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A bstrac t— T h e  tra d itio n a l an a ly tica l ana ly sis  o f  p la sm a  p ro b es 
re q u ire s  th e  u se  o f  q u asi-s ta tic  ap p ro x im a tio n s , w hile  n u m erica l 
m e th o d s  re q u ire  th e  use  o f  a n  eq u iv a len t d isp e rsiv e  m ed ia , b o th  
p ro d u c in g  a  n o n tr iv ia l ana ly sis  o f  th e  p la sm a  e n v iro n m en t. O n  the  
o th e r  h a n d , a  few  tech n iq u es th a t  co m bine  th e  p la sm a  flu id  e q u a ­
tio n s w ith  M ax w ell’s eq u a tio n s  hav e  on ly  a d d re ssed  w ave p ro p a ­
g a tio n  th ro u g h  sp a tia lly  c o n s ta n t p lasm a . A ll o f  these  m odels a re  
lim ited  in  analy sis  o f  in  s itu  m easu rem en ts . T h is  p a p e r  m odifies the  
c u r re n t  fin ite -d iffe rence  tim e-d o m a in  m eth o d s  to  m o re  acc u ra te ly  
m odel th e  io n o sp h e ric  en v iro n m en t. D ecoup led  b o u n d a ry  co n d i­
tio n s a re  p re sen te d  in  a n  a tte m p t a t  cop ing  w ith  th e  in s tab ilitie s  o f  
th e  p la sm a  a t  th e  b o u n d a rie s . T h e  final m odel is th e n  c o m p a red  to  
an a ly tica l th eo ry  o f  rad io -fre q u en c y  p la sm a  p ro b es.

In d e x  Terms— A n te n n a  th eo ry , fin ite -d iffe rence  tim e-d o m a in  
(FD T D ) m eth o d s, p la sm a  covered  a n te n n as , p la sm a  m e a su re ­
m en ts .

1. In t r o d u c t io n

r r  HE impedance of an electrically short antenna immersed 
M in plasma has been studied extensively for the last 50 

years, both theoretically [1]—[6] and experimentally [7]—[10], 
By electrically short, we mean an antenna with small physical 
dimensions, compared to the free space wavelength at the 
driving frequency. The plasma antenna interaction has been 
used as a diagnostic for space plasmas where the impedance 
characteristics at radio frequencies are a strong function of 
free electron density. Impedance probes have advantages over 
Langmuir type probes [11], [12] in that to first order they are in­
sensitive to surface contaminations and vehicle charging effects 
[8], However, the full potential of the technique has not been 
realized due to limitations of analytical theories. In addition 
to having a good instrument to make accurate measurements, 
plasma analysis also requires a good theoretical model of 
the probe physics [13]. In this paper, we present a numerical 
finite-difference time-domain (FDTD) simulation of a dipole 
antenna immersed in typical ionospheric plasma and compare 
the results to a leading analytical theory by Balmain [14], In this 
process, we show that assumptions, which make the problem 
analytically tractable, lead to significant differences with our 
simulation results where these assumptions are not made.

The analytical theories for the impedance of an electrically 
short antenna are typically developed in the following manner: 
the complex power S  is computed from the fields around the
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antenna that are driven by a sinusoidal steady-state current of 
frequency to at the antenna inputs. This power is then related 
to the input impedance Z (lu) of a lumped element from circuit 
theory with driving current I0

S(u ) =  \ l l (1)

The complex power around the antenna can be computed either 
by integrating the Poynting vector S  over a closed surface or by 
integrating the product of the surface currents and fields J  ■ E  
over the surface of the antenna

(2)

The problem is made analytically tractable by assuming a 
surface current distribution on the antenna from which fields 
in (2) are computed. This is called the induced electromotive 
force (EMF) method. A triangular distribution is commonly 
used for short dipole antennas [5], The plasma is modeled as an 
anisotropic dielectric medium where er is given by

ci - j e 2 0 
=  I j e 2 ei 0

0  0 e3

with

(! - 3 % )
W2 (i - i ^ - n 2

( W S )  
, ,2

(3)

(4)

(5)

(6)

where v  represents the electron-neutral collision frequency, 
is the electron gyro frequency, and tup is the plasma frequency 
where

(7)

(8)

which are dependent on the plasma charge (e), density (n), mass 
(rn), and ambient magnetic field (B).

