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Abstract

A denotational model for networks of parallel processes is presented
which generalizes the work of Kamn by using alternative data types, e.g.
Lisp-like operators on trees. It is shown that the ordering aspect of
data types plays a central role in determining how much parallelism can
be present. It is also shown that this model allows an implementation-
independent view of concepts related to the suspensions of Friedman and
Wise and the lazy evaluator of Henderson and Morris. Finally, the cyclic

structures of Kamn are shown to be eliminable through the use of recursion.
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Introduction

Techniques for the expression of parallelism within programs have
received considerable attention in the past decade. Such techniques
are not only useful in allowing the programmer to take advantage of a
multiple processor facility; they also provide an effective way for spec-
ifying the essence of a computation without unnecessary sequencing, SO
that optimization can be accomplished without prior 'de-sequencing.”

Recent work of Kamn [Kan 74, Kadn and MacQueen 76] forms the prime
motivation for the current study. However, we hope to illustrate that
our ideas also form a conceptual basis for the "‘suspension’ notion in
[Friedman and Wise 76] and the "lazy evaluator' of [Henderson and Morris
76].

The framework in which our ideas will be expressed is that of a
network of operators. Such networks have been studied by numerous authors,
e.g. [Karp and Miller 66], [Adans 68], [Seror 70], [Patil 67], [Patil 70],
and [Kahn 74]. In all cases mentioned, the concern was with stream data
types. That is, communication between operators wes carried out by sending
a stream of objects selected from a (possibly-infinite) set of atons
from one operator to another. Certain streams could also be designated
as input streams or output streams.

OF the authors mentioned in the preceding paragraph, only Patil
and Kan dealt with "denotational” models, i.e. models in which the
operators were specified in terms of their action on the entire history
of a stream. The other authors dealt with "operational' approaches,

'in which an operator was defined in terms of state changes.



[Keller 77] observed that it wes useful to generalize the network-
of-operator approach to general data types, following [Scott 76] and
[Vuilleman 73]. Keller also showed examples of the usefulness of specific
alternative data types, such as bags. It is in this spirit which we
wish to continue in the present paper. Specifically, we will show that
the tree data type (mentioned only in passing in [Keller 77]) provides
a useful basis for parallel networks of Lisp-like operators. The impor-
tance of selecting the proper ordering accompanying this data type is
shown. It will also be shown that this data type generalizes the former
notion of streams in a natural way, and provides a conceptual basis for
the aforementioned schemes of [Henderson and Morris 76] and [Friedman
and Wise 76].



Data Types

Following [Vuillemin 73], and [Scott 76], a data type is a set D with
a partial order c on Dand a least element ;i in D such that for any
chain of elements in D,

do- dl - d2- o'
there is a unique limit (or least upper bound), denoted
U {dp, di, d2, ...}
If d denotes the above element, then its defining property is that
(Vi)d. Od
and if d is any element such that
(Vi) d. Od
then necessarily dC d, OF course, we have (VdeD) 1Cd.

Roughly speaking, the elements of such a domain are the objects
which will be computed. The ordering C represents the degree to which
the computation of an object has been completed. That is, during the
history of a computation, we nmay expect to observe at the output
successively more-complete objects, i.e. a sequence

1A A2 —d3 — *ee
The ultimate output is not the sequence above, but rather its least upper
bound. Some computations may never actually complete, in which case
we may get an infinite sequence of distinct objects with a limit which
IS In some sense infinite. However, a computation nay also fail to produce
any non-trivial output, so that the least upper bound is just the element
4- It is sometimes intuitively helpful to think of the latter as the

""'undefined” object.



In this paper, we shall be especially interested in two data types.
Both of these are based on a set A of atoms (which may well be infinite).

