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ABSTRACT

A transformaltion egualion can be used Lo desoribe the relationship between
the one, two and three dwmensional information regarding the composition of mineral
particles of specified s=ize. Linear or areal grade distributions fg.) can be
transformed to an estimate of the volumelric grade distribution pig) via a
transform ation function Hig|g,Wn-—), a conditional probability function. The effect
of the external particle @tmcmm {shape) and Internal grain characteristics (grade,
dispersion density, and grain size distribution) on the transformation matrix have
been evaluated by computer simulation of randomly oriented, multiphase, frregularly
shaped particles. Mean volumebtric grade and dispersion density (number of grains
per particle} are the most important variables which influence the transformation
matrix, Least square minimization of fitted functions and the Phillips-Twomey
inversion technigue have been used &o solve the transformation equation. Two
axa mples, a computer simulated volumebric grade distribution and an experimental
depth profile;, provide evidence that such an approach can be useful for detailed
Hberation analysis.
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INTRODUCTION

Data necessary for iberation analysis i freguently oblained as one or two
dimensional information from the polished sections of multiphase mineral particles
of speciffed size. The one or two dimensional information can be taken either as
linear intercept measurements or as projected areal measurements, each of which is
influgnced to some extent by all values of the volumetrio grade distribution of the
dispersed mineral phase. Let p(g) be the unknown volunetrie grade distribution and
let H{g {g,Nn—} « a conditional probability function - represent the way in which
par*‘;mle's of grade g reveal themselves as either linear or areal grades g.. In this
mannar, the chserved lnear or areal grade distributdon for particles of a specified
gize should be related to the volumetric grade distribution as follows;

1

f(gi) = j Ei(giig,ﬂn,wm»)p(g)dg n
B ]

where the subscript i designates the lnear or areal case and Nn represents the
dispersion dengity {(nuaber of grains per particle). Generally the linear or areal
grade distributions can be obtained experimentally. Further, the population gquaniiby
for the measured lnear or areal grade distribution is by their respective dimension
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{length or area) rather than by number. Eguabion | is known as the transformation
eguation.

The estimation of the volumeilric grade distribution plg) from eguation 1
requires a measure of the linear orareal grade distribution g, and an estimation of
the transformabion mabrix Ef'(gii g.Nn,—), in order fo solve the ifransformation
aquation. This paper sum marizes previ works {Zepulveda et al. 1985, Miller and
Lin, 1G85} and describes the characteris he transformabtion matrix, the
solution of the tranformation equation and experimental verification by depth profile
measure menks.

TRANSFORMATION MATRIX

The sclution of equation 1 requires thatl the transforeation mabeix, }E(gijg,Nm
~}, be known in advance. The experimental determination of this transformation
matrix would involve, in each particular case, the preparation of several monosize,
monograde particle fracticons, which for all practical purpose, appears to be an
impossible task. In this regard, a compuler program for particle simulation and
analysis, PARGEY, (Sepulveda et al. 1985, Miller and Lin, 1985) was developed to
characterize and to construct the transformation matrix., 3Jince the transformation
matrix Is a highly steacture-dependent function, the PARGEN program was
developed to represent real mineral particles and includes random variables in which
both external structure and internal texture can be manipulated. Because particle
generation is a random process repeated many times, and because an inexact solution
is acceptable, Monte Carlo simulation is 2 suitable method to achieve the goal
From the simulation of randomly oriented, mulfiphase, irregularly shaped particles,
the effect of the particles structure and texture on the corresponding linear or areal
grade distribution was determined and analyzed. Frow seis of these distributions an
appropriate transformation matrix was established.

