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Perturbative renormalization of a non-Abelian Chern-Simons gauge theory is examined. It is demon-
strated by explicit calculation that, in the pure Chern-Simons theory, the (3 function for the coefficient of
the Chern-Simons term vanishes to three-loop order. Both dimensional regularization and regulariza-
tion by introducing a conventional Yang-Mills term in the action are used. It is shown that dimensional
regularization is not gauge invariant at two loops. A variant of this procedure, similar to regularization
by dimensional reduction used in supersymmetric field theories, is shown to obey the Slavnov-Taylor
identity to two loops and gives no renormalization of the Chern-Simons term. Regularization with the
Yang-Mills term yields a finite integer-valued renormalization of the coefficient of the Chern-Simons
term at one loop, and we conjecture no renormalization at higher order. We also examine the renormal-
ization of Chern-Simons theory coupled to matter. We show that in the non-Abelian case the Chern-
Simons gauge field as well as the matter fields require infinite renormalization at two loops and therefore
obtain nontrivial anomalous dimensions. We show that the /? function for the gauge coupling constant is
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zero to two-loop order, consistent with the topological quantization condition for this constant.

PACS number(s): 11.10.Gh, 03.70.+ k, 11.15.Bt

I. INTRODUCTION

There has recently been much interest in topological
quantum field theories. They are conjectured to have
something to do with a high-temperature phase of quan-
tum gravity (or superstring theory). Also of particular
mathematical interest are certain models defined in three
spacetime dimensions, whose actions consist purely of ei-
ther (non-Abelian) gauge theory or gravitational Chern-
Simons terms. These have been shown to have an inti-
mate connection with the classification theory of knots on
three-dimensional spaces [1] and with integrable statisti-
cal mechanics models and rational conformal field
theories in two dimensions [2].

Formally, Chern-Simons theory is a strictly renormal-
izable quantum field theory and its perturbation expan-
sion contains logarithmic divergences. However, the to-
pological nature of the theory allows only trivial, finite
renormalization of the Chern-Simons term itself. It is in-
teresting to verify whether this indeed happens in the
context of renormalized perturbation theory.

There is a formal proof that the correlation functions
of Wilson loop operators in Chern-Simons gauge theory
are topological invariants [1]. Of particular interest is
the possibility that the perturbative expansion of these
correlation functions defines, order by order, new topo-
logical invariants of three-manifolds and also knot and
link invariants [3]. A necessary condition for this is that
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the theory is at least perturbatively finite. It is a further
requirement that it is invariant under gauge transforma-
tions and diffeomorphisms.

In this paper we shall examine the perturbative struc-
ture of Chern-Simons theory. We shall show that a pure
Chern-Simons theory is finite to two loops and that the f3
function for the gauge coupling constant vanishes to at
least three loops. A novel feature of our approach is the
use of regularization by dimensional reduction. This reg-
ularization scheme renders the perturbation theory par-
ticularly simple and gauge invariant to at least three-loop
order. A brief version of our result appeared in Refs.
[4-6].

We shall also consider the renormalization of a theory
where fermions and scalar matter fields couple to a
Chern-Simons gauge theory. Since the matter field ac-
tions necessarily depend on the spacetime metric, this is
no longer a topological field theory. Infinite renormaliza-
tion is necessary and the field operators acquire nontrivial
anomalous dimensions. However, we shall show that the
P function for the gauge coupling constant vanishes to
two-loop order [6], This result is consistent with the to-
pological quantization condition for the gauge coupling
constant. When the gauge coupling is the only interac-
tion and the matter is massless, the matter-coupled
Chern-Simons theory can be regarded as a three-
dimensional conformal field theory.

We shall devote the first part of this paper to the renor-
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malization of pure Chern-Simons theory where the Eu-
clidean action consists of the three-form

~S — 477ftr AAdA+jJA AAAA (1.1

Here the anti-Hermitian generators of the Lie algebra are
normalized so that

tr(TaTh)=-j8a (1.2)
and the gauge field is a Lie algebra-valued one-form

A=AadTa. 1.3)
Under the gauge transformation

A —»£ (A +d)g (1.4)
the integrand in (1.1) transforms like a closed form

— K T dig 1dgAA
Slycs aT 19 g )

+j*- ldgAg JdgAg dg (1.5)

The first term in the transformation is globally exact if A
obeys suitable boundary conditions and the last term is
an integer representing a winding number of the map-
ping, g(x), of the spacetime manifold onto the gauge
group [7]. For any semisimple Lie group,

n0(g)=ridG)=z ,

where S denotes the local gauge group based on the Lie
group G. The gauge transform of the action is therefore
a constant proportional to this integer:

(1.6)

8/ cs ~2mKX integer . @7

To quantize this theory there are several issues which
must be addressed. The first is gauge invariance. We
consider the path-integral representation of the Euclidean
partition function:

Z=f [dA]exp(—/cs[™]) . (1.8)

The integrand of this formal expression is only gauge in-
variant under large gauge transformations (1.7) if the
constant k is an integer. This is the well-known quantiza-
tion condition of the topological mass term [8,7] of a to-
pologically massive non-Abelian gauge theory in three di-
mensions [7]. In order to do perturbative computations,
it is also necessary to fix a gauge.

A second issue is ultraviolet regularization [7,9,4].
First of all, unlike a conventional field theory, the in-
tegrand in (1.8) is an oscillating function of A even in Eu-
clidean space. Thus, even there we do not get a well-
defined path integral with a convex Gaussian measure.
Also, (1.1) describes a nonlinear field theory but contains
no dimensional parameters. Its perturbative expansion is
therefore strictly renormalizable and it is necessary to
define perturbative calculations with a cutoff. It is also
necessary to examine the question of renormalization of
the parameters, terms in the effective action, etc.

Perturbatively (1.1) is the simplest gauge theory we
know of. In the Landau gauge (see below), aside from the
usual Faddeev-Popov ghosts it has the antisymmetric
gluon propagator

?ab 67 - P (1.9)
and an antisymmetric three-gluon vertex
(1.10)
These are much more elementary in form than their
counterparts in QCD for example.

In fact in an axial gauge, nflAfl=0, the theory is
trivial—the ghosts decouple and the interaction term is

zero. The gauge constraint is nonlinear but this is not
seen perturbatively. The action is (if = 670)
IK 1.11
atT (1D

Perturbatively this gives the naive expectation that the
theory is trivial—there are no interactions and the
effective action is identical to the bare action. However,
the apparent triviality of the theory is naive in that the
transformation to an axial gauge is not a gauge transfor-
mation under which the Chern-Simons term is invariant.
It cannot be done on a compact space without introduc-
ing singularities in the gauge connection A. On an open
space it has nontrivial behavior at infinity and the change
in the Chern-Simons term in (1.5) is not proportional to a
correctly quantized integer. Therefore the theories de-
scribed by (1.1) and (1.11) are not identical. However,
their perturbative structure must be very similar.

Although the above statements about triviality of the
Chern-Simons theory are naive, in a slightly modified
form they are likely true. This is a result of a large sym-
metry of (1.1)—difFeomorphism invariance. The in-
tegrand in the action is a three-form. A three-form can
be written down without reference to any metric—so (1.1)
is invariant under any local deformation of the metric of
the spacetime manifold. If this symmetry survives at the
quantum level the only terms which could possibly ap-
pear in the effective action are those which are covariant
under general coordinate transformations and which also
do not depend on the metric. This means that the
effective action is necessarily also a local three-form con-
taining the operators A AdA and A AA AA. Further-
more the relative coefficient of these two terms is fixed by
the requirement of local gauge invariance—the Chern-
Simons term is gauge invariant only if the two terms
occur with the same relative coefficient as in (1.1).

This means that if the symmetries of the theory under
both local gauge transformations and arbitrary variations
of the spacetime metric survive after quantization the
only quantity in (1.1) which can change under renormal-
ization is the overall coefficient. Furthermore, if invari-
ance under large gauge transformations (1.7) remains a
symmetry it must change in such a way that k remains an
integer.

It is impossible to fix a covariant gauge in this model
without introducing a metric. It is furthermore impossi-
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ble to regulate ultraviolet divergences without a
metric—i.e., using any cutoff implies use of a distance
scale which only makes sense when there is a metric.
Thus the precise definition of the field theory in (1.8) re-
quires a metric. The diffeomorphism invariance of the re-
normalized theory would imply that the dynamics at
momentum scales much smaller than the ultraviolet
cutoff are independent of the metric.