Definition  The set of streams over A denoted :&, is the set of all
finite or countably semi-infinite strings of elements in A Thus A contains
the free-monoid A* and least upper bounds for any sequence of elements
in A*.  The ordering C is that of "prefix", i.e.
xNy iff x=y or Bu xu-=y
where juxtaposition denotes concatenation. The null string A is the
least element. Thus an example of a chain and its limit is

A ab” abaCrabab” ... A (ab)

Definition  The set of finite-height trees (fht's) over A is defined
as follows:
(i) Ais an fht (the "null” tree)
(i) Ay element of Ais an fht (an "atomic™ tree)
(i) If tg, t-|, t2> ... is any countable sequence of fht's, then
the bracketed combination <tg, t», t2>...> is, an fht.

(iv) Extremal clause.
VW will be mostly concerned with binary trees, '‘in which the sequence
<tg, t-J, ...> is just ctg, t-|> For purposes of clarification, we some-

time represent the tree <tg, t-j, t», ...> as



For example, the tree <a, <<b, a>, A>> would be exhibited as

Note The set of fht s does not form a data type, as limits do not exist.

W introduce it merely to simplify the presentation of the set of trees,

which does form a data type.

W define an ordering C on the above set as follows:
(i) An t for any fht t
(1) acCt for aA iff t = a
(iii) if tQC tQ, t]C t1', t2Ct2’, ...
then <tg, t™, t2, ...>C<t0, tj1, t2" eee>

(iv) Extremal clause.

Definition  The set of trees over A denoted A is defined as follows:
(i) Ay finite-height tree over Ais a tree over A
(i1) 1ftgC ti C t2C ... then the limit of this sequence
is a tree over A

(ii1) Extremal clause.



Example  Notice that if a is an atom, then according to the above

definitions,

and following this branching pattern, we have as a limit the infinite

tree



Definition  Atree is called complete if none of its leaves are A

Otherwise it is called incomplete.

Notice that an infinite tree can be complete. The previous example is

one instance.
Observation If t is complete, then tCt" iff t =t1

This observation follows from the fact that a complete tree has only

atoms as leaves, and atoms are d themselves only.

A computation will produce trees from the root outward. Qe nmay
think of the presence of A at a leaf as denoting the possibility that the
tree may be extended by a computation at that leaf. Once a leaf becomes
an atom, there is no possibility of extending it from that node. Hence
a complete tree must be the ultimate result of a computation, although

the converse is not necessarily true.

For future reference, we define two special kinds of trees, "'skinny"

trees, and "flat" trees.

Definition A skinny tree is a binary tree such that if <tg, t-|> is
a sub-tree, then tg is an atom A flat tree is either the null tree

or an atomic tree.
Hence every flat tree is also skinny.

Observation  For any set of atoms A there is a subset of the skinny
trees over A which is isomorphic to the set of streams over A That

is, a finite stream



corresponds to the incomplete skinny tree

/\

and an infinite stream

al°2°3

corresponds to the complete skinny tree

Note
The representation discussed above is related to the Lisp representa-
tion of "lists". The latter, however, use a special atom ("nil") as a

terminating character, i.e. the 1list



is the complete tree

% n1ll

The distinction between streams and lists is important because we want

operators to be "continuous" functions (defined in the next section).

While a function which concatenates streams is not continuous unless
there is only a single atom, it is easy to see that there is a continuous
function which concatenates lists. Furthermore, unlike [Kahn 74] and
[Weng 75], we can easily handle streams of streams, streams of streams

of streams, etc. to any desired level of nesting.

Note Infinite trees allow the representation of so-called "circular
lists" as in Lisp. Every such list corresponds to an infinite tree, but
there are infinite trees which do not correspond to any circular list.

Before proceeding to the next section, we should also observe that
if Dj and D2 are data types with orderings and » respectively, then

Di x is a data type with

(dr d2) C (d-j1, d2') iff di1~ d]' and d2 C2 d2'.
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Operators
According to [Scott 76], computable functions are "continuous"
operators on data-types. As shall be seen, this manifesto certainly has

high intuitive content for the data types of interest here.