Volumetric Grade

Figure 1 {lustrates the effect of volumetric grade on linear and areal grade
distribubions for ellipsoidal particles with a dispersion density of 3. The ordinate of
Figure 1 and later figures represents the cumulative percent of the dispersed phase
by the corresponding dimension {e.g. the percent of the total intercept length) less
than the indicated grade. In this way the means of each distribubion (inear, areal
and volumeiric) can be shown to be equivalent. It should be noted that although all
the particles are locked particles of a fixed grade and dispersion density, in one or
two dimensions they appear to be lberated to varving extents. For example, the
linear grade analysis of particles containing 50 volume percent dispersed phase and
dispersion density of 3 indicates that 10% of the continuous phasse is free or
liberated. Furthes, it is evident that the overestisation of the extent of Hberation
of the continucus increases as the volumetric grade decreases, The complete
transformation matrix can be constructed, for a given degree of dispersion, from a
family of sugh curves each curve representing monosize particles of a specified
grade. Figure 1 presents such curves for a dispersion density of 3.

Dispersion Densily

Besides a dependence on the volumetric grade, a distinet dependence on
dispersion density {or number of grains per particle) has been observed for linear and
areal grade distributions. This dependence is revealed in Figure 2 for particles
containing S0% and 309 by volume of the dispersed phase for linear and areal grade
distributions, respectively. Tt is important Lo note that the apparent degree of
iberation for both dispersed and continuous phase is decreased as dispersion density
inereases.  As expected instinclively and as revealed in Figures 1 and 2, the areal
grade distribution provides more Information and ls a betber estimate of the actual
volumetric grade.
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Figure 1, The effect of volumetric grade on the lnear and areal grade
distributions for simulated particles (ellipsoids) with a dispersion density
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Figure 2. The effect of dispersion density on the dnear and areal grade
distributions for simulated particles {ellipsclds),

Four types of particles; sphere, ellipsoid, oblate {or prolate} and "flattened®
allipscid were generated by the PARGEN program bto evaluade the influence of
particle shape on linear and areal grade distributions. At a mean volumetric grade of
50% and a dispersion density of 3, Figure 3 iflustrates the eiTect of particle shape on
the linear and areal grade distributions, It is interesting to note that the variations
ahserved are guile small except for the flattened ellipsoid particlas.

Grain Size Distribution

AXl the results shown previously were based on a fixed grain size {determined
by the volumetric grade and dispersion densiby). In this regard, four kinds of grain
size distributions; uniform, exponential, normal and Weibwll, have been evaluated.
Results suggest that the grain size distribution has only a modest effect on lnear and
areal grade distributions as shown in Figure 4.
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Figure 3. The effect of particle shape on the lnear and areal grade disbributions
for simulated particles {ellipscids) with a fixed volumetric grade of 50%
dispersed phase and a dispersion density of three {¥n = 3
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Figure 4. The effect of grain size distribution on the linear and areal grade
distributions for simulated particles with a volumelric grade of 50% and
a dispersion density of 10.

Summary

Based on these resulls the variables of volunmetric grade and dispersion density
appear to be sufficient to construet the transformation matrix for equation 1. From
iinsar or areal grade distribvutions determined by image analysis and the
corresponding transformation matrices, the volumetric grade dmtnbumon can be
estimated by solving the transformation equation,

SOLUTIONSTO THE TRANSFORMATION EQUATION
The solution of the transformation equation for plg) is not a trivial exercise

and seversl 3;,rr‘oaﬂhe* nave been congdered., Equation 1 can be discretized with
respect to grede to ohtals

[
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from which,

p=i"f )
Unfortunately, due to the experimental error usually associated with the
determination of the distribution of linear or areal grades [ and the inexact
characteristics of the transformation matrix H; equation i, although valid, may lead

to arreneous, unrealistic predictions of p. -

Least Squares Minimization

A least squares approach is one method which can be used te oblain the
solution fto equation 3. Such an approach involves the specification of a functional
form for p in terms of a set of adjustable parameters g, followed by a search for the
optimum values of these paramebters so as fo nminimize the least squares objective
function:

©= min (£ - B p) (£-Hp) )
8 P .
The assumead functional form for plg) limits the usefulness of this method.

