.6 0.6 2.0
. 3 15.9 0.4 2.0

3 . 4 81 44.6 41.2 1 30.0 0.9 2.9
’ 3 33.4 0.2 2.9

3 5 243 106 .9 102.6 1 68.9 2.0 4.0
3 77.6 1.4 3.8

3 6 729 248.2 201.5 1 139.2 3.1 4.8
3 143.5 0.7 4.7

4 3 64 38.1 37.2 1 32.7 1.9 2.0
' 4 34.3 1.5 2.0

4 4 256 110.6 94_.4 1 71.2 3.3 2.9
4 73.1 0.8 3.0

4 5 1024 326.0 271.7 1 188.2 5.9 3.9
4 215.2 3.7 3.9

Experimental conditions: static value increments uniformly distributed over [-1000, 1000];
100 trials for each average.

Footnotes: !NBP = number of bottom gpsitions, i.e. terminal nodes.
2 from [FGG73]:; shallow cut-off only, independently distributed terminal values.
3restart = REVALIDATE calls from within REDEVELOPTREE.

g dzed
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RPPENCIX A: Miscellaneous fuxiliary Routines.

procedure ADDRESTART(p: ptrnode);

becin {add p~ to list of nodes to be restarted}
p~.cut:=true;
INSERT{p, restarthead)

end {ADDRESTART};

function BETTER(v, w: nodeval; pl: player): boolean;

becin {test if v is better than w from viewpoint of pl}
case pl of
max: BETTER:=v>w;
min: BETTER:=v<w

end
end {BETTER}:

procedure CHECKCUTS(p, cl: ptrnode; var result: ptrnode);
var g: ptrnode;

begin {examine nodes on nextcut list headed by gl

pPage Ub

to see which still should be cut by p; mark others for restart}

if cl=pnil thern result:=znil

if not CUTS{p, cl) then

becin o0:=al” .nextcut:
ADDRESTART(cl);
CHECKCUTS(p, ¢, result)

begin  CHECKCUTS(p, ql”.nextcut, ol”.nextcut);
result:=al

end
en¢ {CHECKCUTS}:

procedyre CLEARCUTSINTREE(cl, r: ptrnode);

Var p, ¢: ptrnode;

begin {restart tree(r) nodes in nextcut chain headed by cl}
p:=cl;
vhile p<>nil do
berin qQ:=p  .nextcut:
if PATH(p, r) then
EDDRESTART(p):
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~rocedure CREATENEXTDESC(p: ptrnode);
ver n: ptrnode;

begin {create next descendant of p}
new(n); INITNODE(n);
n” .parent:=p;
p” .nrdesc:=p” .nrdesc+1;
p~ .desc[p” .nrdesc]:=n;
n” ,onmove:=OTHERPLAYER(p~ .onmove) ;
n” .value:=INITVAL(n" .onmove);
n” .pos:=GENPOS(p~ .pos, p”.nrdesc)
en¢ {CREATENEXTDESC};

function CUTS(c, n: ptrnode): boolean;

begin {test if value at node ¢ can cut value at node n}
CUTS:=BETTER(n" .value, c¢”.value, n”.onmove)
end {CUTS};

procedure ERASETREE(r: ptrnode);
var d: descnr;

begin {free each node in tree rooted at r}
for d:=1 to r”.nrdesc do
ERASETREE(r” .desc[d]);
dispose(r)
end {ERASETREE};

progedure INITNODE(n: ptrnode);

herin {initizlize miscellaneous fields of node n}
n~.nrdesc:=0;
n~.cut:=false;
n”.cutnodes:=pil

end {INITNODE};

funcfion INITVAL(pl: player): nodeval:

begin {initial value for nodes where pl is on move}
case pl of
max : INITVAL:=-statvalmax;
min: INITVAL:=statvalmax
end ’
end {INITVAL};
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procesdure INSERT(n, c: ptrnode);

{insert n into cutnodes list of c]
n”.cutter:=c;

n”.nextcut:=c” .cutnodes;
¢”.cutnodes:=n

end {INSERT};

pegin

procedure INSTALLVALUE(p, o: ptrnode; var alpha, beta: ptrnode);

begin {put value from ¢ into p; update alpha or betes
if new value beats previous threshold)

p~.value:=q" .value;