Of course, it is possible that radiative corrections gen-
erate gauge-field-independent but metric-dependent terms
in the effective action, an example being the gravitational
Chern-Simons term itself [1]. If these terms are local
they can be canceled by adding local counterterms which
depend only on the metric.

If there were a diffeomorphism anomaly, we also could
not exclude the possibility of generating finite nonlocal
terms in the effective action which would depend on the
metric. An example is the term

| 1
MV dxd 1
If there were also a gauge anomaly, more possibilities
would appear.

In this paper we shall use renormalized perturbation
theory to examine whether it is in fact true that the gauge
and diffeomorphism symmetries survive quantization.
We shall find that, as is usual in a gauge field theory, the
answer to this question depends on the regularization
scheme used. We shall discover that, even though this
theory is power-counting strictly renormalizable, the an-
tisymmetric tensor structure of the vertices and gluon
propagator renders it superrenormalizable. That is, we
shall argue that once the tensor structure is taken into ac-
count and after suitable regularization there are only a
finite number of primitively divergent Feynman dia-
grams.

We shall examine three types of regularization. The
first introduces a Yang-Mills term

(1.12)

Jym= f ~ ~tr (1.13)

to the action. The coupling constant e2 is dimensional
and acts as an ultraviolet cutoff. This makes the model
power-counting superrenormalizable at the expense of
complicating the Feynman rules. There are only a finite
number of divergent Feynman diagrams which must be
regulated by independent means. We shall discuss
several ways of doing this. We shall find that with this
regularization there is a finite, correctly quantized one-
loop correction to the overall coefficient of the Chern-
Simons action:
_k_|.__(_:__2_(3)

sgn(/c) (1.14)

where C2(G) is the value of quadratic Casimir operator
of G in the adjoint representation. This correction has
been computed before [9] and in particular Witten has
derived it in a nonperturbative calculation of the phase of
the determinant of the covariance in the quadratic ap-
proximation to the action [1], The dependence of the
shift of « in (1.14) on the sign of « was not noticed in pre-
vious literature. It is in fact necessary for covariance of
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the theory under orientation-reversing isometrics of the
manifold on which it is defined. Even though the Chern-
Simons term (1.1) does not depend on the spacetime
metric it changes sign under a coordinate transformation
which reverses the orientation of the spacetime manifold.
Thus, if the manifold has an orientation-reversing
isometry the partition function (1.8) does not depend on
the sign of «. The appearance of sgn(/c) in (1.14) guaran-
tees that in the effective action one can compensate the
sign reversal of the Chern-Simons term by reversing the
sign of x. Equation (1.14) is a result of our explicit calcu-
lation and implies that the magnitude of « increases.

We then consider dimensional regularization. It has
the advantage that it does not complicate the Feynman
rules and higher orders in perturbation theory are more
accessible. We shall show that it gives a perfectly con-
sistent gauge-invariant regularization of the theory at
one-loop level. However it fails to satisfy the Slavnov-
Taylor identity at two loops. We attribute this to a
difficulty in the dimensional continuation of the antisym-
metric tensor e k.

Finally we consider renormalization by dimensional
reduction [4]. This is similar to the dimensional con-
tinuation used to regulate supersymmetric field theories
[10]. The tensor algebra is performed in three dimensions
to obtain scalar integrands and then the dimension of the
integrations are analytically continued. This procedure is
shown to satisfy the Slavnov-Taylor identities and there-
fore preserves the symmetries of pure Chern-Simons
theory to at least three loops. We conjecture that with
this regularization scheme there is no renormalization to
all orders in perturbation theory; i.e., in line with our
naive axial gauge expectation the theory turns out to be
perturbatively trivial in this regularization.

In many physical applications of Chern-Simons theory
the Chern-Simons gauge fields couple to either scalar or
fermionic matter fields. This coupling is used as a way of
implementing fractional statistics [11] of the matter
fields, both in the Abelian case [12] and more recently the
non-Abelian case [13]. The picture of the quantum Hall
system is an incompressible fluid whose low-energy dy-
namics are described by an Abelian [14,15] or non-
Abelian [16] Chern-Simons theory, the quasiparticles
have a finite energy gap and the low-energy limit of the
theory, i.e., the effective action for excitations far below
the energy gap could well be a physical realization of a
topological field theory. In a finite-size system the sur-
face states would be described by a conformal field theory
[17]. Abelian Chern-Simons theory is also used to de-
scribe anyon superconductivity [18].

Matter-coupled Chern-Simons theories necessarily in-
volve a space-time metric and are therefore not
diffeomorphism invariant. In general, unlike pure
Chern-Simons theory, the matter-coupled theories are
not exactly solvable and it is necessary to resort to per-
turbative and semiclassical approximations to explore
their structure. However, in certain cases, such as the
models with massless matter minimally coupling to
Chern-Simons fields, in which there are no dimensional
parameters, the classical actions have a smaller
symmetry—scale and conformal invariance. An interest-
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ing question is whether this symmetry survives after
guantization. If the answer is yes, these massless theories
might be at least partially solvable [19].

Experience with quantization of renormalizable field
theories indicates that it is likely that both the fields and
the gauge coupling constants obtain infinite renormaliza-
tions. Conjectures have been made in the literature about
a possible renormalization group flow [20] for the statis-
tics parameter (which contains the gauge coupling con-
stant) in a matter-coupled Abelian Chern-Simons theory.
However, it is by now well established that in Abelian
Chern-Simons theory, when the matter has a mass gap
the statistics parameter obtains only finite renormaliza-
tion at one loop [21-23] and has no renormalization at all
from higher loops [24,23]. When the matter is massless
the Chern-Simons term has finite renormalization from
two loops and beyond [23]. This has been demonstrated
by explicit calculations for various kinds of matter fields
[23,25-27]. Higher-order corrections are expected.
Finiteness of the renormalization of the Abelian Chern-
Simons term implies that both the anomalous dimension
of the Abelian gauge field and the /? function for the
gauge coupling must vanish. On the other hand, as we
shall see in this paper, matter fields coupled to Abelian
Chern-Simons theory need infinite wave function renor-
malizations and therefore acquire nontrivial anomalous
dimensions at two loops. For the Abelian theory, similar
conclusions have recently been reached by [28].

In this paper we shall present details of a systematic
two-loop investigation of the massless and massive
matter-coupled non-Abelian Chern-Simons theories. We
shall find that, in contrast with the Abelian case, both the
matter and the non-Abelian gauge fields need infinite re-
normalization and obtain nonzero anomalous dimensions
at two loops. However, the two-loop (3 functions for the
gauge couplings are shown to vanish due to a delicate
cancellation between the renormalization constants. As a
direct consequence, the coupling constants do not run
and these theories are scale independent. Since the calcu-
lations and the results involve only the divergent renor-
malization parts, they are independent of regularization
schemes, and are valid for the massive matter-coupled
Chern-Simons theories as well. Furthermore, for the
massless theories, the classical Callan-Symanzik equa-
tions are modified merely by the anomalous dimensions,
and then the conformal and scale invariance survives
quantization to two-loop order.

In Sec. Il we discuss the general structure of the renor-
malization of pure Chern-Simons theory, establish the
notation, and discuss Slavnov-Taylor identities. In Sec.
Il we examine its one-loop structure. In Sec. IV we give
details of two-loop renormalization of the pure Chern-
Simons theory. In Sec. V we include the effects of matter
fields to two-loop order. Section VI contains a discussion
of the results.

1. PURE CHERN-SIMONS THEORY:
SLAVNOV-TAYLOR IDENTITIES, POWER COUNTING,
AND RENORMALIZATION CONSTANTS

In order to do perturbation theory we must fix the
gauge. We shall use a linear covariant gauge

dflA/I=0 @.1)

as this sort of gauge condition can be realized on a com-
pact space. This requires introducing Faddeev-Popov
ghosts through the standard procedure. The ghost action
is

Ig=J tr&cD”"c-UwA"M)2 22
with

Nzan+ [N, T, (2.3)

c=caT® . (2.4)

It gives rise to the Feynman rules

1
ab
&%=
P
for the ghost propagator, and

ifaxp,, (2.6)

for the ghost-ghost-gluon vertex as usual. For each ghost
loop, a minus sign will be added to the Feynman integral.
In this work, the Landau gauge a = 0 is used exclusively.

