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Abstract

Discrete relaxation techniques have proven useful in solving a wide range of problems in digital signal and digital 

image processing, artificial intelligence, operations research, and machine vision. Much work has been devoted to 

finding efficient hardware architectures. This paper shows that a conventional hardware design for a Discrete 

Relaxation Algorithm (DRA) suffers from 0(n2m3) time complexity and 0(n2m2) space complexity. By 

reformulating DRA into a parallel computational tree and using a multiple tree-root pipelining scheme, time 

complexity is reduced to O(nm), while the space complexity is reduced by a factor of 2. For certain relaxation 

processing, the space complexity can even be decreased to O(nm). Furthermore, a technique for dynamic 

configuring an architectural wavefront is used which leads to an O(n) time highly configurable DRA3 architecture.

Index Terms

Algorithm-configured dynamic architectural wavefront system, associative circular pipelining, data-structured 

computer architecture, Consistent labeling problem (CLP), data-communication-intensive VLSI computation, 

Discrete Relaxation Algorithm (DRA), interleaved processing, multiprocessor architecture, recursive systolic 

computation, VLSI.
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1.1 Consistent Labeling Problem and Discrete Relaxation Operator

The Consistent Labeling Problem (CLP) [4,5,6] has long been viewed as a computational model based on a unit 

constraint relation containing 2N-tuples of units and labels which specifies which N-tuples of units are compatible 

with which N-tuples of labels.

A variety of problems in digital signal and digital image processing, artificial intelligence, operations research, 

symbolic logic, computer graphics, robot vision, and robot manipulation are special cases of CLP. Some problems 

that are naturally viewed in this way are finding N-ary relations such as transitive closure [24], detection of the 

graph and subgraph isomorphism [3,18], data-base consistency-maintenance, query-answering and redundancy- 

checking [30], the relational homomorphism problem [4], the constraint satisfaction problem [23,25], the automata 

homomorphism problem [17], finding spanning trees and Euler tours in a graph [32], the graph coloring problem 

[18], the packing problem [22], scene and edge labeling problems [4], the scene and shape matching problem [24], 

many puzzles such as the la tin square puzzle [4,28], the cryptarithmetic puzzle [31], determining satisfiability of 

propositional logic statements and theorem proving [26], space planning problem [29], and finding Hamiltonians in 

a graph [24],

One general technique for finding a consistent labeling is depth-first search but it suffers from thrashing [4], The 

search procedure fixes labels to units as long as it can find a label for each new unit that is compatible, according to 

the constraint relation, with the labels already fixed to previous units. Whenever the procedure cannot find a label 

for a new unit, it backtracks to the previous unit and tries to find a different label for that unit If the procedure finds 

a label for all units, it has found a consistent labeling. If the procedure backs up all the way to the first unit without 

finding any consistent labelings and there are no more possible labels for the first unit, the procedure fails and there 

exists no consistent labeling. Montanari [33] pointed out that this problem is NP-complete.

The arc-consistency algorithms filter the problem variable domain to eliminate unacceptable candidate values, while 

path-consistency algorithms filter problem constraints to eliminate unacceptable tuples. For example, the Waltz 

filtering algorithm reduces any binary compatibility relation to its maximal arc consistent subset [35]. Ullman [3] 

applies the Waltz algorithm to the subgraph isomorphism problem. Montanari [33] discusses various aspects of the 

constrained labeling problem for binary relations. The Discrete Relaxation Algorithm (DRA), described in [9,21],

1. Introduction and Motivation
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is a look-ahead operator which takes polynomial time in accelerating tree search required to find the consistent 

labelings. Henderson [9] also noted that DRA is a restriction of the classical relaxation techniques to systems of 

Boolean inequalities which take values over the two element set (0,1).

12 Related Works

Since the introduction of the discrete relaxation technique in the mid-seventies, many DRA applications have been 

found, and much work has been done to develop optimal DRA algorithms [8,9,21], On the other hand, people have 

also tried to build efficient hardware architectures to support real-time DRA processing. Unfortunately, due to high 

computational cost including space complexity, time complexity, and data communication cost, a conventional 

hardware architecture implementation is not feasible [13]. Current research in this aspect is blocked, and has 

appeared only in a virtual software simulator format [7],

The research described in this paper concerns the hardware implementation of discrete relaxation architecture. In 

section 2 we briefly describe the Discrete Relaxation Algorithm, and give an example for solving the region coloring 

problem. Then we define the DRA hardware implementation problem in section 3. Complexity analyses and our 

first design of the DRA1 chip are presented in section 4. In section 5, we concentrate on the design of the parallel 

DRA computational tree and a tree-root pipelining scheme, and its corresponding 0(nm) time SIMD multiprocessor 

architecture DRA2. Finally, it is shown that we have adopted a dynamically configurable, highly parallel routing 

scheme on the DRA3 switch lattice, so that an 0(n) time algorithm-configured architectural wavefront system, 

DR A3, is found.

These three architectures are designed for the same 8-object 8-label DRA problems. The first two systems are 

implemented using PPL (Path Programmable Logic) [36] at the University of Utah. The DRA1 chip requires two 

4K memory blocks and maximum execution time of over an hour in a 3 n NMOS process, which makes such a 

hardware implementation infeasible [11, 13]. The DRA2 design eliminates excessive memory requirements and 

performs the DRA computation in microseconds, at the worst case in milliseconds. This chip was fabricated using a 

3 (i. NMOS process by MOSIS [11,15]. DRA3 will be fabricated using an 1.0 (i. GaAs technology. The clock speed 

of DR A3 is expected to be over, at least, 500 MHz [12]. In this paper, we try to describe our research ideas and the 

architectural concepts for these DRA architectures as concisely as possible. For detailed reference see [11-15],



2.1 Boolean Formulation or Discrete Relaxation Algorithm

Instead of seeking a real number solution in a numerical relaxation situation [19], the solution to be found in the 

discrete relaxation case involves the assignment of a set of labels at each unknown such that some constraint relation 

among the labels is satisfied by neighboring unknowns [8,9]. Whereas the unknowns in numerical relaxation take on 

real number values, the unknowns in a labeling problem take on a Boolean vector value with each element in the 

vector corresponding to a possible label.

The generalized problem involves a set of unknowns which usually represents a set of objects to be given names, a 

set of labels which are the possible names for the unknown, and a compatibility model containing ordered groups of 

units which mutually constrain one another and ordered groups of unit-label pairs which are compatible. The 

compatibility model is sometimes called a world model. This model tells us which objects mutually constrain one 

another and which labelings are permitted or legal for those objects which do constrain one another. The problem is 

to find a label for each object such that the resulting set of object-label pairs is consistent with the constraints of the 

world model.