Approximations are used to develop this dielectric model of 
the plasma from either fluid or kinetic theory [4], The typical
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assumption is a high-frequency model where ion dynamics are 
ignored. Various other assumptions typically made to decrease 
the complexity of the problem include cold versus warm, col- 
lisionless versus collisional, and unmagnetized versus magne­
tized plasmas. In addition, the analytical computation of the 
fields around the antenna, even with a proscribed current distri­
bution, typically becomes tractable under a quasi-static assump­
tion. Therefore, the complex power leaving the antenna in the 
form of electromagnetic and some plasma waves is ignored.

The problem is formulated using sinusoidal steady-state 
Maxwell’s equations with the prescribed current distribution 
Fourier transformed in the spactial variables kx , ky , and kz . 
Parsaval’s theorem is then used to formulate a generalized 
equation for the input impedance

we0(27r)3
-dk. (9)

The solution of this integral equation is complicated by 
the poles that arise from the natural modes of the plasma 
k ■ [e(k, lj) ■ k] =  0. For certain orderings of cup and fie 
in frequency and assumed current distributions, the problem 
becomes intractable, particularly in the cutoff or nonpropa­
gating frequency regions for electromagnetic (EM) waves, and 
approximate solutions make the theories suspect. This equation 
is further complicated when solving for all orientations of the 
antenna relative to the background magnetic field. A successful 
general theory for the impedance of an antenna in magnetized 
plasma has been developed by Balmain [15], [14], [16], for a 
line current distribution of arbitrary orientation relative to the 
magnetic field in a cold collisional plasma.

To summarize, the major assumptions and limitations of the 
closed-form analytical theories for electrically short antenna im­
mersed in plasma are the following.

1) They are limited to dipole or loop configurations where 
the assumed current distribution along the antenna is sim­
plified, and the resonance effects of the current distribu­
tion are assumed to be negligible.

2) This produces a high-frequency sinusoidal steady-state 
plasma model, ignoring any transient behavior and 
low-frequency behavior where ion dynamics become 
important.

3) A cold, linear plasma is assumed, where temperature ef­
fects and nonlinear shock-like phenomena are neglected.

4) These theories are limited to a quasi-static model of the 
electric and magnetic fields, which ignores interactions 
between the fields and their impact on the antennas 
impedance, particularly in frequency regions where the 
antenna is resonant with the plasma.

5) Analytical theories are limited to spatially uniform 
plasma density distribution, preventing the accurate self- 
consistent description of plasma sheath effects on antenna 
impedance.

Computers have increased significantly in power and ca­
pability over the last few decades, while decreases in cost 
make simulation of plasma wave problems far more tractable. 
A number of FDTD-type simulations of plasmas have been 
reported in the literature [17]—[24]. However, these models

continue to treat the plasma as an anisotropic dielectric and are 
unable to resolve all of the problems of the analytical theories, 
namely numbers 3) and 5) from the above list.

The experimental space science community will be aided 
by a complete theory or model for the interaction of an arbi­
trary shaped antenna immersed in magnetized space plasma. 
This would aid the design and interpretation of data from 
electric field probes, impedance probes, and radio-frequency 
(RF) sounders on a spacecraft. A reasonable approach to this 
problem is to develop a straightforward FDTD simulation of 
the governing equations with appropriate boundary conditions 
for the antenna and simulation. This paper will describe our 
model, the plasma fluid FDTD (PF-FDTD) model, which has 
been developed for this purpose, and compare initial results 
with the leading analytical theory of Balmain [15], [14], [16].