Now we consider the ultraviolet behavior of the
theory. Since the three- and higher-point functions are
ultraviolet convergent, we concentrate on the self-
energies. With the propagators and vertices in Egs. (1.9),
(1.10), (2.5), and (2.6), naive power counting shows that
both the gauge field and ghost self-energies are linearly
divergent. However, more careful study will show that it
is not the case [29].

First of all, the ghost self-energy diagrams with an odd
number of loops are identically zero and the ones with an
even number of loops are potentially logarithmically
divergent. The reasons are the following: Any ghost
self-energy diagram with an odd number of loops con-
tains an odd number of antisymmetric e tensors, so that
after index contractions, one and only one of them
remains. Further, by the tensor structure, the three
Lorentz indices of the remaining e tensor must be con-
tracted with momenta. However, there is only one exter-
nal momentum in the self-energy diagram so that the
contraction gives zero. On the other hand, the diagrams
with even numbers of loops contain an even number of e
tensors. The contractions among the Lorentz indices will
exhaust all e tensors so that they have normal contribu-
tions to the ghost self-energy, which takes the form of
II(p)p2. Consequently, ll(p) and therefore the ghost
self-energy is potentially logarithmically divergent.

Second, the gluon self-energy has dimension one.
However, the local Euclidean invariant linearly divergent
tensor AB8/Iv8*“* is not allowed by gauge symmetry. The
allowed tensor structure is

ne(p)(6” 2-p N v)+ nOo(f?eM/ X . ()]

Once the projection operators "y 2~pfipv and

are extracted, the Feynman integrals contributing to
lle(p) are finite and those to 1i0O(p) are potentially loga-
rithmically divergent [30]. Moreover, the diagrams with
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even numbers of loops contain odd numbers of € tensors
and thus contribute only to \\O(p). Diagrams with odd
numbers of loops contain even numbers of e tensors and
contribute only to N Thus we see that one loop and
all odd numbers of loops are actually convergent and
might give corrections only to the symmetric part of the
gluon self-energy. However, we_should be aware that any
nonzero contribution to [l would reflect a
difFeomorphism anomaly since it implies the quantized
theory is not independent of spacetime metric any more.
On the other hand, the logarithmic divergences may ap-
pear only in even numbers of loops.

As a regulator one may add a Yang-Mills term (1.13)
to the Chern-Simons action (1.1). Then the bare gluon
propagator (1.9) is replaced by

JLiJL[/ote/«te(g"gw _ g~ SvXx)+ f chefade(g”™ gw

With finite /i the theory is power-counting superrenor-
malizable. Only a finite number of diagrams are poten-
tially ultraviolet divergent. Moreover, the new Feynman
rules have a more complicated tensor structure; there-
fore, they give rise to more diagrams.

Since the tensor structure of the propagators and ver-
tices is altered in this renormalization scheme, the naive
power-counting arguments given above are not strictly
correct. However, we still believe that they should apply
to the divergent parts of the quantum corrections. It
does not necessarily apply to finite parts and, as we shall
see in the next section, the coefficient of the Chern-
Simons term is renormalized by a finite amount at one
loop in this regularization scheme.

In general the perturbative expansions of three-
dimensional QED (QED3)and QCD3have infrared diver-
gences. However, three-dimensional Chern-Simons
gauge theories are infrared finite (at least) in the Landau
gauge. The essential reason is that the gluon or photon
propagator [see (1.9)] behaves like p _1, instead ofp ~ 2, as
p —0. This property makes the propagator integrable at
small momenta in three dimensions. With the F2regu-
larization the theory looks like a massive gauge field
theory, which has been shown to be free of infrared diver-
gences [7,9].

In addition to F 2regularization one may use regulari-
zation by dimensional continuation. Namely one dimen-
sionally continues the loop-momentum integrals to
nonintegral dimensions to make them convergent. The
advantage of working with this regularization is that one
does not need to complicate the Feynman rules at all and
higher orders in perturbation theory are more accessible.
However, it is difficult to dimensionally continue the
three-index e symbol appearing in the Chern-Simons ac-
tion.

Technically, what is needed is a rule for contracting in-
dices of the e tensors when extracting external tensor
structures from a Feynman integral or performing tensor
contractions to obtain scalar integrands. Our procedure
is to first perform all tensor contractions to obtain scalar

V-P)=Ny p2+fl) k+2 y -PpPv) G.s)

and the three-gluon vertex (1.10) by

-q)~vl=(g-p)”v-(p ~n)AJ

(2.9)

where the dimensional parameter fi=k/4ne2is the topo-
logical mass of the gluon [7] and here plays the role of a
cutoff to be taken to infinity at the end of the calculation.
This regularization also introduces a new interaction—
the four-gluon vertex

)+ f dvef cae(g~g”™ _ g~ g™ )] . (2.10)

integrands. Then we define the singularity of ultraviolet
divergent integrals using dimensional continuation.

But when contracting the tensor indices of the 8/lv ob-
tained from the contraction of two e symbols, logically
there are still two possible choices: Is it in the continued
dimensions &= 3—e or in the physical dimensions D =3?
In the first case the contractions are done in <u= 3—e di-
mensions: e.g.,

eMEA=(s*-S*)n«-1) ,
s Z=6>.

(2.11)
(2.12)

Another possibility is performing the tensor algebra in
the strict three dimensions, i.e.,

Tl (i ua ij' e (2.13)

8"=3. (2.14)
We shall call the first choice dimensional regularization
and the second regularization by dimensional reduction.
The two choices do not make any difference in the pole
terms in c0—3, but may lead to different finite parts. A
priori it is unclear which choice should be used; also it is
unclear whether either of them maintains gauge invari-
ance. We shall show below by explicit calculations that
dimensional reduction leads to gauge-invariant results in
pure Chern-Simons theory at least to three loops and in
matter-coupled Chern-Simons theory at least to two
loops, but dimensional regularization violates the
Slavnov-Taylor identities satisfied by renormalization
constants in pure Chern-Simons theory at two loops.

Now let us define relevant renormalization constants
and establish the Slavnov-Taylor identities among them.
With the F2regularization, the inverse gluon propagator
is

6a0A 'llp)=8ai , 7 A(p)euVi>

+ZA(p) (% y-Plipv) (2.15)
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where
z A(p)=i+n0{p), (2.16)
2 A(p)=z"; (p) S5 [i+neip)]. @)

[When regularization by dimensional continuation is
used, Z'A(p) will be identified to lle(p), which has the di-
mension of mass-1, see (2.7).] Then the full gluon propa-
gator is

477
K 2 A(D)p2 Z A(p)
P)P2 pz+
SN0
Z A(p)
-PaPv (2.18)
Z'a(p)
Similarly, the full three-gluon vertex is
izTﬂ'n H :ﬁdeﬂ"P"r)eﬁ\k
—Zg(p.q.1)
X[{r-g)"8vk+ c.p.] +
(2.19)
where
Zg(p,q,r)=\+ Tg(p,q,r) , (2.20)
Zg(p,q,r)="[\ + Tg(p.q.N] . (2.21)

(As above, if regularization by dimensional continuation
is used, Z'g is identified with Tg.) To identify the gluon
wave function and the three-gluon vertex renormalization
functions from Z A(p), Z'A(p), Zg(p), and Z'g(p), we need
to first remove the regularization cutoff fi—*00. Suppose
Z A(p) and Zg(p) are convergent in this limit. As we
shall see in the subsequent sections, it is always the case;
then

Auv(p)~ 477 1 euvIPX 2.22)
Kz AP) '
r %€ W #Z,(p,*,r)GhL (2.23)

It shows that the renormalization functions are Z A(p)
and Zg(p,q,r). When regularization by dimensional con-
tinuation is used, ne and T{§ are convergent. But any
nonzero contribution to them would imply the space-
time-metric dependence of the quantized theory and
therefore an anomaly of the diffeomorphism invariance.
We shall find that ITCand Tg get null contributions in the
dimensional reduction regularization scheme up to two
loops.