Definition A function f: D™ -> D2 is continuous if for any chain in D]
m dg C dj C d2 cee

we also have a chain in D2 (this is called the monotonicity condition)
fCcdQ) C fCd-j) Il f(d2) C

and furthermore -

f(U{dQ, dr d2, ...}) = U 2{f(d0), f(d]), f(d2), ...} '

The implication of continuity is that when a function is supplied
with "more nearly complete” input, the output can become "no less complete."
The importance of this condition for operators on sequence domains was
observed in [Patil 70] and [Kahn 74].

Another way of understanding continuity is that a continuous function
is one which is monotone and which is defined on infinite objects by
taking the limit of the definition on finite objects. For example, the
operator cons on finite trees is just

cons ~o* tl) = <t0’ tl>
This operator is monotone according to the ordering given in an earlier
definition, since
(to, t1) O (to*, t]"')

=tQO0 tgl and t] O t-]1

-><tg, <tQ 5 t-| >
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We then extend the definition of cons to infinite trees, by representing
any such trees t, t' as limits:
' om t ~ Lj{tQjtljtnrs=**x=*} )
* t' =uU {to', t]"', t2', ...}
and define
cons (t, t1) =LI {<tQ, tQ'>, <tl1, t]"'>, <t2> t2'>, ...}
This definition still simply means that cons forms a new tree from two
trees by combining their roots to get a new root.
We now extend other familiar functions to the domain of trees in
general, and observe that all of these extensions are continuous:

tQ if t = <tQ,

car(t) = < error if t is an atom
A otherwise (i.e. t = A)
if t = <tQ, tj>
1 Q, tj
cdr(t) = ~ error if t is an atom
A otherwise (i.e. t = A)
~ true if tis an atom \ ?2 \
atom(t) = " fal se if t~ aand t is not an atom
_ A otherwise (i.e. t = A)

(Here we assume atom maps into a domain which contains the atoms true and

fal se.)



-12-

true if atomCtg) = true and atom(t-]) = true and tg = t-j
fal se if atomCtg) = true and atoni(t-]) = true and tQ ™ ¢t
atomeqCtg, t-j) =*

false if atom(tg) f A and atom(t-]) f A and atom(tg) f atom(t”)

A otherwise

tj if tg = true
) t2 t0 = false
if...then...else(tg, t-], t~) ="'

error if atoning) = false

A otherwise

The reader should note that the continuity of the above functions

does indeed coincide with the intuitive notion of computability, with A

connoting "undefined" or "undecided.l For example, atom(t) is supposed

to tell whether tree t is atomic. If t is atomic, then atom can report
true, since atomic trees are complete; there will be no further input
to change the answer. On the other hand, if t is a tree which is not
null and not atomic, then it is not an atom, and the answer false can

be reported in confidence, since no tree "more nearly complete" than

t will change this answer. But if t is A, it is always possible that

future information might make it either an atom or a non-atom, so the

answer must remain undecided until such information is provided.
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T.ypes of Parallelism

There are several means of introducing parallelism into an otherwise-

sequential system. We list a gross classification of these means:
1. Introduce inter-operator parallelism
2. Introduce intra-operator parallelism

3. Modify data-types (and, correspondingly, the operators applied
to them) to permit greater concurrency.
We now elaborate on this classification.

It has long been recognized that one way to introduce parallelism
is to construct the system as a network of operators, where all operators
can potentially compute concurrently, subject to the presence of data
being sent from other operators. This technique is explored in many
of our references, e.g. [Karp and Miller 66], [Patil 67], [Adams 68],
[Patil 70], [Seror 70], [Kahn 74], [Ritchie and Thompson 75], etc.
However, as mentioned, this inter-operator parallelism exploits only
one of several possibilities.