II. The Model

A. The Equations

The plasma environment can be represented by several dif­
ferent sets of equations, depending on the boundary conditions, 
the physics in which the individual is interested, and the simpli­
fying assumptions that can be made. By limiting our analysis to 
measurements on the order of several Debye lengths and treating 
the ions and neutrals as stationary particles, the simplest model 
is the subsonic incompressible {{U ■ V )U  =  0) five moment 
Maxwellian plasma fluid equations [25], It is composed of three 
basic equations: the continuity equation

dn
~dt

the momentum equation 

dU

and the ideal gas law

(10)

(H)

(12)

where m , n , q , U , T  represent the mass, density, charge, ve­
locity, and kinetic temperature of electrons, E  and B  are the 
electric field and magnetic flux, v  and V  are the electron neutral 
collision rate and neutral velocity respectively, and h, is the 
Boltzmann constant. Maxwell’s equations are then used to 
complete the set of ten unknowns and ten equations

dB
dt

-> d E  -» 
V x B  6/i ^  +  fiqnU

(13)

(14)

(15)

with the plasma current J  =  qnU.
Like all FDTD simulations, the first step is to discretize the 

equations in space. By placing the density at the center of the 
Yee cell (see Fig. 1), all particles in the Yee cell can be treated as 
a single centralized particle. However, if the plasma is allowed to 
have an initial velocity or spatial density variations that cannot 
be ignored, such as a charged satellite traversing through the
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Fig. 1. PF-FDTD cell.
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A similar process can be performed on (11). Equating the vector 
terms, applying the central difference formula, and solving for 
U*+1 gives

— kjjTA t-

2vA  tU i
m A x N 1^, j, k )

(i,;/,k). (17)

Similar equations are obtained for Uy and £4.
The discretization of Maxwell’s equations is trivial and can 

be found in many textbooks [26]. However, due to the addition 
of the plasma current, Ampere’s circuit law becomes

Fig. 2. PF-FDTD leapfrog scheme.

ionosphere, the velocity must then be applied directly to the 
single particle in order to minimize the spatial averaging in the 
second term of (10). The electric and magnetic fields are then 
placed in the standard FDTD locations, as shown in Fig. 1, to 
complete the set.

Once spatially discretized, the fields must then be tempo­
rally discretized (see Fig. 2). The electric and magnetic fields 
are located at alternating 1/2 time steps, similar to the standard 
leapfrog FDTD simulation. The temporal location of the ve­
locity can be found by analyzing Ampere’s (15), which states 
that the velocity must be known at the same time step as the 
magnetic flux. However, as with the spatial discretization, if an 
initial velocity or spatial variations in density are allowed, the 
density and velocity must be known at the same point in time in 
order to minimize the averaging of (10).

When the continuity (10) is solved for N t+1, it becomes

=  N t- 1( i , j , k )

A t \ B l ~ 1/2( i , j  +  1/2, k) -  B l ~ 1/2( i , j

k

2,k)

B - B

(16)

(18)

It is the combination of the fluid equations and relocating of 
the velocity to the center of the Yee cell and aligning it in time 
with the calculation of density that enable the PF-FDTD to suc­
cessfully solve the boundary value problem of an antenna in a 
plasma.

B. Boundary Conditions

Once the FDTD cell is defined, the antenna can be modeled 
by imposing tangential electric field boundary conditions on the 
metallic cells. For a dipole, the tangential electric field is set to 
zero along the length of the antenna, and the perpendicular field 
is self-consistently calculated. A gap feed can then be used to 
apply a Gaussian derivative voltage via Gauss’s law, while the 
current can be monitored using Ampere’s law [26]. By com­
bining Ohm’s law and the Fourier transform, it is possible to 
convert the temporal voltage and current into the impedance 
verses frequency characteristics of an antenna.

Like all numerical simulations, the limitations in memory 
size force the PF-FDTD model to be truncated. Many absorbing 
boundary conditions have been developed for FDTD simula­
tions, ranging from retarded time absorbing boundary to per­
fectly matched layers [27], [28], all of which assume wave prop­
agation at or near the speed of light. However, since many wave
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Fig. 3. Interdependency of fields for different spatial locations near the 
PF-FDTD boundary.

modes, with various propagation speeds, can exist in magne­
tized plasma, care must be taken when dealing with the sharp 
gradients near the simulation edge. Previous attempts at apply 
the retarded time absorbing boundary conditions to both the 
plasma and electric field had mixed results, and are likely to be 
the leading cause of instabilities in Olakangil’s model [29].