Phillips-Two mey Inversion

Another approach, which does not restrict the functional form of plg), is that
developed by Phillips {1962} and Twomey (1963} using a quadrature inversion to
approximate the integral equation. If equation 3 is written fo include experimental
ervors, £, the relationahip is as followa:

f.*‘_:,:_ﬁ.,ﬁ {6}

Aceording to Phillps and Twomey, the form of the error term ¢ should be left
arbitrary except for the magnitude of £. Assuming (ﬁ)‘? ME then instead of a unigue
solution for plg), we get a family of possible soluiions,P. To obtain a suitable
solution, p{g) is assumed to be smoothed and the constraint of minimizing the second-
difference expresstoni(p; -2p;+ Py, ) 38 imposed. The solution for equation (6) under
these circu mstances is:

p=@TH v 'uTe )

whereY iz a Lagrangian multipler and

1«2 1 0 0 ¢
g 5 -4 1 0 O
T4 6 <8 % 0 =
= ¢ 14 & -4 1
= T Wb -l 1
0 L T T
= ¢ 0 1 -4 5 -2
4] g & 1 -2 1

The matrix ¥vQ serves to smooth the oscillation in p{gl. The choice of v is discussed
in a separate paper {in preparation).
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EXPERIMENTAL VERIFICATION

Examples of the application of the transformation equation two estimate known
volimetrie grade distributions from lnear and areal grade digtributions are presented
for computer slnulations and from experimental depth profile data.

Simulated Distribution of Volumetric Grades

Conglder a particle sample with volumetric grade distribution, plgl, shown in
Figure 5. For a dispersion density of 18, the corresponding linear and areal grade
distributions with random error were svaluated. If both the linear and areal grads
distributions so¢ obtained are assumed to be the experimental measurewents in a
practical situation, the volumetric grade distribution is a set of unknoun valies
which needs to be estimated. Both least square minimization of fitted functions and
the Phillips-Twomey inversion technique have been tested. Flgure 5 illustrates the
comparison of the actual volumetric grade distribulion with the hest solutions
abtained {rom both techniques. Since the volumetrie grade distribution dogs not
gonform to the assumed fitting function, a poor result from the least squares method
is expected. However, an excellent correspondence with the inversion method was
found as shown in Figure 5.

Depth Frofile Measure ments

To test the solution of the transformation equation with actual experimental
data, a middlings stream from an iron ore processing plant was analyzed., & sanmple
of THY 105 micron particles, determined to have a2 mean volumetrio grade of 34%,
was wounted and sectioned. 4 depth profile at 18 micron intervals was done and
gach section was analyzed by lwmage analysis. Fros these secilons the volumetric
grade distribution was established. HPoth linear and areal grade distributions were
determined for the final section,

Based on both the least sguares and Inversion methods, the volumebric grade
distribution was estimated from lnear and areal grade distributions. Figure §
ilustrates the comparison between the experimental and astimated volumetric grade
distributions. Satisfactory solufions were obtained with both methods.
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Figure 5. Comparison of exact solution of simulated volu metric grade distribution
and estimated solutions obtained by least square and inversion wmethods.
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Comparison of estimated and experimental volumetric grade
distributions. Sample: THX 105 microns fraction of iron ore.

SUMMARY AND CONCLUSIONS

For detailed Hberation analysis, the volumelric grade distribution of
multiphase mineral particles can be estimated from one or two dimensional
information obtained by iwmage analysis of polished sections. & transfornmation
matrdx was established by cowmputer simulation {(PARGEN progran) to express the
relationship betwaen cne, two and three dimensional information. Volumetrie grade
and dispersion density are the important variables which identify the appropriate
transformation matrix. Two methods o solve the transformation equation and
predict the wvolumetric grade distribution were evaluated. The Phillips-Twomey
inversion techingue is considersd to be the more sultabls wmethod to solve the
tranaformation equation and estimate the volumetrice grade distribution. Accurate
estimation of the volumelric grade distribution will allow for detailed process
engineering analysis of multiphase particulate syste ms.
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