Another possibility is to modify the operators slightly. For example,
[Kleene 52], [Manna and McCarthy70], [Paterson and Hewitt 70] discuss
"parallel” versions of operators, such as the "if...then...else" operator.
As defined earlier,

If... then...else. ..(A, t-j, t2) - A
That is, if the evaluation of the "if" condition does not produce a non-
trivial answer, then the entire computation does not produce an answer,
because it can never be decided whether the answer should be t-j or t~.
However there is one case where an answer can still be given consistently,
and that is when t» = t2- This suggests that the evaluation of t~ and

t2 proceed concurrently with evaluation of the condition, so that if the



computations of t-j and t2 should happen to complete and the two are equal,
then the answer t-j can be given as the result of the entire computation.

This revised operator is then defined as follows:
t-j if tg = true
N2~ N0 = A se
parallel if...then...else(tg, t-j, t2) ~ error if atom(tg) = false
t-j if t-], t2 complete and t-j
A otherwise
As we shall see, it is possible to invent another version of this operator
which gives even more information when tg = A.
Finally, we mention the effect data types can have on concurrency.

Obviously there can be many data types with a common domain, the difference

among the types lying in the associated orderings. For example, any data-
type can be re-configured into a flat data type, i.e. one in which
x Cy iff X =y or x = X

For example, the following represents such an ordering C:

false true
[ i
Thus, in a flat data type, we either have complete information about an
object, or no information. Now since it is the objects in a domain which

are transmitted from one operator to another, what we are saying is that
a non-flat data type, such as our trees, permits a meaningful semantic
description of incremental computation whereas a flat data type does not.
For example, [Manna 74] discusses Lisp-like operators on lists, without

explicitly defining an associated ordering. We could infer,from his
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use of a flat data type for the natural numbers, that a flat data type
is intended for lists as well, and he does not consider incremental
computation.

To see how incremental computation allows greater concurrency, we
only have to note that with the former, pieces of an object can be present
before the object itself is assembled, and these pieces can be operated

on concurrently. Some examples will be forthcoming after we describe

networks in more detail. . .
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Networks of Operators

By a network, we mean a directed graph, the arcs of which correspond
to data types and the nodes of which correspond to continuous functions
on those data types. As ‘'indicated in [Keller 77], the semantics of such
a network (even if cycles are present) can also be described by a contin-
uous function. Put another way, such a network is determinate, even
if parallelism is present.

To give a trivial example, consider the Lisp-like function null
which gives output true if the input is the atomic tree nil, false if
the input is a non-null tree other than nij, and A otherwise. A net-

work which computes this function is shown below

where the node marked nil" is a constant function which produces the
atom nil.
Such networks would be uninteresting, were it not for the possibility

of cycles and "recursion." A simple example of a cyclic network is the

following:
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If the input is x in this example, then the output is a z which satisfies,

for some vy,

consfx, vy)

<
1

z = cdr(y)

Under least fixed-point semantics (see [Keller 77] for greater detail),

we would have

y = cons(x, cons(x, cons(x, ...)))
z = cdr(y) = cons(x, cons(x, ...))
For example, if the input x were
A

then the output would be the (incomplete) infinite tree

\/
\/

If the input X were

then the output would be the complete infinite tree

\ b
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and so on.

Note that if a flat ordering were being used, the output for any
input would necessarily be A.

By a network with recursion, we mean one in which certain nodes
(called auxiliary nodes) are named, but not given a priori function
definitions. Instead, these names are associated with productions in
a "graph grammar" which indicates a substitution to be made for the node

when the "appropriate time" comes. For example, consider the network

with production

Here we have used double circles on auxiliary nodes for greater emphasis.
The semantics of this network (again see [Keller 77] for more detail)
are that the output z in response to input x is that z such that

z = cdr(cons(x, g(x)))
where g is the least function satisfying

g(x) = cons(x, g(x))



By "least function,”" we here imply that the ordering Con data types
D induces an ordering on the continuous functions on those data types,
namely

fC g iff (vdeD) f(d) Cg(d)

Again we refer the reader to [Keller 77] for a more detailed explanation.