The renormalized ghost propagator and the cAc vertex
are

cab
Aab(p) = - (2.24)
Z gh (/>)/>
z gh(p)=i+n(p) (2.25)

and
‘r fu(p,q,r)=ifaxzg(p.q,r)pk ,
Z (p,q,r)=\+T(p,q,r) .

(2.26)
(2.27)

An important fact we shall see in the next sections is
that these renormalization functions are in fact finite con-
stants, i.e., they are independent of both cutoff and exter-
nal momenta:

ZA(p)=Z2A ,Zg(p,q,r)=2Zg, and so on . (2.28)

This means the theory has at most a finite renormaliza-
tion, which needs no choice of a renormalization point.
As a result, the Slavnov-Taylor identity among these re-
normalization functions is simply a relation of the con-
stants

h. (2.29)
'gh Zn
(2.29) reflects the invariance under “small” gauge trans-
formations and will provide a consistency check of the
regularization methods in the next sections.
With the renormalization constants Z A and Zg, the
Chern-Simons action has the form

S = "1;|tr2aAAdA+fz AAAAA (2.30)
IKr r
ArAdAr+ JArAArAAr (2.31)
= -v [/ r
where we have defined the renormalized field Ar,
z,
A =- ’ (2.32)
and the renormalized Chern-Simons coefficient Kr,
A
§~K. (2.33)

Moreover, the invariance under large gauge transfor-
mations requires the renormalized Chern-Simons
coefficient, like the bare one, to be quantized:

Kr= integer . (2.34)

We shall check in the next sections whether the three reg-
ularization schemes we are considering preserve the
quantization condition (2.34).

I11. ONE-LOOP STRUCTURE OF
PURE CHERN-SIMONS THEORY

A. F1lregularization

An important one-loop result obtained with the F2reg-
ularization is a finite renormalization of the coefficient of
the Chern-Simons action by an integer,
Kr=/c+yC 2(G)sgn(K’). Thus the renormalized coefficient
Kr satisfies the topological quantization condition (2.34).
This shift can also be obtained using Pauli-Villars regu-
larization [31]. We shall find in the next subsection this
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shift of k is absent when we use regularization by dimen-
sional continuation.

F 2 regularization is more effective at making higher-
order diagrams convergent, as shown by naive power
counting. However, the Yang-Mills term regulates only a
part of, but not all, the divergences in the one-loop dia-
grams. Therefore a complement is required at this level.
We shall use regularization by dimensional continuation
when necessary. We shall find that at one loop we need
to use dimensional regularization for integrals which con-
tain no e tensors.

One-loop renormalization of topologically massive
gauge theories has been discussed in previous literature
[7,9,32]. Here we shall review the one-loop structure of
these theories as a F2 regularization of Chern-Simons
theory. The latter is recovered in the limit as the cutofffi
goes to infinity. A new aspect of our discussion is the ap-
pearance of “sgn(/c)” in this shift of k.

Let us consider the one-loop diagrams in Fig. 1. Using
F2regularization, the Feynman rules are the altered ones
(2.8), (2.9), and (2.10) with (2.5) and (2.6). First we calcu-
late the ghost self-energy. The diagram Fig. 1(d) is

—\ 4t ~(G) r dk (k-p) —k%p?
n<:-— , (@3 k 2k +p) Ak2+n2)
(3.1)

where we have used the convention for gauge group in-
dices:

ja adb— nab € 3\<G> (3.2)

The integral in (3.1) is finite with the leading term pro-
portional to 1/|/i|. Evaluating it then letting /ikgo to oo,
we get

NV =nmo)=- 2 ci(e) son( . (3.3)

Then we have the one-loop ghost wave function renor-
malization constant

2 C20G)
zs =\- — —— " sgn(/c) . (3.4)

By the symmetries, the gluon self-energy nj/Jlp) can be
separated as

(35)

nj, (p) yields contribution from the part of the gluon

loop, Fig. 1(a), which has odd number of e tensors.

FljiHp) obtains contributions from the ghost loop, Fig.

1(b), the tadpole, Fig. 1(c), and the part of Fig. 1(a) with

even number of e tensors. Contracting with

k/Aire~p'-/12p2 and /x6;lv/ 2p 2, we obtain , and
>

n 4ir C2(G)  r d k [k p —(k-p)2][5k2+ 5(k-p )+ 4p + 2fi 36)
(2ir)3 k2(k+p)dk2+fi2)[(k+p)2+n2] '
~ C2(G) r d3k Ne(p,k) M.
nu(p)=— heM T Kk Ak ik +p)2H 2 @7
iA i

FIG. 1 One-loop diagrams in pure Chern-Simons theory (solid line—gluon; dashed line—ghost): (a)-(c) gluon self-energy, (d)
ghost self-energy, (e)-(g) three-gluon vertex, (h),(i) ghost-gluon vertex.
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where

Ne{p,k) =6k(,+ | &k\k-p) + 20k*p2+ 22k2(k-p)p2-\2(k-p)3+9kD 4

“7(k-p)D 2+ij1[2k4+ 4k2(k-p) + k D 2+ (k-p)2] . (3.8)

The integration of (3.7) is convergent. Doing it then tak-
ing fi—*00, we have

"), < sanu) (39

The integration of (3.8) is power-counting linearly diver-
gent. But the divergence belongs to the kind that violates
the gauge invariance. Therefore any regularizations
which preserve the gauge symmetry, such as regulariza-
tion by dimensional continuation, will remove it. The
calculation further indicates that when /x—* oo, (3.8) is
finite. This verifies the argument in the last section that
the (one-loop) gluon wave function renormalization con-
stant is Z It is given by

1 - ' - 7 C2(G
Z ]):l +N :Dzl + 2t ;__) sgn(/c)

Now let us proceed to show that the net result of one-
loop corrections to the cAc vertex vanishes as jit-"-co:
The one-e term of Fig. 1(i) cancels against the three-e
term of Fig. 1(h); the one-e term of Fig. 1(h) goes to zero;
the non-e terms in the two diagrams cancel each other.
This is in agreement with the general arguments that [33]
to any order the cAc vertex renormalization constant is
always

zZ"=1

(3.10)

(3.11)

To get the one-loop three-gluon vertex renormalization
constant, an easy way is to exploit the Slavnov-Taylor
identity (2.29). Substituting (3.4), (3.10), and (3.11) into
(2.29), we obtain

C2(G
r(n = r(0)- o H----------(-—-- sgn(/c) (3.12)

where we have used the assumption that k is large

(b bBEZ{G) 4 d mk
Fig. =:—Fig. 1(a)= - -bab— ------ A3
g. 1(b) g-1(a) S

d k kxeaVir°qV

Fig. 1(i)= -Fig. I(h)=i— T

g (2inN3 k 2(k +q)2(k - 12 °

enough so that the perturbative expansion makes sense.
The direct calculation of diagrams 1(e), 1(0, and 1(g)
gives the same result.

Substituting the renormalization constants Z ] and
Z” lin (2.33), we have

K1) (Zyl)j.-/c=K+ yC 2(G)sgn(»c) .

2. (3.13)

It implies that the renormalized Chern-Simons coefficient
satisfies the topological quantization condition if the bare
one does. That is, quantization preserves the large gauge
invariance at one loop.

B. Regularization by dimensional continuation

Using regularization by dimensional continuation, we
have the simpler Feynman rules, (1.9), (1.10), (2.5), and
(2.6). Further, the diagrams with four-point vertex in
Fig. 1 do not appear. Let us do a tensor-structure
analysis first. It is easy to see that the ghost self-energy
diagram Fig. 1(d) is zero because of the e tensor.