To overcome some of the instabilities associated with 
applying traditional boundary conditions to the plasma, a 
boundary condition to decouple the plasma from the electro­
magnetic waves near the boundary is developed. This is done 
by decreasing the simulation size of the plasma’s velocity and 
density, similarly to the magnetic field calculations in the tradi­
tional FDTD simulation. As shown in Fig. 3, when appropriate 
boundary conditions, such as retarded time absorbing boundary 
conditions, are applied to the electric field, the magnetic field 
in the adjacent cell sees an effective “infinite space.” By ana­
lyzing the momentum (11) for a cold plasma (VP = 0), the 
velocity will see “infinite space” as long as the magnetic and 
electric fields in the same cell see “infinite space.” The density, 
however, requires the knowledge of the velocity and density 
in the adjacent cell. By stepping the plasma away from the 
edge of the simulation, as seen in Fig. 3, it becomes possible 
to model a cold collisional plasma as long as the density at the 
boundary remains constant. This is a safe assumption as long 
as any low-power source is several Debye lengths away from 
the edge. Depending on which region of the ionosphere you are 
modeling, this can be anywhere from centimeters to meters, as 
shown in Fig. 4. As the power of the probe increases, so must 
the simulation space, in order to maintain a constant density at 
the boundary.

To simulate warm plasma, the density must be known in all 
neighboring cells, due to the gradient of n (VP = fc^TVn). Ide­
ally, this could be calculated up to the separation of the EM fields 
from the plasma. However, since the boundaries are positioned 
to maintain a constant density at the edge, there are no temper­
ature effects seen until the density is allowed to vary. As such, 
to decrease computational load the warm plasma (VP ^  0) 
is phased into the simulations after the cold plasma has been 
added, and the density becomes a variable, as shown in Fig. 3.

This is a good boundary condition for energy traveling near 
the speed of light, but it only addresses half of the problem. 
The energy in the slower moving waves must also be dissipated 
at the boundaries. However, to date, we have not developed an 
effective way of dealing with this energy. Instead the edges of

Fig. 4. Variations in density for various locations. (Source is located at [20 20 
25]).

the simulations are placed “far” enough so while the traditional 
Courant condition

A t  <
A x

(19)

is met, several plasma cycles (tens of thousands of iterations) 
may be run before the slow moving energy is reflected and re­
turns to corrupt the source data, as shown in Fig. 5.

III. S i m u l a t i o n  R e s u l t s

The PF-FDTD simulation is validated by comparison with the 
analytical theory of Balmain [14]. This is done by modeling a 
1-m dipole antenna in uniform cold, collisional plasma. While it 
is possible to provide an exhaustive analysis, this paper will only 
focus on two general cases: one for the antenna parallel and one 
for the antenna perpendicular to the magnetic field. For each of 
these two cases, three different orderings of the plasma and gyro 
frequencies are explored: ujp > Cl,up =  Cl,up < Cl. These are 
the same conditions treated by Balmain [14]. The simulation is 
set up with a cold plasma of density of approximately 1 x 1012 
electrons/m3 and a collision frequency of O.lu; .̂ Under these 
conditions, Fig. 5 shows that the boundaries must be at least 
20 cells away from the antenna to provide sufficient simulation 
time before the slow-moving waves corrupt the simulation. A 
simulation size of [70 70 65] was used to maximize the resolu­
tion of the antenna within the simulation and to ensure that the 
constant density approximation at the boundaries was valid. The 
spatial resolution of the simulations was dx = dy = dx = 0.04 
m while the temporal resolution was dt = 6.67 x 10“ 11 s. All 
simulations were successfully run for at least 24 plasma periods 
or approximately 36000 time steps.