In particular, it is therein shown what is implicit in the above
discussion: that any network of continuous functions, possibly with
productions, is determinate , in the sense that its semantics is given
by a function, and moreover that function is continuous. Thus, parallel

activity can occur without concern over the affect of relative timing

of operators on the ultimate result.

We also note that solution z of the preceding equations is the
same as that of the following system:
z = cdr (g(x))

g(x) - cons(x, g(x))

by virtue of the second equality. In fact, if we identify g(x) with

y in the earlier cyclic, but non-recursive, example,we see that the two
systems have the same solution. This is no accident, for it turns out
that we can always get rid of cycles, at the expense of possibly intro-

ducing recursion. ]
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Proposition For every network of continuous functions, there is an acyclic

network (possibly with additional auxiliaries) which computes the same functions.

Proof Locate within the network a cutset Y of arcs, i.e. a set, the
removal of which makes the network acyclic. We then depict the network

as follows:

Here f represents the acyclic portion of the network, f~ represents
the function computed on the cutset arcs with respect to the input and
f-] represents the function computed on the non-cutset arcs. We then
introduce a new auxiliary, say g, and observe that the following system

is equivalent to the original, insofar as the function computed at the

output (f.j) is concerned.
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To see why this works, the original network has

Z = A%, V)

Y

f2(X, Y)

while the newly constructed network has

Z = f~X, g(X))
g(Xx) = f2(X, g(X))
Thus, identify Y with g(X) to see the correspondence.
Example Consider the following contrived cyclic network.

f-j is the function which relates z to (x, u, v) and choose as f2 the function

which relates (u, v) to (x, u, V). We then have for f~:
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Note The construction above indicates that a way to see the effect of

cycles is by "backward unraveling"” which in this case is equivalent to

repeated expansion of the auxiliary graph. Returning to an earlier and

simpler example,

backward unraveling using the recursive form would give

and the infinite tree which is generated can be clearly ascertained.
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Note The proposition just proved shows that cyclic structures are not an
essential aspect of networks of parallel operators, as suggested in

[Kahn and MacQueen 76] (Section 1.3, first paragraph). However, our
transformation preserves only the input/output function, not each
internal function. In practice, cyclic structures may be much more

"efficient", if they allow recursion to be avoided.

Note A similar transformation for removing loops from flowcharts was
presented in [McCarthy 63]. However flowcharts are not an instance of our
parallel program graphs, and our transformation is distinct from McCarthy's.
On the other hand, McCarthy's transformation could be applied to a flowchart

to get a system of recursion equations, which is an instance of our model.

We now proceed to some more practical examples. The first is a
parallel version of the usual Lisp function which applies a function f

each leaf atom of a tree t:



Here we have taken the liberty of

functions on atoms. An intermediate

a tree such as

is (removing some superflous nodes):

so that f is indeed applicable to each leaf

Another example is the function equal,
f true if tg, t4
false if tQ) t]

A otherwise

introducing a new data

result of

type,

applying a function

simultaneously.
defined by
tg = t

complete and

complete and tQ f t-j

namely

f

to
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Where and is defined by the table

and A fal se true

A A fal se A

fal se fal se fal se fal se

true A false true
(This is the "parallel" version of and.)

There is an extended version of equal (called eqtree) which permits

the extraction of even more information about the arguments. This version
constructs a tree which will have true at a leaf if the sub-trees of the

arguments at nodes corresponding to that leaf are complete and equal ,
false at a leaf if the corresponding sub-trees are complete but unequal
and one or both is an atom, and A if one of the corresponding sub-trees

is incomplete.