Boolean vector operations are denoted by ’, x, t, *, + and • which represent complementation, vector multiplication, 

transpose, Boolean "and," Boolean "or," and Boolean vector dot product, respectively. Our basic definitions which 

are used in formulating DRA are given in:

Definition 1: Let U = {uj,...,un] be the set of unknowns, and A = {Xj,...,X,m) be the set of possible labels. Then

1. C is an m by m compatibility matrix for label pairs, where C(ij)=l if is compatible with 0 

otherwise.

2. Aj = is the column vector describing the set of labels (i.e., zero or one) possible for u;, where 

lj=l if Xj is compatible with u;; 0 otherwise.

3. A  ̂= (A; x Aj*)*((Nei(i j) ’E)+C) is an m by m compatibility matrix for u- and Uj, where E is the m by m 

matrix for all l ’s, and Nei(ij) = 1 if u, neighbors u-; 0 otherwise. We use A. denotes kth row of A--.
1 J  K  1J

Definition 2: A labeling is a vector L = (Lj,...^)1, where L; = (l^,...,!^) in Ai is a Boolean vector with l;j. = 1 if

UUCS-TR-86-116 Page 8

2. The Discrete Relaxation Algorithm (DRA)
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Definition 3: A labeling is consistent if for every i and k,

i* * O ifijfA i/kj,))]. id

Once a formal definition of local consistency such as (1) has been given, it is easy to see that a situation very similar 

to classical relaxation now holds. However, instead of having to manipulate (1) into a form amenable to iterative 

solution, we merely note that (1) can be rewritten

label A.j is a possible label for object 0 otherwise.

for every i and k. Since the 1̂  on the right-hand side is independent of j  and p. It is clear that if (2) does not hold it 

can be made to hold by setting equal to the value on the right-hand side. This is, in fact, equivalent to discarding 

label k for ui if at some neighbor u- there does not exist a compatible label. If the l^ ’s, k=l,m are now gathered 

together in vector form:

In In L  ihP* A,i(l,/>)) 
/’-i

m

L  {inp* Ain{\,p)) 
P=i

In hi L  (hp* An(2,p))
m
I  (lnp * Ain(2, p))

<. * p-1 * ... * p- 1

 ̂im

m

L  0ip* An(m>P))
P-i

m
L  (lnp* A,n(m,p))

_  />“ 1 _

or

Al In

i

# j>

_i

L„*Aln(l)'

1,2 < hi *
^ * A  n(2)'

* ... *
* Aln(2)(

__ îm _ _ l , m _ An(w)'_ _Ln* Aln(w)'_

or

( 5 )
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Let

P =

Pi

[6)

where the column vector:

Pi = UnH  ({lLj]ylAijd)...Ai/m)]}‘). (7 )

Gathering together the Lj’s, i=l,n, we have

L <, L*P [&)

This formulation emphasizes the relation to classical relaxation. The relaxation is achieved by repeating

Lt=L*P [ 9)

until L does not change value.

2.2 An Example of Region Coloring Problem

Suppose that we are analyzing a picture of a scene, with the aim of describing it, and that we have detected a set of

objects Uj....u,j in the scene, but have not identified them unambiguously. The relationships that exist among the

objects are used to eliminate the ambiguity.

An example for eliminating the ambiguity in a region coloring problem is given here to demonstrate these ideas and 

computation procedures. For simplicity, consider the case of three regions to be colored red, green or blue with the 

constraints:

1. Region 1 must be red.

2. Region 3 must be blue, and

3. No two regions may be colored the same color.
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Thus, U; = Region i (for i=l,2,3) and:

U = {Uj.Uj , u3)

A—{Xj, X̂ , ̂ 3)

where is red, ̂  is green, and X3 is blue. Since region 1 must be red, we have:

Aj=[l 0 0]1

and since region 3 must be blue:

A3=[0 0 l ]1

Finally, since there is no restriction on region 2’s color, we have all possibilities:

A2=[l 1 l]1

Since only similar colors are incompatible, we have:

C=
0 1 1 
10 1 

U 1 0 J

10)

for different objects, and

C=
( 100>! 

0 1 0  
I 0 0 1 J

n ;

for the same object.

We see then that C actually depends on the objects under consideration; i.e., technically, we should write Cy which 

is identified as:
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Ci>“

f Nei(ij)’ Nei(ij) Nei(ij)  ̂
Nei(ij) Nei(ij)’ Nei(ij) 
Nei(ij) Nei(ij) Nei(ij)’

(12)

where

f 0 if Region i does not neighbor Region j,

Nei(ij)= •{

L 1 if Region i does neighbor Region j.

Now we can calculate A~ as:

An=([l 0 0]‘ x [1 0 0])*((0’E)+C)=
f 1 0(0 f 1 0(0 f 100^
0 00 ¥ 010 000

^0 0 0 , lO O l; ^000  )
(13)

A 12=([1 0 0]1 x [1 1 1 ])*((1’E)+C)=
( l 10 f o i n fOl I s]
000 * 1 0 1 = 000

1,000 J Li i o J ^0 0 0 )
(14)

A13=([l 0 0]* X [0 0 1])*((1’E)+C)=
f o o n f o i n foo O
000 ¥ i o i  U 000

1,000 J Li i o  J Loo 0 J

(75)

A21=([l 1 l]1 x [1 0 0])*((1’E)+C)=
f 1 00"l fo 1 O fo oo ^

1 00 fc 101 = 100
l i o o j l l i o j Li 00 J

(76)

A ^ t l  1 l]1 x [1 1 1])*((0’E)+C)=
r u n ( i o ( 0 f l  00^

111 ¥ 0 1 0 = 010
{ i l l ) Loo 1 J Loo 1 J

(77)

A ^ a i  1 l]l x[0 0 1 ])*((!’E)+C)=
f o o n f °  i n foo n
001 •t 1 0 1 = 00 1

Loo 1 J Li i o  J t o o o ;

(IS)

A31=([0 0 I]1 x [1 0 0])*((1’E)+C)=
f o o o ^ f o 1 n f 0 0 0
000 4c 101 = 000

L i o o j L u o J L i o o j

(79)
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A32=([0 0 1 ]*x [ lll] )* ((rE )+ C )=

foocO f o i  0 ' 0 0 0 ^
000 ¥ 101 = 000

\ 1 1 1 ^ U  10 J t l i o j
[20]

A33=([0 0 1]‘ x [0 0 1])*((0’E)+C)=
fooo ' l ( l 00"l fooo' )
000 * 0 10 = 000

Loo 1 J Loo 1 J Loo 1 J

121

The (p,q) entry of A~ tells if Xp at object i is compatible with at object j. For example, All reveals that only is 

compatible with at object 1; i.e., that Region 1 must be colored red.