LOCALPHABETA(q, alpha, beta)

end {INSTALLVALUE};

procedure LOCALPHAFETA(a: ptrnode; var alpha, beta: ptrnode):

{use value at q (if uncut) to update alpha or beta if azppropriate}

if not ¢".cut then
case q .onmove of

bezin

max: if q".value<beta”.value then
beta:=q;

min: if o".veluedalpha”.value then
alpha:=¢

end
enc {LOCALPFABETA};

procedure NEWALPHABETA(p, d: ptrnode; var a, b: ptrnode);
ver i: descnr;

becin {find locel alpha and beta bearing on desc d of p}
cese p_ .onmove of
max: for i:=1 to p”.nrdesc do
if (p".desc[i]<>d) and not p~.desec[i]”.cut
and (p~.desc[i]”.valued>a”.value) then
2:zp .desc[i];
min: for i:=1 to p".nrdesc do
Af (p~.desc[i]<>d) znd not p” .desc[i] .cut
and (p~.desc[i]”.value<b”.value) then
b:=p” .desc[i]

eng
end {NEWALPHABETA};
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furnction CTHERPLAYER(pl: player): player;

berin {invert player name}

cese pl of
max: OTHERPLAYER:=min; .

min: OTHERPLAYER:=max

end
end {OTHEERPLAYER};

function PATH(p, q: ptrnode): boolean;

var r: ptrnode;

becin {test if g is on path from p to root}
ri=p;
while (r<>root) ané (r<>q) do
r:zr  .parent;
PATH:=r=¢
end {PATH};

procedure PSPOP;

begin {pop top record off global path stack ps}
pstop:=pstop-1
end {PSPOP};

procedure PSPUSH(ov: nodeval; wec: boolean; a, b: ptrnode);

becin {push new entry onto path stack ps}
pstop:=pstop+1;
with ps{pstop] do ,
begin oldvalue:=ov; wascut:=wc;
alpha:=z; beta:=b
£&nd
end {PSPUSH};

procedure REMOVE(n, m: ptrnode);
var - P, Q: ptrnode;

begin {remove node n from cutnodes list of node m}
p:zm” .cutnodes;
df p=n then
m~,cutnodes:=n" .nextcut

glse
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> —_—
begin Q:=p;

p:=p” .nextcut
en

Q" .nextout:=n".nextcut
end
end {REMOVE};

procedure RESTARTLLL(p: ptrnode);
var G: ptrnode;

begin {schedule 211 nodes on cutnodes list of p for restart}
loop q:=p” .cutnodes;
exjt if o=nil;
REMOVE(qg, p);
ADDRESTLRT(qg)
end
end {RESTARTALL};

procecdyre SORTDESC(p: ptrnode);

var i, j: descnr;
g: ptrnode;

becin {sort descendants of p, weakest first;
we give a2 simple exchange sort here}
for i:=1 tg p” .nrdesc-1 go
for j:=1 to p” .nrdesc-i do .
if BETTER(p~ .desc[j+1]".value, p~ .desc[j] " .value,
p~ .onmove) then
begin c:=p  .desclj];
p~.desc[jl:=p  .dese[ j+1];
p~ .desc[j+1]:=q
end
end {SORTDESC};

procedure UNCUT(p: ptrnode);

begin {change p from cut to uncut status}
p-.cut:=false;
REMOVE(p, p  .cutter)

end {UNCUT};



APPENDIX B: Game-Dependent Functions.

function GENPOS(p: position; i: descnr): position;
begin {generate position for i-th legal move from p}

end {GENPOS};

function NROFMOVESFROM(p: position): nodedeg;
begin {number of legal moves from position p}

end {NROFMOVESFROM};

function STATICVALUE(p: position): nodeval;
bezin {compute static value of position p}

end {STATICVALUE};

APPENDIX C: Heuristic Control Functione.

function DEE?ENOUGH(p: position): boolean;
begin {see if horizon heuristic should be invoked}

end {DEEPENOUGH};

function HEURISTICSTOP(p: ptrnode): boolean;

begin {see if node abandonment heuristic should be invoked}

end {HEURISTICSTOP};
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