Thus, eqtree gives the right-hand value when applied to the left-hand

pair: -
o

b e b d true false

/\ /\ /\

a b false A



The production is:

eqtree

atomeq

This example exploits all three types of parallel ism: inter-operator,

intra-operator, and data-type.
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Computation

Having described the intended semantics of a parallel program graph,

let us describe one notion of "computation" in such a graph. For concrete-
ness, we assume that we have the following base functions: atom, atomeq, null ,
cons, car, cdr, if...then...else, and possibly productions for auxiliary
nodes representing recursion. We assume for simplicity that any input
trees are represented by cons operators, i.e.
a b

where N is a network of operators, is represented by the extended network

a b

We also assume that the graph is acyclic (without loss of generality,

by an earlier proposition ).
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A computation then involves applying a series of productions, until
no further productions can be applied. We include, first of all, those
productions (called productions of type 0) corresponding to the expansion
of auxiliaries. We also include the following types of productions, where

a, 3, and y represent connections to the rest of the network.

O

a @

(2a) any atom true



-31-



(4a)

(4b)

(4c)

-32-

atom

any two
distinct
atoms

true

fal se

false
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(4d) fal se

(5a) nil

null true

(5b) any atom other
than nil
false
(5¢) fal se



-34-

In addition to defining what productions can be used, efficient

evaluation demands a strategy for the order in which productions are to

be applied. The strategy which is most attractive resembles one called

"call-by-need" [Wadsworth 71] and proceeds by giving priority to produc-

tions "nearest" the output arcs, in hopes of avoiding the expansion of

nodes not essential to the ultimate result. In addition, the same result

is not re-computed, thanks to the use of a graph rather than a tree to

represent the program.

We illustrate by an example in which a recursively-defined function
append is applied to the two lists (a) and (b). The production for
append is

(0)
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Therefore the graph initially is

For readibility, we have encircled the sub-graph which is the antecedent

of the production next applied

(5¢)



nil
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nil

(Ib)

(0)
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Here we yield to temptation and apply two productions consecutively:

(3a)
(3b)






nil
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the end

b nil

result,

representing the

list

(a b).



Although the preceding example is informative, there is some redun-

dancy, in that we have, in a sense, violated our call-by-need rule. That

is, we kept applying productions until we could go no further. However this

approach would be dangerous with a system such as

since we would never stop expanding.

What we need is some way to indicate "need" in the graph. To do this,
we must assume that there is an interface to the output which tries to
print same by applying car and cdr to discern the tree structure, or by
applying the routine printatom to an atom to print its value. Thus a
depth-first printing of the tree could be accomplished by

print(t): if atom(t) then printatom(t)
else print(car(t)); print(cdr(t)) fi
On the other hand, we could devise procedures to print the tree breadth-

first, to print any leaves below a certain level, etc. All such procedures

generate needs at the output arc(s) of the network. Productions are applied

to the network as long as needs are unsatisfied. Thus, for the network above
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no productions would be applied until a need producing function such as
car were applied. This would result in the graph on the left below, which
would undergo the productions shown.

We say that the need is satisfied when the root node of the tree becomes

either an atom or a cons, the latter indicating that the result is a tree

with further sub-trees. Of course, further need can then be generated
by applying car or cdr. Two examples are shown below.
a a a

(The need is
satisfied because
the root is
an atom.)

(3a)
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(The need is

N satisfied since
the root is a
cons.)

We conjecture that this approach eliminates infinite expansions which
are unnecessary because of lack of need. However, it does not eliminate
infinite computations arising from a need which can never be satisfied,

as in the example below. Of course, it is undecidable whether a network

has this property.



Implementation

It is not our intention to describe the implementation of our model

in detail. From the preceding section, it is clear that an implementa-

tion can be designed in which the computation graph itself is maintained

in the form of a graph data structure. For the data type of trees discussed,

we also noted that the data could be incorporated directly into the graph.

In fact, a more extensive data type, that of directed acyclic graphs,

could also clearly be so incorporated. An implementation need only select

and perform the productions which were exhibited in the preceeding section.