Finally we continue the iteration process. According to Equation (2),

For i=l and k=l: 

/iiw ^/n6l-1)*[/i,0,-1)*Aii(l,l)+/i20,'I)*AIi(U)+/i30,-I)*Aii(l,3)] 

*[/2I6'-1)*A12(lfl)+/22*6"1)A12(U)+/236,‘1)*A12(l,3)] ' (22)

*[/3i(n-1)*Ai3(1,1)+/32(n-I)*Ai3(l,2)+/33(n-I)*Ai3(1,3)]

1 < l*[l*l+0*0+0*0] 

*[0*0+0*0+l*l] 

*[1*0+1*1+1*1]

1 <1

1 < 1 which is true

This says that the color red is all right for Region 1. To determine if the color red is possible for Region 2, we must 

find l2j.

For i=2 and k=l:

/2l(n)</2i(n-1)*[/ii(n-1)*A2i(l,l>+/i2(n-1)*A2i(l,2)+/i3(n-1)*A2i(l,3)]

*[/2l(n'1)*A22(1.1)+/22(n'1)*A22(1̂ )+,23(n'1)*A22(1-3)] (2 3 )
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•[Z31<n-1)*A23(l,l)+/32C“-1)*A23(U)+/33«a-1)*A23(l,3)]

1 < 1*[1*0+0*0+0*0]

*[1*1+1*0+1*0]

*[0*0+0*0+l*l]

1 < 1*0 '

1 < 0 which is false. '

Thus, /21 must be set to zero. Likewise, for i=2 and k=3, /23 is set to zero, and blue is not a possible label for Region

2. Finally,

For i=2 and k=2:

/22(n) < J22(n [^,,(n 1 A2!(2.1 )+/j2~n'1 A21 (2.2)+/ A2,(2,3)]

*[/21(n-1)*A22(2,l)+/22(n-1)*A22(2,2)+/23(n-1)*A22(2,3)] ( 24}

*[/31(n-1)*A23(2,l)+/32(n-1)*A23(2,2)+/33(n-,)*A23(2,3)]

1 < l*[l*l+0*0+0*0]

*[1*0+1*1+1*0]

*[0*0+0*0+l*l]

1 < 1 which is true.

We see then that the value of Zj j, /22, and Z33 are not affected by the change of Z21 and Z23 to zero. In fact, the system 

of equations stabilizes after the change of Z21 and Z23, and the result is Zn = l22 = /33 = 1, while all other hypotheses 

are zero. Thus, the only consistent labeling is to label Regions 1,2 and 3 the colors red, green and blue, respectively.
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3.1 Assumptions and Statements

To concentrate our attention on tackling the major design complexities without losing generality for developing 

various DRA architectures, the following assumptions are adopted in our implementations. ,

Assumption 1: The numbers of objects and labels are assumed to be equal, i. e., n = m. Since the extensibility for 

different numbers of objects and labels has first been considered to be an important factor in system design, DRA2 

and DRA3 are able to be specified to an arbitrary number of objects and labels as long as chip size permits [3].

Assumption 2: For useful DRA applications, we have chosen the minimal value of n and m to be 8. This is 

reasonable, for example in image analysis applications.

Assumption 3: Contrary to the assumption in [7] that the input data are always ready before the DRA computation 

begins, we assume that both data load-in time and their hardware support cannot be ignored in a VLSI DRA 

computation. This assumption provides a greater challenge for an advanced DRA system implementation.

Assumption 4: The time for binary operation is generally derived from the gate delay of the combinational logic 

circuits, which is, in our DRA designs, always less than one global clock cycle. Similarly, it is common that one 

clock cycle is usually less than one Read/Write memory cycle. That is, we have that

tgate delay < ĉlock cycle ~ ^memory R/W cycle (25 )

Whenever we analyze the time complexity, the following three statements hold.

Statement 1: Since the fact that the time complexity for each DRA computing iteration is the same, theoretically, we 

estimate the time complexity only within one iteration of computation.

Statement 2: As for the worst case of iteration times, which is solely determined by the convergence property of the 

algorithm and problem feature, we give its estimation in terms of the corresponding VLSI fabrication technology.

3. The Hardware Implementation Problems for DRA
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Statement 3: We also follow the traditional notation for time complexity analysis for the DRA system, i. e„ we 

describe it according to object number n and labels number m, and not the bit number of input data. For example, 

following statement 1 that, it takes O(n) time for computing DRA problem in DRA3 architecture, here n is the 

number of objects, whereas we have actually loaded in n by m bits of input data for each computation.

3.2 DRA Hardware Implementation Problems

Definition 4: The DRA2 Hardware Implementation problem has been defined as finding the consistent labeling

matrix L:

126]

v ̂ nl’ ̂ n2’"-’ ̂ nmJ

for the given Region Coloring Problem, provided by the initial labeling matrix:

(27)A-(Aj,A2,... —

and the object-label pairs' compatibility matrices C- for every i and j (i j  = 1,2....n).

Definition 5: The DRA3 Hardware Implementation problem has been defined as finding the consistent labeling 

matrix L:

(2S)

 ̂̂ nl* n̂m/

for the given World Model, provided by the initial labeling matrix:

A=(Aj A2.- Ai,...,An)t = (29)

9
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and the objecl-label pairs' compatibility matrices Cy for every i and j (i j  = 1,2....n).

The above definitions represent our research strategy for developing DRA architectures. The DRA2 system is aimed 

at first reducing both the space and time complexities for a particular DRA application problem, i. e., the region 

coloring problem. The second one, DRA3 design, generalizes DRA2 for an arbitrary DRA problem and leads to a 

faster and more general purpose architecture. '

4. A Conventional DRA1 Design and the Complexity Analysis

The entire DRA computation consists of mainly two parts. The first part generates the n2 m by m compatibility 

matrices for object pairs ui and Uj; i. e., computing each matrix Ay(k,p) ( ij = l,...,n; k,p = l,...,m) from the most 

recently evaluated (or originally given at the first iteration) labelings; as depicted in Eq.s (13) to (21). The second 

part as shown in Eq.s (22) to (24), is an iteration process for the relaxation of the current object pairs’ constraints 

among all different objects to produce new labelings; i. e., computing each new labeling (i = l,...,n; k = l,...,m), 

provided by the currently known object constraint matrices AyQc.p). Reviewing the DRA formulation and the 

computational procedure for the region coloring example in section 2 reveals the complexity issues met in the DRA1 

system design.