In the comparison of the PF-FDTD to Balmain, two com­
plexities immediately surfaced. The first deals with the ratio of 
length to diameter or (I/a) of the antenna. The I/ a ratio for the 
simulation was found by computing the free space impedance 
of the antenna and comparing with Johnson [30]. This was done 
by running the simulation with no plasma or ujp = 0. Thus only
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Fig. 5. Number of plasma cycles simulated before the slow moving energy is 
reflected and corrupts the source data as a function of simulation size for various 
plasma parameters with a fixed source frequency bandwidth.
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Fig. 6. Current distribution along a dipole antenna for frequencies near the 
upper hybrid =  11 MHz).

electromagnetic wave physics were simulated. An effective I/ a 
of 200 was found for the 1-m antenna in the given simulation 
grid.

The second complexity is that the PF-FDTD self-consistently 
computes surface current distribution while Balmain’s theory 
is based on the induced EMF method. Thus the current dis­
tributions can be significantly different in the more complete 
PF-FDTD simulation. The current distribution along the an­
tenna was found to be triangular at frequencies away from fun­
damental plasma frequencies, while the current distributions at 
frequencies near u uh (Fig. 6) are more exponential in nature. 
The variations in the current distribution are expected as energy 
is more efficiently coupled into the plasma at resonances [25]. 
These observations are also in agreement with the experimental 
data of Ishizon [31] in which the measured distribution showed 
similar responses. While this dramatic variation does not yield 
significant qualitative differences, as shown by our results and 
by closed-form theory [5], it can explain why experimental data 
have never yielded the high impedance values near the reso­
nances as predicted by Balmain [32].

A. Cold Collisional Magnetized Plasma With Probe Parallel 
to the DC Magnetic Field

Under sinusoidal steady-state conditions, energy input to 
an electrically short antenna can be reactively coupled into 
the plasma, dissipated through heating, or radiated away. The 
reactive coupling strength is determined by the reactance of the 
antenna impedance, while the energy lost to heating or radia­
tion contributes to the resistive component. Electrons circulate 
around magnetic field lines at the gyro frequency and therefore 
easily transport energy away from an antenna through waves or 
local heating at this frequency. This shows up as a reduction in 
the free space conditions of the resistive component at the gyro 
frequency. Conversely, at the plasma frequency, the electrons 
are not transporting energy away from the antenna, resulting in 
a highly reactive component that translates into a large resistive 
part. All of these can be qualitatively observed in Fig. 7.

Fig. 7 also shows a comparison between Balmain and the 
PF-FDTD for an antenna aligned with the magnetic field. Qual­
itatively, there is good agreement between the theories above 
0.3ujp. The errors below 0 3 cjp are due to the lack of data points 
available for the fast Fourier transform (FFT) and the fact that 
Balmain does not account for the additional physics that occur 
in plasma outside of the three primary resonances. While this 
model attempts to provide a method of modeling the additional 
physics in this region, the simulation must be run for more iter­
ations in order to collect the necessary data points for the FFT at 
those frequencies. This means either a large simulation space or 
boundary conditions that are more effective for the slow moving 
waves are needed.

Above 0.3up, the differences between Balmain and the 
PF-FDTD model are harder to account for and become more 
an argument for one approach over another. At first glance, the 
fact that the PF-FDTD does not match Balmain for the same 
l /a  raises questions. However, Balmain has only been exper­
imentally validated for frequencies at the gyro frequency and 
for frequencies above the upper hybrid [33], due largely to the 
quasistatic approximations. The PF-FDTD matches Balmain 
around the gyro frequency and approaches the free space values 
faster then Balmain for frequencies above the upper hybrid. 
In the other regions, the PF-FDTD agrees with a smaller I/ a 
ratio, as expected given the exponential nature of the current 
distribution, as shown in Fig. 6.

Care must also be taken if this method is to be used in a “total” 
frequency analysis of the antenna, as the numerical representa­
tion of a Gaussian derivative source has a limited bandwidth. 
Analysis of frequencies outside of this bandwidth will allow 
roundoff errors to corrupt the data. This is why no graphs pre­
sented in this paper have included the “free space” response of 
the antenna above the upper hybrid frequency.