Each potential antecedent determines the production uniquely, so there

is a choice only regarding where the antecedent is in the graph. As mentioned,

it is prudent to choose those antecedents nearest the root, for they have

to have been chosen eventually anyway, and by choosing them first, there

is a good chance that other parts of the graph will go away. In reality,

of course, "going away" means that a sub-graph becomes unreachable from

the root, whence the space it uses can be returned to free storage.

We conjecture that the productions given achieve the least fixed point

for any given set of input values, in the sense that if we call print

on the output, we will "print" the entire output tree (although this may
take forever). It is easy to show that the rules are sound, i.e. they
preserve the least fixed point. And we conjecture that they are
complete, i.e. print will indeed print the entire tree and not get stuck

somewhere because of some rule we have omitted.
It seems worthwhile to ponder the relationship between the above
proposal and other suggested implementations, namely [Kahn 74], [Henderson

and Morris 76], and [Friedman and Wise 76].
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Kahn notes that his model is capable of representing a network of
sequential processes interacting via streams of data. Each process can
execute arbitrary instructions on private data, and selected types of
instructions on streams: send a character out on a stream, or wait for
the next character in a stream and read it. The analog in our model seems
to be instructions which either send pointers to other processes, or wait
for selected pointers on input ports. A pointer would in general point
to some node in the graph. For example, cons would be a process which
waits for each of a pair of pointers, then sends a pointer to this pair
as a unit; car would wait for a pointer, which presumably points to a
pair of pointers, the left of which would be sent as its result. Notice
that we do not require that pointers point to complete objects. To do
so would mean that we get weaker semantics as a result.

It is also interesting to note that whereas the merge module (see

[Keller 77]) is not implementable using only the send and wait primitives,

neither is the parallel if...then...else module implementable by primitives
which wait for a fixed set of pointers. Both require some form of
"multiplexing". Space does not permit a more precise description of the

phenomenon to which we are alluding.

The implementation of [Henderson and Morris 76] is done in terms of a
cell memory with pointers. In a sense, it is equivalent to the one proposed
here. The contribution we offer is that by viewing the system as a graph,
the meaning of the transformations can be understood much more readily.

The implementation of [Friedman and Wise 76] is also similar. However,

we have no need, as they do, to introduce such notions as "suspensions".

Our semantics are presented in a more implementation independent fashion

than either of those above.
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Conclusion and Miscellaneous Remarks

We have presented a graph model for parallel computation and its semantics.
We have also characterized three distinct ways in which parallelism may
be introduced in terms of the semantics of the model. Our results
form a proper extension of earlier work by Kahn. We cannot claim that
our model subsumes those of [Henderson and Morris 76] and [Friedman and
Wise 76], for those models also allow lambda expressions and bindings
within the data type. However, our model displays inherent parallelism
more clearly than do the above and avoids awkward Lisp-like syntax. Further-
more, we have given a precise semantics for the tree data type, separating
it from implementation-oriented discussions given previously, and shown
the importance of the data-type ordering in relation to parallelism.

Finally, by keeping the definition of semantics sufficiently separated
from data type, we can easily incorporate other types of operators, even
those with "internal memory".

We have also shown that, given recursion, the cyclic structures of
[Kahn 74] are eliminable. (However, it is yet unclear whether this is
also the case for indeterminate programs, [Keller 77].)

In view of a long history of discoveries and re-discoveries of related
concepts (e.g. [Kleene 52], [McCarthy 60], [Brown 62], [Conway 63],

[Zzadeh and Desoer 63], [Landin 64], [Landin 65], [Bohm 66], [Karp and
Miller 66], [Patil 67], [Constantine 68], [Tesler and Enea 68], [Rodriguez
69], [Patil 70], [Seror 70], [Stoy and Strachey 72], [Milner 73], [Hewitt,
et al. 74], [Kahn 74], [Dennis 74], [Ritchie and Thompson 75], [Weng 75],
[Scott 76], [Kosinski 76], [Keller 77]), the contribution we claim most
worthwhile is yet another viewpoint which will aid in unifying the diverse

areas of programming language semantics and parallel computation.
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