Time Complexity: With Eq.s (22) - (24), at least n x m memory Read/Write operations must be performed for 

computing an n by m matrix of / ^ n"1)*Aij(k,p) elements. Because there arenxm iteration equations (for computing 

new labels l^, where i = l,...,n; k = l,...,m) which need to be evaluated, the sequential computation time would be 

CKn^2). In the first DRA1 design, in addition to using the sequential evaluation strategy, another O(m) time is 

spent on the complicated nested control loop for memory Read/Write operations during each iteration evaluation 

[11,13]. Thus the entire computation time within each iteration costs 0(n2m3). There are other binary computations 

which must be taken into account. According to assumption 4, their contributions compared to R/W operations of 

memory are ignored.

Space Complexity: During each iteration of DRA computation, several intermediate arguments (initial arguments at 

the first iteration) take certain amounts of space be stored. The initial label matrix A (L ^  matrix) and the next 

iteration result of A each takes 0(n2) space. The matrices A; x Ajl and the label pairs compatibility matrices Cy(k,p)

as well as the resulting object pairs compatibility matrices A;j(k,p) (ij = 1....n; k,p = l,...,m) each takes 0(n2m2)

space. The total space complexity is:
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0 (2n2 + Sn2! ^ )  = O fa2!^ ) .

Data Routine Complexity: It is meaningful to consider the routing complexity only if a parallel DRA architecture 

may possibly exist. We are to discuss this issue in section 5 and section 6 when developing parallel DRA 

architectures. In fact, the data routing complexity during each iteration is over 0(n2m2). For an 8-object 8-label 

DRA parallel system, there are at least 8K data being routed or communicated during each iteration.

The DRA1 architecture, unfortunately, serially computes each intermediate element. The computation strategy 

imbedded in this design is purely I/O-bound. Assuming t ^  = twriLe •= 500 ns for an NMOS process and the nine 

complexity is 0(n2m3) of each iteration. Multiplying the possible maximum iteration times, which is on the order of 

O(nm) and is determined by the feature of the computational model [9], the worst case execution time is over 

seconds or minutes. For practical applications, the number of objects could be 8, 16 or 32, the coiTesponding 

memory requirements for these different cases are 8K, 32K and 128K, respectively. As shown in the DRA1 design, 

this has greatly added to the circuit size which has been a bottleneck in DRA1 system design when n becomes 

larger.

5. Parallel Tree-root Pipelining and the DRA2 System

In the analyses above, most of the computing time was spent on the R/W operations for matrices A;j(k,p); moreover, 

one half of the 0(n2m2) space is taken for the generation of matrices Aij(k,p), which blocks the DRA1 VLSI 

computation. In this section we describe a DRA2 architecture which is completely independent of the Ajj(k,p) 

evaluation [11].

5.1 A Parallel Tree-Structured Reformulation for DRA

It should be clear that any attempt to speed up an I/O-bound computation must rely on an increase in the memory 

bandwidth [39]. Speeding up a compute-bound computation, however, may frequently come from the concurrent 

use of many processing elements [39-44]. The degree of parallelism in a special-purpose system is largely 

determined by the underlying algorithm. In order to solve the complexity arising in the conventional DRA1 design, 

the following three steps have been taken to design a hardware algorithm that supports a high degree of concurrency 

in DRA computation.

1. Constructing the Parallel Computation Tree
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When more effort is spent analyzing Eq. (2), we see that element A-Qc.p) can be decomposed as:

A = llk(0)lJp(0)Ct/k,p)

which can form a leaf node like:

y-'> '*<■” y°> cs<k,p)

Figure 1: Leaf Node for Computing l-p x A^k.p)

so that Eq. (2) can be hierarchically formed as a tree-like structure with each level imbedded in the parallel 

computation for their leaves’ operands as shown in Figure 3.

2. Speeding Up Iteration

Once a DRA problem in processing is identified as convergent, its current computing labeling reaches its final 

consistent labeling asymptotically in such a way that the error vectors, i. e., the difference vectors between these two 

labelings, monotonically decrease. Therefore, the node computation in Figure 1 can be speeded up by replacing the 

initial given elements and /jp̂  with the most recently n-l*11 iterated results and The modified

computation composed of the leaf node:



UUCS-TR-86-116

yn-1) c .j ( k p )

Figure 2: Modified Leaf Node Computation for /jp x A^Qc.p) 

The computation tree for is formed as:

'ik(n)

îk *11 Zik l̂m Cii(k,m) 'ik /„l /* lm  Cm(k,m)

Figure 3: A Parallel Tree for Computing nth

Page 20
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In section 5.2 it is shown that the bottommost leaves’ operands have been associated with a data pipelining channel, 

completing a multiple parallel tree-root pipelining scheme which supports a highly concurrent DRA computation. 

For convenient notation in the rest of the paper, we classify these three kinds of bottommost leaves’ operands of 

Figure 3 in:

Definition 6: (1) We define the labeling elements of the l-p's (j = l,...,n and p = l,...,m), which are inside the 

pipelining channel, to be l-pipe; and those on the tree root to be l-root. Both l-pipe and l-root have the same logic 

values except they are topologically separated in the system layout. (2) Signal passes through all roots 

horizontally through each row array of k; it is defined as the broadcasting signal,^. (3) The CyQc.p) matrix 

elements, which are systematically distributed along each tree root, are defined as the Cij(k,p)-Pattern.

3. Introducing a Time Dimension in the Computation

To compute an n-object m-label DRA problem, a total of n by m Z ’̂s need to be evaluated. This means at least 64 

computation trees as shown in Figure 3 need to be built inside the circuit for our n = m = 8 case, which greatly 

increases the circuit size. To minimize this problem, each operand at the bottom of the tree has been constructed in 

a time-dimension. As the time changes forward, different 1̂ ,’s (i = l,...,n; k = l,...,m) can be generated. These 

time-varying characteristics can best be described by the following spatial-temporal (ST) index equations:

j'<-/+rmodn, (32)

j<-j+t mod n. (3 3 )

denoted by A <— B or we say that A is generated by B. We call i, or i+t, and j, or j+t the spatial-temporal indexes is 

since they characterize the indexes in the recursive formulas of Eq.s (1-9). They constitute the theoretical basis for 

the recursive systolic computation and interleaved processing in the DRA2 and DRA3 systems, while the basic 

DRA-PE cell realizes the computation in the formula. It is also of interest to see that in the DRA2 system [11], the 

ST indexes generates the dynamic forward DRA computational wavefront on a statically configured DRA 

architecture; while in the DRA3 architecture [12], it forms the dynamically configurable DRA3 architectural 

wavefront for a virtually static computation.