The gluon self-energy, Figs. 1(a) and 1(b), has zero con-
tribution to n Obut might contribute to ne. For the same
reason, the three-gluon vertex Figs. 1(e) and 1(f) do not
contribute to the antisymmetric part Tg of the three-
gluon vertex, but could contribute to its symmetric part
Tgi on the other hand, being diagrams with odd number
of e tensors, the cAc vertex diagrams 1(h) and I(i) might
develop antisymmetric parts. All of these parts, if non-
vanishing, would give rise to vertices in the effective ac-
tion which violate the diffeomorphism invariance of the

theory.
However, we find that the contributions to the gluon

self-energy, the three-gluon vertex, and the cAc vertex,
respectively, are all canceled pairwise:

(k +p)/ikv+ kfl(k +p)v (3.14)
k2(k+p)2

(3.15)

1)~k +q)ykk+(k +g)llkv(k -r)k (3.16)

Fig. 1(f)= -Fig. I(e) = /raxA3

f (2 teT

where Tabc=fAfdbgjgce and r +p +q =0

Thus, with dimensional regularization at one loop
there is no renormalization to the Chern-Simons action,
ie.,

ZMN=Z2%=2§)=z {"=1 (3.17)

and no contribution to the finite part of all other vertices.

k2(k +q)2(k- r)2

IV. TWO-LOOP STRUCTURE OF
PURE CHERN-SIMONS THEORY

In this section we shall use both the dimensional regu-
larization and the dimensional reduction to compute the
two-loop diagrams of Fig. 2. We shall find that the di-
mensional regularization fails to obey the Slavnov-Taylor
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IX T

n 0 [0}

FIG. 2. Two-loop diagrams in pure Chern-Simons theory (solid line—gluon; dashed line— ghost): (a)-(f) gluon self-energy,
(9)-(k) ghost self-energy, (i)-(N) planar three-gluon vertex, (0)-(T) planar ghost-gluon vertex, (u)-(w) nonplanar three-gluon vertex,

(x)-(z) nonplanar ghost-gluon vertex. Note that diagrams labeled by corresponding small and capital letters pairwise cancel against
each other.
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identity and therefore breaks the gauge symmetry, while
the dimensional reduction preserves the gauge invariance
and gives no renormalization of the Chern-Simons action.

Contrary to the case at one loop, the two-loop gluon
self-energy and three-gluon vertex diagrams are antisym-
metric under exchange of Lorentz indices. Therefore it is
possible that two-loop corrections renormalize the
Chern-Simons action. Also, the two-loop ghost self-
energy and CAC vertex diagrams contain even number of
e tensors so that they might renormalize the gauge-fixing
action. Consequently, at this order what we need to find
is the possible leading corrections to the renormalization
constants Z A, Zg, Zgh,and Zg.

To start, let us argue that the three-point vertices van-
ish identically at this order, namely

@ 6 @.1)
We shall discuss separately the nonplanar and the planar
three-legged diagrams.

First of all, the nonplanar diagrams in Fig. 2 vanish in-
dividually because of the symmetry of the group indices.
To explain this point, choose one such diagram and cut
any one of its two crossing internal propagators. In this
way, we get a one-loop four-point vertex which connects
with a bare three-point vertex through a propagator. The
group factor of the one-loop four-point vertex takes the
form of Tabcd= feaf gbhf heif ide. It is easy to check that
jabcd -s Symmetric under the exchange of two indices
which are not neighbors, i.e., Tabcd=T adcb= T cbad. On
the other hand, a bare three-point vertex carries a group
factor, the structure constant f abc, which is antisym-
metric under the exchange of any two indices. By the
structure of the diagrams, the total group factor for a
nonplanar three-legged diagram is N abc=trjl‘jodf hid_
The contraction in the group indices gives zero; there-
fore, the nonplanar diagram vanishes.

Second, all planar (three-legged) diagrams cancel in
pairs. The cancellations occur as a result of the cancella-
tions at one loop. To see this clearly, we label the planar
three-legged diagrams in Fig. 2 that are canceled in pair
by the same letter in lower and upper cases, such as (/)
and (L), (m)and (M), and so on. In each of such pairs,
the two diagrams differ from each other only in a one-
loop subdiagram, and the two one-loop subdiagrams just
form a pair that cancel against each other, i.e., being one
of the three pairs in (3.14), (3.15), and (3.16).

We should emphasize that the cancellations mentioned
above hold without regularization ambiguity, because all
two-loop three-legged diagrams are convergent. In other
words, the vanishing of the two-loop three-legged diagrams
is independent of regularization.

Now we consider the two-point functions, Figs.
2(a)—2(k). First we note that Figs. 2(d) and 2(k) vanish
identically, because each contains the one-loop ghost
self-energy as a subdiagram, which is known to vanish
with dimensional regularization (see Sec. |1l B). Since the
rest of the two-loop self-energy diagrams, Figs. 2(a)—2(j),
can be paired in a way similar to the three-legged dia-
grams, it seems that the above pairwise cancellation
would happen too. However, we must be very careful
here since the two-legged diagrams 2(a)—2(j) are logarith-
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mically divergent. In regularization by dimensional con-
tinuation, the singularity is expressed by a single pole of
the gamma function T[(3 —co0)/2] with co—*3. On the
other hand, depending on the rules, the contractions of
Lorentz indices might generate factors such as 3—am
when two diagrams are added. In this case, the cancella-
tion can be incomplete: although the pole terms are
summed to zero, a finite term may remain.

With dimensional regularization, we shall use the con-
traction rules (2.11) and (2.12) to write down the Feyn-
man integrations. Upon contracting with (4Tr/i<)eflip A
the diagrams 2(a)-2(c) are

2

2(@)=4 €lr u r(<a-hj R ab~~rl1{(0) , 4.2)
2(b) = —r(a>—1) T gan ! /,(«), (4.3)
K
ol
2(c) 4:]- R® "/ («), (4.4)

where the factors co—2 and r(<y—1) in 2(a) and 2(b) are
from the contractions of e tensors, and

ab — Nab — j-adej-dcgj-ghej- hch

(4.5)
and
I(«)= Az 97K FGP) (4.6)
77r k2(k +p)2
- r dlg tp-nXPak dgkeTelp Tk 9q 1
Fp=f 0 ° D T @)
(2it)3  q2q +k)2(q —p)2
The integration over q is convergent, giving
F(k,p) = ~32r[k 2\p\ + \k\(p2+ k-p)—\k +p\(k-p)
+ \p\(k-p)-\p\\k\\k +p ] (4.8)

Substituting F(k,p)
gives a pole term

into /,(&>), the integration over k

3—m 1

0 (47r)'°)/ ?|

I (17§63

(4.9)

On the other hand, adding together 2(a), 2(b), and 2(c),
we have a factor

i-2r@-1) + - [r@a-i>m (4.10)
which annihilates the contribution of any finite parts of
the integral/] (<u). Then using

3—m

i-2r(a.-i)+ry"-[r(w-iye r )

= —4(1—7)—1 (411)

as c0—*3, where y =0.5772 ... is the Euler constant, we
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obtain

2

C2(G
Fig.2(e)= — 7 © e | 2c0) . (4.13)
12 K 2 P
a7
e T R (4.12) Fig.2(f)= -~ -A [n«-1)]2
2
477 C2(G) '
as the contribution to n~2’ of the diagrams 2(a), 2(b), and X ) bab\PI 2(co) , (4.14)
2(c).
The gluon self-energy diagrams 2(e) and 2(f) give where |1 2(co) has a pole
|
akl - — [fc|5T) ev&P
[ 2(<)= (65 -)[r(«-i)]2az-«/ 93K %
« )= - « - -
(2tt)a k2k 2(k +p)2
rodak  (k-prP-Liép?
B s (U )[r@>_ 1 )pA3< T dak (epr=ke (4.15)
- (2-nr \k\Hk+p)2
J 1 . . 3—m VX
— ((u-1)r -i)]3r 1f dX-mmeee 4.16
32 gz (VDA P00 XX e (4-16)
Figures 2(e) plus 2(f) give a factor 477 2 477
n (2)= ! ' R
-y (2-(sj-1)[n<u-i)]2s. (4.17) : 9677 K
C,(G
With ©) (5—4r) (4.25)
9677
. . . 3—
{2-(«-i)[r(&)-i)12jr ® =2(5—Ay) (4.18) It is remarkable that without invoking any counterterms,

we find that Figs. 2(e) and 2(f) contribute to n,, *with

2
C2(G
! art © 5—4y) (4.19)
96772 K
The ghost self-energy corrections are
2
Fig. 2(g)=-r(«-1) 4? R ab I /j(tu) , (4.20)
. 2 H
Fig. 2(hy= AT san (4.21)
k
2 c20)
Fig. 2(i)= —2 4;7 bad 2(co), (4.22)
Fig. 2(j)= (> - 1) [r(«-1)]2
2
x T GG ) (4.23)
K 2
where
| 3@)= ' . .
(@ (&— )[N<0—i )] I 2(co) (4.24)

A similar calculation gives

the singularities cancel among diagrams, leaving only
finite contributions.