Additional simulations have also shown the correct damping 
of the resonances as the collision frequency is increased, due 
to the added energy lost during electron/neutral collisions. The 
model also demonstrates that the zero phase crossing is offset 
by the free space capacitance. This raises concern that RF 
probes used for space plasma diagnostics that only track the 
zero crossing of the upper hybrid may yield an unrealistically
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Fig. 7. Input impedance versus frequency for an RF probe with a parallel magnetic field in cold collisional plasma, (a) Gyro frequency <  plasma frequency, 
(b) gyro frequency =  plasma frequency, and (c) gyro frequency >  plasma frequency.

low plasma density. To correct this problem the free space 
capacitance must be subtracted from the final measurement.

B. Cold Collisional Magnetized Plasma With Probe 
Perpendicular to the DC Magnetic Field

As the incident angle of the magnetic field is changed, the ef­
fective coupling area that the antenna presents to the different 
resonant frequencies changes. As the current flows along the 
antenna, the free electrons in the plasma will mirror the move­
ment. As such, when the antenna is aligned with the magnetic 
field, the movement of electrons near the antenna is along the 
field lines. Thus, the gyro frequency is emphasized, and effects 
of the plasma frequency are minimized. When the antenna is 
placed perpendicular to the magnetic field, the opposite occurs, 
as can be seen by comparing the results when the gyro frequency 
is greater then the plasma frequency in Figs. 7 and 8.

In addition to showing reasonable agreement between Bal­
main and the PF-FDTD for an incident magnetic field, subject 
to the variations between theories being explained by similar ar­
guments as presented in the above section, Fig. 8 also presents 
an unusual side effect of increasing the antenna coupling with 
the plasma frequencies. Traditionally the RF probes have been 
flown in regions where the plasma frequency is greater then the 
gyro frequency, thus easing data analysis of plasma densities, 
since the upper hybrid converges to the plasma frequency. How­
ever, if the plasma frequency is less then the gyro frequency, 
such as from 80-20 km in the ionosphere or in the solar wind, 
it is still possible to obtain a prominent feature in the character­
istic curve at the plasma frequency. Thus if an RF probe sweeps 
frequencies as opposed to just tracking the resonances, it be­
comes possible to measure plasma densities regardless of the 
plasma/vehicle conditions.
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Fig. 8. Input impedance versus frequency for an RF probe with an incident magnetic field in cold collisional plasma, (a) Gyro frequency <  plasma frequency 
and (b) gyro frequency >  plasma frequency.

IV. C o n c l u s i o n

This paper presented a new approach to the important anal­
ysis of the impedance of an antenna in plasma. The ability to 
more accurately model the antenna-plasma interaction enables 
RF probes to measure plasma parameters to a new level of accu­
racy. While traditional theories predicted high Qs for the upper 
hybrid resonance, the PF-FDTD predicts a lower Q. This dis­
crepancy is due to the simplified assumed current distributions 
of the analytical theories which are nonphysical under reso­
nance conditions.

In addition, the fact that the zero crossing of the upper hy­
brid resonance shifts negative as the free space capacitance in­
creases will require a redesign of the current probe technique to 
subtract the free space capacitance before the density measure­
ments are made. However, assuming that some of the emanating 
field lines traverse undisturbed plasma, the RF probe could take 
a measurement well above the upper hybrid. This effective free 
space and sheath-affected capacitance could then be subtracted 
out of the data. This, combined with the ability to measure very 
low plasma densities, enables the RF probes to operate under 
conditions where Langmuir probes fail.

There may be times when the simplicity and ease of the ana­
lytical methods may be more desirable than spending the time 
required to analyze an antenna via the PF-FDTD for varying 
plasma conditions. While the current limitations of boundary 
conditions limit the PF-FDTD, many doors are still opened 
that could not have been imagined with analytical theories. 
The ability to overcome the current limitations of modeling the

effects of plasma temperature, drifts, and density variations, 
enable the PF-FDTD to become the first numerical model that 
can accurately represent the antenna plasma interaction on 
board a satellite or sounding rocket.
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