5.2 Implementation Issues for the DRA2 Chip

1. System Architecture and Block Diagram
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The block diagram of the DRA2 circuit is illustrated in Figure 4. The chip consists of four functional blocks.

1. Compatibility Matrix Registers (CMR). Cy Registers are a set of eight 8-bit shift registers in the 

leftmost part of the circuit; they are used for storing each Cy matrix. Another set of Cu Registers in 

the rightmost part of the circuit are for storing C^.

2. 8 x 8 Multiprocessor SIMD Array (MSA). The MSA is composed of 8 by 8 simple and regular 

cells. They are predefined to map the highly parallel computation algorithm of Figure 3 onto silicon. 

A number of parallel horizontal and vertical communication wires are designed around the four edges 

of the cells to make use of higher degrees of parallelism in the computation. ,

3. L-matrix Shift Register (LSR). It is used for (1) the input and output data paths for the original and 

final labeling matrices, (2) the pipelining channel for tree-root operand broadcasting and pipelining, 

forming a recursive DRA computational wavefront, and (3) performing temporarily the data storing 

and updating.

4. Control Module (CM). This module includes four units. An 8-Bit Comparator is located on top of 

the first 8-bit shift register of the LSR to sense the equality between the n01 output vector L ^  of the 

MSA array and the corresponding n-l* row vector L^"'1̂ inside the LSR. A Timer is served as both 

the systole pacer and tagged-bit signal generator for iteration control. An 8-Bit State Register is used 

for collecting comparison results from the Comparator and monitoring iteration states. Finally a Finite 

State Machine (FSM) is built for performing a self-timed synchronization among these functional 

blocks and host computer.
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Control Module

A Matrix

64-Bit Shift Register

L Matrix

8 *

Cii
8 8-Bit 
SRs

8x8 
SIMD Array

8 8 8-Bit 
SRs Cii

Figure 4: Circuit Block Diagram for the DRA2 System

This diagram of four functional blocks also serves as the PPL layout floor plan for efficient layout (in subsection 

5.4).

2. Multiprocessor SIMD Array and the Cell Design

The basic principle of the Multiprocessor SIMD architecture for DRA2 is illustrated in Figure 5. By replacing a 

single Processing Element with an array of 8 by 8 PEs, a higher computation throughput can be achieved without 

increasing memory bandwidth. The function of the memory (i.e., the L matrix shift registers) in the diagram is to 

pulse data l-pipe}p (j = l,...,n; p = l,...,m) through the array of cells. Then new data l-pipê , (i = l,...,n ; k = l,...,m) 

are returned to memory in a rhythmic fashion. The crux of this approach is to ensure that once the data are brought 

out from the memory they can be used effectively at each cell they pass while being pumped through the entire 

array.
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Figure 5: Basic Principle of the Parallel DRA2 System

To perform the parallel DRA2 computation, two cells (as illustrated in Figure 6 (a) and (b)) with almost identical 

logic and structure were used in constructing the entire array. The only difference is that the first cell performs the 

generation of the multiple broadcasting signals bk (k = l,...,m) for each row array while the second cell is only 

transparent to the passing of the bk signals. The construction of the multiprocessor SIMD array using these two cells 

is illustrated in Figure 7.



Out(j,k)j=1 = (lJpxAij(k,p))='Lp=] (IjpXlj^CJk.p)^ ̂ p=i ii(k,p))=lJp=I (ljp+bl̂ -(:ii(k,p))

(a) Cell-A

UUCS-TR-86-116

bk(in) =  bk(out)'a tco lum nsJ * L  (36)

OutW j *, = l " ,  ( l ^ f K p ) ) ^  (ljpxlu?<Ctfkp))= l " ,  djpxbl?<Ci/k,p))=I^1 (ljp+bk+L .< m  (37)

(b) Cell-B

Figure 6: Two Cells in Multiprocessor DRA2 Array

According to Figure 3 and equations (34) to (37), these two cells are implemented in two levels of NOR gate 

combinational logic. Their PPL [36] layouts can be easily identified in Figure 13.

Page 25

[35]



UUCS-TR-86-116 Page 26

k = 1
C„

ijl

o

k = 2

k = 8
C,U'8

n
j- B ltl

i _ L  T J

n r  T 5

-Ciiiil

r r

-c i!2
■©

i - W L i
b8 — Ctiii8

J8 J2 Jl

i2

i8

Figure 7: Construction of SIMD Multiprocessor Array Using Cell-A and Cell-B

We see from Figure 6 that in essence the inner summation part of Equation 2 is carried out in Cell-A and Cell-B, 

while the outer multiplication part of that equation is implemented in each horizontal array in Figure 7.

It is also noted from Figure 6 and 7 that the DRA2 architecture can readily be extended to different numbers of 

objects and labels. For example, a row array of the number k in Figure 7 can be added in order to attach one more 

label for all objects, while a column array of the number j  in the same Figure can be added to extend the system for 

one more object, provided that the corresponding changes inside each cell are made. The critical analysis indicates 

that the DRA2 systems for 8, 16, and 32 objects are technically implementable in the 3.0 (i NMOS, 2.0 (i and 1.2 

CMOS, and 1.0 [X GaAs processes [14],

3. Circuit Features and Design Techniques
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In addition to designing the simple and regular cells, several efficient techniques, such as interleaved processing, 

multiple signal broadcasting, and self-timed synchronization, were applied to the implementation of the SIMD 

multiprocessor DRA2 architecture.

Recursive Systolic Computation and Interleaved Processing

Since the introduction of the time dimension in subsection 5.1, the multiprocessor SIMD array in Figure 7 possesses 

a time-varying characteristic which makes recursive systolic computation and interleaved processing possible. Let’s 

focus on the first column (j = 1) array. It is clearly indicated that the first input vector, which is the i* row vector of 

L, the labeling matrix, at the n-11*1 iteration, is fed into the first column of DRA2 array as

.... ’V ’

where j = l,...,n. The corresponding output vector Lj of the multiprocessor SIMD array, which is the i* row vector 

of L labeling matrix at the n* iteration, is generated:

Oil Jilt'd'....

where i is fixed at a time t = i. As time moves forward, the elements in the L shift register have shifted from the left 

to the right in an 8-clock-pace fashion. For example, in the DRA2 system, at time t = i=  1, vector Lj

is generated.

*11

'12

'1*

and at time t = i = 2, vector L2

(/2i ̂ 22^23^24^25^26^27^28)
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is generated, etc.