Unfortunately, defining the renormalization constants
with (2.16), (2.25), (2.20), and (2.27), we find that either
the Slavnov-Taylor identity (2.29) or the quantization

condition (2.34) is not satisfied since but
Z92)= Z @)= 1. This means that dimensional regulariza-
tion is not gauge invariant at two loops.

Using the dimensional reduction, let us consider the di-
agrams 2(a)-2(k) again. We now find complete cancella-
tion among these diagrams. For instance, in the Feyn-
man integral expressions 2(a), 2(b), and 2(c), when the co’s
in the coefficients of /,(«) are taken to be three, as a re-
sult of the contractions rules (2.13) and (2.14), the sum-
mation of these three diagrams gives zero. It is easy to
see that similar cancellations occur between 2(e) and 2(f),
2(g) and 2(h), and 2(i) and 2(j). Consequently, the dimen-
sional reduction gives no renormalization to the Chern-
Simons action at two loops.

For the F2regularization at two loops, instead of per-
forming a difficult direct calculation, we shall argue that
any correction to the Chern-Simons coefficient from two
(or higher) loops will break the topological quantization
condition (2.34). As we have found with the F2regulari-
zation that the renormalized Chern-Simons coefficient at
one loop is

ffr=/f+ yC2(G)sgn(/c) , (4.26)
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assume that there is a correction from the next order, It
will take the form

B (4.27)

where B is some constant. If the quantization condition
is to be satisfied, B /k must be an integer for an arbitrary
integer «. The only possibility isB =0.

V. RENORMALIZATION OF
CHERN-SIMONS-MATTER FIELD THEORY

In this section we study perturbative renormalization
of D =3 Chern-Simons gauge theory coupled to scalar
and fermionic matter. We shall show that in the non-
Abelian case the coefficient of the Chern-Simons term has
infinite renormalization and that both the matter and the
non-Abelian gauge fields acquire nonvanishing anoma-
lous dimensions at the two-loop level. However, the
two-loop 13 function of the gauge coupling always van-
ishes, indicating that scale and conformal invariance sur-
vive quantization and infinite renormalization.

The three-dimensional Euclidean actions for the cou-
pled theories are

S=Scs+Ssf+Sh , (5.1)

Ses=-i fdre*UA AL +rfAAMAU I
(5.2)

¢’ fdhiIN"MA N +~AcNAdNMN+gofNAY)

(53)
Sb=f dA~Ai+goTHAL (5.4)
Sf=fdiXtfr A i+g0T“A 7 j) 5.5)

Here, we have modified the Chern-Simons action (1.1) by
rescaling the gauge field so that the gauge coupling con-
stant is g0=V'2ir/\k\. Gauge invariance requires that
the matter fields couple with the same constant.
Ta= —(Ta)" are generators of the representations of the
Lie algebra of G carried by the scalar §or by the two-
component spinor ip [34]; the two by two anti-Hermitian
y matrices are defined as 70= i(TM/x= 1,2,3; and a rela-
tivistic gauge dflA°=0 is chosen with ¢ and c the
Faddeev-Popov ghosts. In (5.4) and (5.5), we have ig-
nored the mass terms for the fermion and boson so that
this model is invariant under scale and three-dimensional
conformal transformations.

We shall further choose the Landau gauge, with a —0,
where the gauge interactions are free of infrared diver-

1

z e,rif acAaAbAc+Z 9f -0 -- zggt°
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FIG. 3. One-loop diagrams arising from coupling to matter
(wavy line—gluon, dashed line—ghost, solid line—bosonic or
fermionic matter): (a),(b) gluon self-energy, (c),(d) three gluon
vertex, (e),(f) matter self-energy, (g)-(j) matter-gluon vertex.

Note that the diagrams (b),(d),(f),(h),(j) occur only for bosonic
matter.

gence [7,9]. The Feynman rules with this gauge fixing are
summarized in Fig. 3.

By power counting, it is easy to see that with internal
loops, the ghost and the scalar field self-energies are qua-
dratically divergent, the gluon and the fermion field self-
energies and the ipAtp and cAc vertices linearly diver-
gent, while the g*A A and the ip*A ip vertices logarith-
mically divergent.

It is well known that the finite parts of loop corrections
in general may depend on regularization schemes but the
infinite parts do not. The infinite renormalization and the
consequent results that we shall consider in this paper
will be independent of the regularization used.

We introduce renormalization constants

bcdrc °A bCe- - (5.6)
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where all fields are now renormalized fields. The

Slavnov-Taylor identities read
z;=(z;)2z,, (5.7)
zalzg=zghlzg=z"/z; (5.8)

which must be respected in any gauge-invariant regulari-
zation scheme.

In the following we shall compute the divergent parts
of the renormalization constants arising from the one-
and two-loop diagrams involving external or internal
matter lines. For the sake of simplicity, we shall work
exclusively with regularization by dimensional reduction.
To confirm the gauge invariance of this regularization up
to two-loop order, we calculate all relevant renormaliza-
tion constants and verify that the Taylor-Slavnov identi-
ties (5.8) are obeyed.

For relevant group factors we shall use the definitions

tr(TaT )=8abC,J acaf bcd= 5ahC2, TaTa=I1C (5.9)

Note that the constant C2 is what we called C2(G) be-
fore, and only Ci and C3depend on the representation R
of the matter fields. AIll the group factors involved in
two-loop calculations can be expressed in terms of these
constants by the formulas

tr(j'aTiTc)fbci=~yC, C2bhab, (5.12)

tr(TdTe)fadf bce= —CxC2bab . (5.13)

A. One-loop diagrams

W ith regularization by dimensional reduction, it is not
hard to check explicitly that at one loop there is no con-
tribution at all to any renormalization constant from the
matter-gauge-field couplings.

First it is obvious that there is no one-matter-loop dia-
gram for either the ghost self-energy or the ghost-ghost-
gluon vertex.

For the one-matter-loop correction to the gluon self-
energy, shown in Figs. 3(a) and 3(b), one has

daok  (2k+p)(2k+p)v
(2n)a k (k +p)2

It is the same in both scalar and fermion cases, since the
boson-loop diagram in Fig. 3(b) vanishes identically. The
integral involved

(~ig)2babC xK " aj (5.14)

d ak kf,kV

l.=A3 7 (2irr k (k +p)2

(5.15)

tr(TaT cTcT b)= CICi&ab (5.10) with co= 3 seems to be linearly divergent by power count-
ing. However, in dimensional regularization this integral
tr(TaTcTbTc)= C,C,+ ~CiC, teb (5.11) is actually finite: Introducing Feynman parameter x in | x
and integrating over k we have
PRV 2;‘” Jaty e A3 an[dx[x(|-><)p2](<“)‘2)’2 (5.16)
This expression is  finite  with o= 3, since reduction.

T(—1/2)= —2771/2. So finally we have the one-matter-
loop correction to the gluon self-energy

N )="-sac1Pi (5.17)

For the one-matter-loop corrections [see Figs. 3(c) and
3(d)] to the three gluon vertex, the diagram involving the
<p<pAA vertex vanishes identically, and the other one
(with either scalar or fermion loop) is finite, but does not
contain an e”-, factor.

As for the one-loop correction to the matter self-
energy, as shown in Figs. 3(e) and 3(f), the scalar and fer-
mion case are different. For the scalar self-energy, each
diagram is separately zero, while the fermionic self-
energy is finite:

-iZn)(p)=-iEp m (5.18)
Similarly, the one-loop corrections to the matter-gluon
vertex, Figs. 3(g) and 3(i), are finite, while in the scalar
case the diagrams, Figs. 3(h) and 3(), involving the
(fxpAA vertex vanish with regularization by dimensional

In summary, at one-loop order all renormalization con-
stants Zj can be chosen to be unity, Z, = 1, at one-loop
order [35], This is in agreement with Ref. [7]. In partic-
ular, with our dimensional regularization there is no shift
in the Chern-Simons coefficient at all and the mass
squared counterterm for the scalar field 8m 2= 0, while
the former is finite and the latter is linearly divergent in,
e.g., F 2regularization.