1
>»Ml *21

□

o

' I

J_____ [

'21

*22

'28

Figure 8: Computational Wavefront Pipelining and Circulation for Interleaved Processing

Each L; vector is computed based on the interleaved utilization of the multiprocessor SIMD array, whereas eight Ll 

vectors form an entire computational wavefront of the L labeling matrix, of the n* relaxation iteration. Note that we 

use n computing trees for generating nxm  l-̂ 's in O(nm) time; we may also use 0(nm) computing trees to compute 

the same number of /^’s in O(n) time, provided that the latter has a uniformly progressing wavefront in time and in 

space.

Multiple Siena! Broadcasting

The broadcasting technique is probably one of the most obvious ways to make multiple use of each input element. It 

plays an important role in making the parallel computation tree of Figure 3 implementable. Two multiple 

broadcasting schemes are used in DRA2 architecture. In the first, n by m vertical broadcasting lines from each 

pipelining operand are connected to the bottom most leaves’ node of each parallel computing tree (passing each 

l-pipe to /-root). Secondly, as depicted in Figures 6 and 9, Cell-A at column j  (=1) is used to jog signal l^ n'^  (which 

is the n* l-pipe^ and then propagate it horizontally from right to left through the entire row array. Thus, the output 

vector of the multiprocessor SIMD array, i.e., (/ii^i2^i3’Wi5^i6’Wi8)> 030 ^  generated simultaneously in a highly 

concurrent manner.
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Definition 7: The second multiple data routing scheme for jogging bk at column /=  1, as illustrated in Eq.s (32) and 

(34), and Figure 9, is defined as the J-Pattern.

Ijg*—■-Jj2»*jl»

Figure 9: Broadcasting Scheme for the bk Signals 

Cross Circle Associative Pipelining

Much associativity is introduced through the associative circular pipelining in the DRA2 design. Refer Figures 7, 8, 

9 and 10, two circular pipelining loops are implemented.

The first pipelining is designed for ljp elements. This pipelining can be viewed in two parts, master pipelining part 

and slaver pipelining part The master pipelining refers a serial horizontal circular pipelining of the lj elements 

inside the main pipelining channel, LSR. While the master pipelining is going on, a parallel horizontal virtual 

circular pipelining is followed in k row horizontal arraies. The parallel pipelining in DRA array is a slaver 

pipelining of the master one which is supported by multiple signal broadcasting.
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vector from the multiprocessor SIMD array in order to update the current n-l* L; row vector. This iteration and 

updating process is the core of the relaxation process described in Eq. (8). To sense the completion of computation, 

a Comparator is built on top of the first 8-bit SR. If two vectors are equal, a row-eq signal of 1 is produced and 

stored into 8-bit States SR of the Control Module; otherwise a 0 signal is sent. As soon as the State Register gets 

eight l*s, which means the equality of Eq. (8) is reached, an all-eq signal is issued to the FSM. Since the control 

processes in this system are based on the data validity of a control data flow, reliable and fast execution in a 

data-driven environment is created. The control mechanism used in the parallel DRA2 architecture is shown in 

Figure 11.

To ensure that the iteration cycle completes at the end o fnxm cycles, a tagged-bit is derived from an ANDed term 

of both the /n bit and the 64th-count of the Timer, which has served as a reliable alignment signal for computation 

in the control flow.

Figure 11: Self-Timed Synchronization 

In Figure 12 the state graph of the FSM is illustrated.
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Reset Ending

Figure 12: State Graph of the Finite State Machine

53 Performance Evaluation

With the parallel tree-structured reformulation and tree-root pipelining in its system design, the DRA2 architecture 

takes advantage of a high degree of pipelining and multiprocessing. It gets rid of the need for storing and computing 

each element associated with the object pairs matrices A-dc.p). One-half of the O fr ^ 2) space is eliminated; the 

other half is reserved for input data C-Oc.p), the label pairs compatibility matrices. In certain DRA computations, as 

shown in the Region Coloring Problem, the space complexity can even be reduced to 0(nm); i. e., only an 0(nm)-bit 

shift register is required to store all n by m intermediate (or original) labeling elements [11]. Obviously, the DRA2 

computation during each iteration only takes O(nm) clock cycles. Assuming a clock cycle is about 120ns (using a 3(i 

NMOS process and the PPL design methodology), DRA2 performs the DRA computation in microseconds, and in 

the worst case, i.e., multiplying the maximum possible iteration time, O(nm), in milliseconds [11,15].
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The DRA2 chip was built by assembling the four functional blocks in Figure 4 using PPL (Path Programmable 

Logic) tools at the University of Utah [36]. Since parallel computation and the multiprocessor SIMD array greatly 

simplify the design difficulties, the PPL layout is very simple and straightforward. An overview of the complete 

PPL layout, which is a PPL mapping of the block floor plan in Figure 4, is shown in Figure 13.

For details associated with the complete system design, the simulation results, interfacing strategy with host 

computer, timing and wiring delay analysis, testing, pinout description, and fabrication of the DRA2 chip see 

[11,15].

5.4 The PPL Layout for DRA2 System

_____ Mr.:

m m  i  ;„ f

■M" •H— — ‘ N— H— H— H— r ‘r - - H - - H —

fjgsasj

Figure 13: The PPL Layout of the Multiprocessor SIMD DRA2 System
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Figure 14: The Photomicrograph of the DRA2 Chip
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Compared to the conventional DRA1 design, the DRA2 system achieves a very impressive performance 

improvement in terms of speed, size, and memory access requirements. However, there are still several bottlenecks 

in developing a fast general purpose DRA architecture.

6.1 Complexity Issues Revisited

Time Complexity: The O(nm) time of the DRA2 system is suitable only for a small number of objects, though the 

number of objects and labels in DRA2 architecture can be extended to a larger number of objects and labels. The 

larger the number of objects and labels are, the slower the DRA2 system becomes. It is desirable that a much faster 

DRA architecture be designed for real-time processing of a larger number of objects and labels.

Data Preprocessing Complexity: One of the remarkable characteristics of the DRA problem is that a large number 

of data, such as © (n ^2) elements of label pairs compatibility matrices Cjj(k,p), must be loaded into the system 

before the computation is performed. In addition to this, the data ordering and format which might be processed 

during the load-in time must be arranged to support efficient DRA computation. Following assumption 3, the term 

Data Preprocessing Complexity (DPC) is used here to refer to the complexity issues which arise in the analysis of 

the time and space, as well as hardware complexities in this kind of data-preprocessing-intensive VLSI computation. 

Some labeling solutions avoid this problem by assuming that the data is always ready for computation.

Data Routing Complexity: One of the proposed DRA3 architectures [12] is shown in Figure 18, in which the data 

routing complexity in the horizontal direction between two DRA modules is of 0(m2); a total of 0(nm3) 

connections are required for nm DRA modules to be routed. The data routing complexity becomes another dominant 

factor in designing the DRA3 system as the number of labels increases.

Fabrication Difficulty: Although we have separated the main pipelining channel and have used the larger buffers to 

drive between shift registers, its characteristic turns out to be worse as the numbers of n and m increase.

6.2 Cij(k,p)-Pattern Distribution Analysis

The DRA3 architecture overcomes these difficulties based on the use of the dynamically configured architectural 

wavefront on the DRA3 switch lattice [12]. It runs the DRA computation in O(n) time without the extra

6. An 0(n) Time Algorithm-Configured Dynamic Architectural Wavefront System
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requirement for data preprocessing hardware and without requiring the horizontal routing among the DRA modules, 

provided that only an 0(nm2) number of switches must be added to the original multiple broadcasting wires of the 

DRA2 system.

In fact, computing time, data preprocessing complexity, and data routing complexity form a coherent mixture in the 

DRA3 system design. We illustrate its major architectural concepts beginning with the analysis of C^k^-Patterns 

in the case of n = m = 3. ’

Referring to Eq. (2) and Figure 8, the first computational wavefront for computing the n^ labels is formed at 

time t = i = 1 as: .

For/ = 1 and k= 1,2,3:

/lk(n)̂ /lk(n'1)*t/ll(n'1)*All(k.l>+/i2(nl)*A11(k,2>+/13(n-1)*A11(k,3)]

*[/2i(n'1)*Ai2(k.l)+/22*(n‘1)A12(k*2)+/23(n'1)*A12(k*3)]

*[/31(n-,)*A13(k,l)+/32(n-,>*A13(k,2)+/33(n-1>*A13(k,3)].

A snapshot of the Cjj(k,p) (j, k ,p = 1,2,3) matrix data distribution pattern which is matched with the /lk^  wavefront 

at t = 1 is:
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'32(nI>
(n-1) l23(n',) '22(n,) Im<M) • » (n-')

■ ftull
*33 !31 '11

11
M i l !

k=l C13(U) C13(l,2) C13(l,l) CI2(U) C12(1J) C12(l,l) C„(l,3) C„(U) C„(M)

k=2 Cu (2,3) C13(2,2) C13(2,D C,2(23) C,2(2J) C12(2,l) C„(2,3) C„(2,2) C„(2,l)

k=3 C,j(3J) C13(3,2) C13(3,l) C12(3J) C12(3J) C12(3,l) C„(3J) C„(3,2) C„(3,l)

j=3 J=2

t=i=l

j=l

Figure 15: The Cjj(k,p) Pattern for generating /lk’s 

At time t = 2, a computational wavefront for generating l2k̂  is produced. For i = 2 and k = 1,2,3:

l„(")

l„<»>

«13(n)

/2k(n) < /2k(n-1)*[/ii(n-1)*A2iCk,l)+/i2(n-1)*A2iCk,2>+/i3(n-1)*A2i(k,3)] 

*[/2i(n'1)*A22(k-1W22*(n'1)A22(k-2)+̂ 3(n'1)*A22(k*3)] 

*[/31(n-1)*A23(k,l)+/32(n'1)*A23(k-2)+/33(n'1)*A23(k-3>]-

: 39]

The C2j(k,p) (j, k, p = 1,2,3) matrices distribution pattern at this time is:
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k=l

k=2

k=3

Il3(n’1) Il2(n,) |„(nl) '.13(n-1) \31M) l3,(n-l) ,a <n-l> «22(n-,) >2.[n-D

i i

i 1
1 ! '1 ! 1

C21(l,3) C21(U) C21(l,l) C23(U) Cu(U) C23(1,D C22(M) cM(U) C22(l,l)

C2I(W) C2,(2J) C21(2,l) C23(2,3) C23(2,2) C22(2*3) C22(2>2) 022(2,1)

Cjj(3,3) C21(3,2) C21(3,l) Cu (3^) 0^(3,1) C22(3,3) C22(3,2) C22(3,l)

J=1 j=3

t=i=2

j=2

'21(n)

>22(n)

«23(n)

Figure 16: The C2j(k,p) Pattern for generating /21c’s 

From Figures 15 and 16, several criteria for DRA3 architecture are derived.

(1) At time t = i, to compute each new labeling vector L;, different computational wavefronts are formed and the 

associated Cjj(k,p) matrices are distributed. More accurately, at time t, each matrix Ctj(k,p) elements (where t, j  =

1....n and k, p = 1,..., m) stored in the k*1* row of a parallel memory in Figures 14 and 15 are retrieved. Thus a

parallel Row-Readable RAM is required.

(2) It is clearly indicated that the Cjj(k,p) elements associated with each dynamically pipelined operand in the main 

tree-root pipelining channel are one unit of j  skewed and horizontally circulated. The cyclic shifting of the bits of 

Ci/k,p)-Patterns elements to the right for m-bit position corresponds lo a Block-data Shuffling operation [43]. We 

summarize and extend all distributed C matrices’ patterns in Figure 17. (Each symbol actually is a matrix 

distributed in Figures 15 and 16.)

t= 1: C13(k,p) C12(k,p) Cn (k,p)

t = 2: C21(k,p) C23(k,p) C^Ck.p)

1 = 3: C32(k,p) C31(k,p) C33(k,p)
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Figure 17: A Circularly Skewed C^k.phPattern when Generating 1̂ ,’s

The first requirement requires a simple associative processing, i.e., parallel Row-Readable RAMs; while the second 

criterion demands higher order design complexity in time and data preprocessing, as well as in data routing.

A candidate design for the DRA3 system, where n = m = 8, is presented in Figure 18. The DRA3 system is made up 

of using 8 by 8 DRA modules. Each module consists of a PE cell (same structure as Cell-A and Cell-B in DRA2 

system) and a local Row-Readable parallel RAM for Ci}{k,p)-Pattern.
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Figure 18: A Candidate Design for DRA3 System
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A pre-shuffling chip is implemented and fabricated using a 3 |i NMOS PPL design methodology in order to make 

the C^k.pyPattern the same format as in Figure 17 [16]. However the pre-processing hardware costs 0(b3) time 

(noting that b is the number of bits to be shuffled) and takes more than half of the chip, provided that a difficult 

inter-chip routing problem remains unsolved [12].

6.3 A Dynamically Configurable DRA3 Architecture

The configurable, highly parallel computer system is a multiprocessor architecture that provides a programmable 

interconnection structure integrated with the PEs [10]. The original idea is that, the computer processing begins 

with the controller broadcasting a command to all switches to invoke a particular static configuration setting. The 

design of the DRA3 system has revealed that by adopting an advanced dynamic configuring strategy on the DRA3 

switch lattice, not only can the DRA computational wavefront be generated while retaining the benefits of 

uniformity and locality that DRA-PE exploits, but also the combined limitations imposed in upgrading DRA3 

architecture can be completely eliminated.