B. Divergent parts at two loops with scalar matter

In three-dimensional gauge theory, the two-loop order
is the lowest order in perturbation theory at which loga-
rithmic divergences may occur. At this order the Feyn-
man graphs can be classified into three sets— those which
vanish identically before performing any integrations,
those which vanish or at least give finite results after per-
forming one or more of the integrations (in all cases this
happens solely because of Euclidean rotation invariance
of the integral) and those which have divergent parts.
We confine ourselves to divergent graphs from now on.
To isolate them, certain results at one-loop order, such as
Eqgs. (3.14), (3.15), and (3.16), are very useful. These re-
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suits tell us that some one-loop diagrams, either some one
alone or two of them combined together, give identically
vanishing contributions before or after performing the
momentum integration. When these diagrams occur as
subdiagram in two-loop diagrams, we can first perform
the associated one-loop subintegration and then show ei-
ther the two-loop diagram itself or some appropriate
combination with another two-loop diagram will give
vanishing contribution. The latter is similar to the can-
cellation between certain pairs of diagrams that we have
shown in the pure Chern-Simons case (see Sec. IV). In
this way one can eliminate many diagrams. For the rest,
we have to carefully survey all possible diagrams and do
power counting one by one. Finally, we have been able to
isolate all divergent two-loop diagrams, as those present-
ed in Figs. 4(a)-4(e).

First we note that there is only one divergent two-loop
diagram for the ghost self-energy, Fig. 4(b). By using

48® C,C3 -C,C, -AJ

(5.18) for the one-loop gluon self-energy insertion, we can
easily obtain the divergent part of this diagram and, with
minimal subtraction, the ghost wave function renormal-
ization constant

1

Zdh=I- p— c,C2 (5.19)

For the gluon wave function renormalization Z A, there
are four divergent two-loop diagrams involving a matter
loop [see Figs. 4(a)-1-4(a)-4], To extract Z A one needs to
first contract each of them with € k. According to our
rules for regularization by dimensional reduction, the
contraction should be done in physical dimensions D =3.
Then we dimensionally continue the integrals over loop
momenta with scalar integrands. If one of the integra-
tions actually leads to a finite result, it can be done in
physical dimensions. For Fig. 4(a)-1, we have

(5.20)

(2r-r 3 (27e)1 k q (k +p +q)

oD

O

FIG. 4. Divergent two-loop diagrams involving bosonic matter for (8) Z A, (b) Zgh, (c) Zg, (d) Zt, (¢) Ze (wavy line

line—ghost, solid line—scalar matter).
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After performing the integration over g, which leads to a
finite result in D =3, we are left with the integral

. = K3 kc
Pi @A &ﬂ k2k +p\

By introducing a Feynman parameter x, this integral can
be calculated to give

(5.21)

1

/(©)=_|6477"Jndex w_3+lnpl+ln[x(l x)]

(5.22)

The term containing the pole 1/(&>—3) is the desired
divergent part.
Similarly, Fig. 4(a)-2 leads to

r dt°k  F(k,P)
17« k2k +p)2

(5.23)

se® ¢, cl+rcxc2
p2 3

where the function F(k,p) is defined by Eq. (4.7) and is
evaluated in Eqg. (4.8). Substituting Eq. (4.8) into (5.23),
we find that only the second and third terms contribute
to the divergent part with equal contributions, resulting
in the integral

2k-p

! &%‘kz\up\_ pie)

with | (co) given by Egs. (5.21) and (5.22).
Furthermore, it is easy to see that Fig. 4(a)-3 leads to

B F(k,p)

- 3 '

4dd£1C2E)I A @z K 2Ak+p)2
which exactly cancels the CXC2term in Eq. (5.23).

Finally, Fig. 4(a)-4 leads to, after inserting the one-loop
result (5.17) for the gluon self-energy,

(5.24)

(5.25)

-&ahC\C2-}-r A 3-10/ (5.26)

@77 k3(k+p)z

The integral can be calculated using the Feynman param-
eter method which leads to a result proportional to the
integral/ ( d)) given in Egs. (5.21) and (5.22):

bahCIC2~1(co) . (5.27)

Collecting all results together, we obtain the divergent
part of Z A:

R e

Note that the C{C3 terms are canceled. This result is
consistent with the vanishing two-loop corrections to the
divergent part of Z A in the Abelian theory [23], where
one has C, =0.

Without presenting more details, we list the divergent
part of two-loop corrections to the three-gluon vertex, to
the self-energy of the scalar particle, and to the scalar-
scalar-gluon vertex diagram by diagram, respectively, in
the Appendix. They yield the divergent part for relevant

(5.28)

renormalization constants as

Z.F]ﬂ"ﬁfﬁc ¥ (5.29)
3—mw
ZA=1+- 3 t5-C3+-J’3-Cz+C, (5.30)
1 2 3 8 2 1 3-»
Z,,g: H 1277r c3 ’gcg+j%83-0%+ Ci(
+-CQ (5.31)

3—m

Furthermore we have verified that Zg is finite, in agree-
ment with a general theorem [33] that the ghost-ghost-
gluon vertex is always finite and one can choose

Z=

We have calculated these divergent parts of the renormal-
ization constants independently without using any
Slavnov-Taylor identity. But it is easy to see that they do
respect the Slavnov-Taylor identities (5.8). This is a high-
ly nontrivial check that verifies that our results obtained
with regularization by dimensional reduction are compa-
tible with gauge invariance.

Thus, the bare and renormalized fields are related by
logarithmically divergent renormalization. Equations
(5.28) and (5.30) give the corresponding anomalous di-
mensions:

(5.32)

¢ .CC:,

1277

r*(s)=—frc3

Yat = ~ (5.33)

(5.34)

(These quantities, though gauge dependent, will appear in
the anomalous scale Slavnov-Taylor identities and in the
calculation of anomalous dimensions for gauge-invariant
composite operators.) By using Eqgs. (5.28) and (5.29), we
find that a cancellation leads to a vanishing (5function for
the renormalized coupling constantg =g0Z A2/Z \

PJg)=0 . (5.35)

We conjecture this is true to all orders in perturbation
theory. This indicates that the physical gauge coupling
constant does not run at all, though the theory needs
infinite renormalization. An argument similar to that in
D =4 in Ref. [36] shows that (5.35) also implies the con-
formal invariance for the Chern-Simons theory coupled
to massless charged matter.

In passing we note a simple criterion for checking
whether or not the (3 function vanishes: Since Z, are
finite in pure Chern-Simons theory, the Slavnov-Taylor
identities (5.7) and (5.8) imply no infinite renormalization
for g0 if and only if the divergent contributions from
matter loops satisfy

8Za= 28Zgh or 8Zg= —BSZg] . (5.36)

Since at two loops only one divergent diagram contrib-
utes to 5Zgh, to verify whether the [3function vanishes
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one needs to calculate only one more renormalization
constant, either Z A or Zg.

C. Divergent parts at two loops with fermions

Similar results are obtained for the Chern-Simons
theory coupled to massless fermion: We find exactly the
same formulas as Eqgs. (5.19), (5.28), (5.29), and (5.31) for
the divergent parts of renormalization constants in the
fermion case. For Zgh and Zg, this is not too surprising,
since the one-loop correction to the gluon self-energy that
they involve is the same for the scalar or fermion loop.
But for Z A or Zg this needs some miraculous cancella-
tions.

To see this, we note that there are four two-loop dia-
grams for gluon self-energy which involve a fermion loop
and contribute divergent parts to Z A. See Figs. 5(a)-
1-5(a)-4. Comparing them with the scalar counterparts,
Figs. 4(a)-1-4(a)-4, one can see that only the last diagram
in each case gives the same contribution; the other three
separately  will not. By contracting them with

vip}/2p2 we extract their contributions to the an-
tisymmetric part of the gluon propagator. Then by cal-
culating the trace of Dirac matrices and first performing
the integration over the loop momentum q labeled in
each diagram, we find following divergent contributions
respectively for Figs. 5(a)-1-—5(a)-3:

dnmk k-p+p2

—8"*C|C3-8—+ A%
| f @77-t \k\(k+p)2

5.37
b (5.37)

0>
O

O Qg

FIG. 5 Divergent two-loop diagrams involving fermionic
matter for (@ Z A, (b) Zv, (wavy line—gluon, dashed line—
ghost, solid line— fermionic matter). The diagram for Zdh
looks the same as Fig. 4(b).

dak k-p+2p2

c,c3+ycCic2 A f i
sP2 27j-r \k\(k +p)2
(5.38)
-58¢,c'S-. dak 2k-p+p: (5.39)
sp 2 (2779 |/ +p\k2

These integrals can be easily evaluated by introducing a
Feynman parameter. In the Appendix, we list the results
diagram by diagram for Z A as well as for Z*.