1. The Architectural-Computational Wavefront (ACW) Notation

We rewrite Weiser and Davis’s definition of wavefront [38]:

Definition 8: A wavefront, denoted as A, represents an ordered set of data elements: (a(l,m), a(2,m),..., a(N-l,m), 

a(N,m)}, where m is the "time” subscript. The elements a(I,m) for all m belong to the Ith data stream. For 

simplicity, the "time" subscript in the elements of a wavefront is omitted and a(i,m) will be simply be represented as 

a(i).

We extend the definition as:

Definition 9: The Architectural-Computational Wavefront (ACW) Notation [12] consists of two different 

wavefronts. The Computational Wavefront is an ordered set of data elements: (c(l,i+t), c(2,i+t),..., c(N,i+t)}, 

where i+t is the spatial-temporal index in Eq. (32). The Architectural Wavefront is an ordered set of architectural 

configurations: [a(l j+t), a(2j+t),..., a(N j+t)}, where j+t is the spatial-temporal index in Eq. (33).
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1.The computational wavefront dynamically progresses on a static architecture, as the ST indexes 

increase. The architectural wavefront progresses, by dynamically configuring the system architecture, 

in a way against the computational wavefront, as the ST indexes increase. For instance, as we have 

seen that the ST index in DRA2 forms a dynamic DRA computational wavefront on a static DRA2 

architecture; we will show see that the ST index of DRA3 generates a dynamic DRA3 architectural 

wavefront for a virtual static DRA computation.

2. The equivalence between computational wavefront and architectural wavefront holds. Thus either one 

characterizes both of them.

3. Both architectural and computational wavefront notation have spatial parameters, such as i and j, and 

temporal parameter, such as f, so that both can be manipulated on the space and time domains.

4. The conventional wavefront notation assumes a uniform progression of the data stream. This 

restriction is eliminated by combining ST indexes with ACW notation, as is obvious that these indexes 

may behave synchronously or asynchronously.

5. The ACW notation first differentiates the computational wavefront and architectural wavefront and is 

more suitable for exploring architectural configurability and the synthesis of highly configurable 

system.

Referring to Eq.s (2), (32), and (33), there is always a data dependence relation among these arguments with respect 

to time t and positions k and j, that

The following distinctions are made which are necessary for building a DRA3 system:

(40)

In Figure 7 we see that this data dependency equation is topologically mapped onto silicon in terms of the parallel 

tree structure. The vertical broadcasting of the l-pipe operands from pipelined channel to DRA array is described by 

a routing function:

[41)

where the symbol I  denotes an alignment relation such that A I  B if and only if A and B have the same physical 

column position of j. The J-Pattem of definition 7 is routed by equation:
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1421

The DRA computation is valid if and only if these two dependency equations are true at any time t and positions k 

and j, as well as the iteration times n. Eq. (41) stands for a static network in the DRA3 architecture. Eq. (42) is a 

virtually static network; a potential speed-up in the DRA3 computation can be reached by dynamic configuring Eq. 

(41) in an ACW notation.

2. Dynamic Configuring the DRA3 Architectural Wavefront

Though symbol j  represents the horizontal spatial shifting (in Figures 15 and 16) while the symbol t represents the 

temporal unit, the computational wavefront progression of l-root-+l p proceeds (referring to Eq.s (32) and (33)) as the 

increasing of j+t, where the combined parameter j+t must not be associated with any dimensions. By definition 9, it 

is obviously correct that the computational wavefront moves from left to right, as the ST indexes increase and is 

equivalent to that of the J-Pattem (one configuration of the architectural wavefront) shifts in the reverse horizontal 

direction, as the ST indexes increase. The DRA computation can be performed by manipulating either a 

computational wavefront or configuring dynamically an architectural wavefront.

In Figure 19, we create a dynamically configurable DRA3 architectural wavefront by building an algorithm- 

configured switch lattice. A total number of 0(nm2 + nm) switches are added between each vertical wire and 

horizontal wire.





operands of the "pipelining channel," noting that the pipelining channel is now static and is replaced with an 

0(nm)-bit RAM. These switches are programmed by a Self-Timed System Controller, as is shown in DRA2 circuit, 

to avoid the time delay occurred during the broadcasting on the switch lattice. For DRA3 computation, we give:

Definition 10: We define the DRA3 architectural wavefront to be the interconnection patterns of the DRA3 switch 

lattice, of which both the switches SNjk for a column j, i.e., the J-Pattem at a specified column j, and switches BSjk 

for that column j  are invoked simultaneously, where index j  is defined in Eq. (33). -

During the DRA3 computation, at index j  (mod n), the DRA3 architectural wavefront shifts from right to left in O(n) 

clock cycles, therefore, an entire DRA computation, which is virtually static, is dynamically generated.

It would now be of interest to examine whether the complexity issues in section 6.1 are solved upon building the 

DRA3 architecture. First, a time upper bound of 0(n) is reached. Secondly, there is no particular hardware support 

and no special requirements for data-preprocessing. Under dynamic parallel configuring of DRA3, the 

Cij{k,p)-Pattern is naturally distributed in matrix index order in the original parallel memory. For an intuitive 

understanding, we redraw the ClJ{k,p)-Pattern of Figure 17 in Figure 20 which is associated with DRA3 

computation strategy.
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t= 1: C13(k,p) C12(k,p) Cn(k,p)

t = 2: C23(k,p) C22(k,p) C21(k,p)

t = 3: C33(k,p) C32(k,p) C31(k,p)

Figure 20: A Cij{k,p)-Pattern under Dynamic Reconfiguration of DRA3

The third problem, an intensive multiple data routing requirement is eliminated by adding 0(nm2 + nm) switches on 

the DRA3 switch lattice. As for the long pipelining channel, it is replaced with O(nm) bits of smaller and more 

reliable RAM cells, under the dynamic data routing. Finally, since C^k,p)-Pattern is designed for 0(n2) arbitrary m 

by m C-matrices, the DRA3 system is good for any general purpose DRA computation.

7. Conclusions

We have described several VLSI architectures for speeding up the computation of the Discrete Relaxation
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Algorithm. The key issues are a new tree-root pipelining scheme and a technique to dynamically configure the 

architectural wavefront. The implementations of these architectures offer much greater processing performance than 

general purpose processors. Further research in this area is to imbed the highest degree of flexibility in DRA design 

by allowing programmability in cells as well as reconfigurability of cell interconnections, for generating efficient 

and faster dynamically configurable MIMD DRA architectures.
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