From the Appendix one can see that the divergent
parts of the renormalization constants Z A, Zgh, and Zg
in the case of coupling to fermions are the same as those
[see Eqgs. (5.28), (5.19), and (5.32)] for the coupling to sca-
lars, if they belong to the same representation R of the
gauge group G. By using the first Slavnov-Taylor identi-
ty in Eq. (5.8) we infer that Zg for the fermion case
should be also equal to that for the scalar case. The fer-
mion wave function renormalization constant Z

C, C, + -C, c, (5.40)

Therefore, the /3 function for the gauge coupling constant
g is identically zero, as in the scalar case. We did not
take up the job of computing Zg, but exploiting the
second Slavnov-Taylor identity in Eq. (2.29) we can easily
obtain it from Eq. (5.40).

D. Implications for Abelian Chern-Simons theory

Our results are applicable to Abelian Chern-Simons

theory. For the Abelian theory, we take f abc= 0 and
Ta~ —i, then by minimal subtraction
ZA=\, (5.41)
; i
z,=z: =1+ 1 (5.42)
2472 3-
1
=| + 5.43
Z,=| 12ir2 3—om (5.43)

While (5.41) is known before, Eqgs. (5.42) and (5.43) are
new results.

Since ultraviolet divergence of a gauge theory is in-
dependent of whether the coupled matter is massless or
massive, our results are valid also for massive matter, as-
suming there is no bare F2term. In fact, in a massive
theory our results for Z, are the same as if one uses
Weinberg’s zero-mass renormalization scheme [37],
However, note that while massless matter does not in-
duce a finite Maxwell or Yang-Mills term, massive matter
does. If an F2 term is incorporated in the action, the
theory becomes superrenormalizable and our results can
be used to derive the leading-logarithmic terms in the
large gauge-boson-mass limit, since the F2term may be
viewed as a regulator for the theory without it.

VI. CONCLUSIONS AND DISCUSSIONS

Our two-loop results have interesting and significant
implications. First, Eq. (5.28) show that the non-Abelian
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gauge fields acquire an infinite renormalization from cou-
pling to either massless or massive matter. This isin con-
trast with the Abelian case, where the coefficient of the
Chern-Simons term acquires at most finite renormaliza-
tion.

The bare non-Abelian coupling satisfies a topological
quantization condition 4774/go = integer, because of the
invariance of (1.1) under large gauge transformations. It
is widely believed but not a priori clear to us [38] that the
same topological quantization condition should be
respected perturbatively by the renormalized (or more
precisely, physical) coupling constant g. Though our
vanishing fi function is consistent with a topological
quantization condition for g, the latter also requires non-
renormalization of g beyond one loop including the finite
part, which is to be verified yet in Chern-Simons theory
coupled to matter [39]. It is remarkable that in all cases
we have examined, Abelian and non-Abelian, coupled to
massless or massive matter, which can be either scalar or
fermion, the /3 function for the Chern-Simons gauge cou-
pling always vanishes, and the “statistics parameter”
go/4rr-is independent of the renormalization scale. Thus
far there seems to be no unified understanding of this re-
markable result: The no-renormalization theorems do
not apply to the non-Abelian cases, while the topological
quantization does not apply to Abelian cases. We specu-
late that the survival of scale and conformal Slavnov-
Taylor identities is somehow related to the fact that the
kinetic Chern-Simons action is a topological action. It is
known that classical Abelian Chern-Simons gauge fields
coupled to quantum mechanical massive point particles
are nonpropagating in the sense that, at a fixed time, they
can be eliminated in terms of charged currents. While
the appearance of anomalous dimensions of field opera-
tors in the Abelian theory would seem to imply that at
the quantum level the Chern-Simons fields cease to be en-
tirely nondynamical when coupled to matter fields, the
fact that the gauge coupling does not run indicates that
the essential nondynamical role of transmuting the statis-
tics of particles survives and is scale independent. This
latter property may render these theories at least partially
solvable [19].

Note added in proof. Very recently we became aware of
the following works, in which a formal proof is given to
all orders for perturbative finiteness of pure Chern-
Simons theory: A. Blasi and R. Collina, Nucl. Phys.
B345, 472 (1990); F. Delduc, C. Lucchesi, O. Piguet, and
S.P. Sorella, ibid. B346, 313 (1990). We thank Dr. C.
Lucchesi for bringing them to our attention.
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APPENDIX: DIVERGENT
TWO-LOOP CONTRIBUTIONS

In this appendix we list our results, diagram by dia-
gram, for the divergent part of two-loop corrections, aris-

ing from the matter coupling, to the gluon self-energy,
the three-gluon vertex, the matter self-energy, and the
matter-gluon vertex. First consider the bosonic case.
The two-loop divergent parts for Z A from the four dia-
grams in Fig. 4(a) are, respectively,

1

Fig. 4(a)-I (A1)

1277- 33—

. 1
Fig. 4(a)-2= 9 A2
1212 3—m (A2)
4

Fig. 4(a)-3=-~rC ,C 1 A3
g @ 247t1 1 23— (A3)

4 1
487r CIC2 3-«
Summing these contributions one obtains Eq. (5.28). The
four diagrams in Fig. 4(c) give rise to the following diver-
gent parts to Zg:

Fig. 4(a)-4=- (A4)

4

Fig. 4(c)-1= —- ~ + L
ig. 4(c) s c2c3t+jc,c2 3o (A5)

c,C; °

Fig. 4(c)-2 :
g. 4(c) 53 o

(A6)

Fig. 4(c)-3— g’
an

cx3+jc,Cc2 (A7)
3—w ’

Fig. 4((:)-4:—S rc,C !
1677" 3—m

Therefore we are led to Eq. (5.29).
From the four two-loop scalar propagator diagrams in

Fig. 4(d) we obtain the following divergent parts for Z#:

(A8)

t4

Fig. 4(d)-1= -A-r c3+jc2c3 _* (A9)
677- 3—m

Fig. 4(d)-2= -fA C 1C3—* | (A 10)
1277" 3—Q@

Fig. 4(d)-3= —— Cj++c23 All

g. 4(d) 12 ] (A1D)

Fig. 4(d)-4= ~ -¢C,C,

9. 4@ 27T 233 00 (A12)

These contributions are summed up to give Eqg. (5.30).
Finally the eight diagrams in Fig. 4(e) give the divergent
contributions to Z"' as follows:

Fig. 4(e)-1= — c2+|c 203+|02—1——,
677- J—w
(A13)
Fig. 4(e)-2 - c]jc3+ ~cJc2
g. 4(e) o ] ] 3o
(A14)
. t 3 v 1
Fig. 4(e)-3=-——-" + + 2
0. 4(e)3= = CotTGaGot ot L

(A15)
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Fig. 4(e)-4= - g-T c§+jrcgc;+g5-c§

1277 3~co
(A 16)
. . : : 1
Fig. 4(e)-5—--1|é_7'|7' C2C3+irCj 3.co
(A1)
Fig. 4(e)-6= 48 cx3+jc 2 B (A18)
Fig. 4(e)-7=- 9 C2C3+|C 2 (A19)
2477-
4
Fig. 4(e)-8 = (A20)

192772 -2 3—0m

These corrections give rise to Eq. (5.31). We notice that
the two Slavnov-Taylor identities in Eg. (2.29) are
respected by the above results.

For the fermionic case, the four two-loop diagrams
that give nonvanishing divergent contributions to Z A are
shown in Fig. 5(a), with

4
" 1

c.c, (A21)
133 @

Fig. 5(a)-I =
g (@) 12772

Fig. 2= C,C3+yC,C2 . (A22
ig. 5(a) y 1 | A22)
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