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The structure of /3-cristobalite has been studied through a first-principles total-energy minimization in 
the local-density approximation using a Car-Parrinello-type algorithm combined with the Vanderbilt ul- 
trasoft pseudopotential scheme. It was found that the hypothetical ordered structure proposed by 
Wright and Leadbetter is favored and the resulting structural parameters agree very well with experi­
ment. Also, correlated relaxation of Si and O atoms toward a-cristobalite positions in the vicinity of 
domain boundaries is indicated.
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SiC>2 can exist in many difference crystalline forms, 
such as a- and /3-quartz, a- and /3-cristobalite, stishovite, 
etc. [1,2], Most of these structures are composed of 
corner-sharing tetrahedral units with a silicon atom at the 
center and four oxygen atoms at the corners. These 
structures have only subtle differences in energy since 
they differ from each other mainly in the way of connect­
ing the tetrahedral units, which makes SiC>2 a very deli­
cate system.

Although the structures of most SiC>2 polymorphs are 
well established, the structure of /3-cristobalite is still con­
troversial, with at least five different structural forms 
having been proposed [3-7]. The difficulties are partly 
due to the sensitivity of the structure to the sample histo­
ry and the ambiguity in fitting the proposed model to the 
experimental data [7], especially when disorder is in­
volved. In fact, both structures of /3-cristobalite discussed 
in WyckofFs widely used reference book Crystal S tru c ­
tures [l] are doubtful in light of more recent work, espe­
cially that of Wright and Leadbetter [7] who have pro­
posed a new model incorporating disorder. On the other 
hand, many empirical and model theoretical calculations 
[8] have been carried out on the very first structure pro­
posed by Wyckoff, mainly because of its simplicity. 
However, these calculations could be misleading since the 
results are based on an unrealistic structure.

A theoretical study of SiC> 2  using the first-principles 
approach is difficult, in general, because of the complexi­
ty of the system and the presence of oxygen ions. Recent­
ly, Allan and Teter [9] have correctly predicted the struc­
tures of a-quartz, a-cristobalite, and stishovite based on 
first-principles calculations. Also, the structural change 
of a-quartz under pressure was investigated by Chelikow- 
sky et al. [10] using a similar approach. The success is 
partly due to recent advances in fast algorithms for solv­
ing the one-electron Schrodinger equation and separable 
nonlocal pseudopotentials. However, the use of conven­
tional norm-conserving pseudopotentials in the above 
schemes imposes a limit on the size of the system which 
can be studied since a large plane-wave cutoff is required 
for treating the oxygen ions. As a result, calculations on

/3-cristobalite would be rather expensive in view of the 
fact that one of the candidate structures (/*213; see 
below) has a large primitive cubic cell containing eight 
SiC>2 units. The largest cell that has previously been 
studied contains six units [9].

A more efficient approach has recently been developed 
with the implementation of the Vanderbilt ultrasoft pseu­
dopotential scheme [11] in the Car-Parrinello (CP) algo­
rithm [12]. The validity and efficiency of this new ap­
proach has already been demonstrated in studies of ice 
phase transitions under high pressure [13], liquid copper 
[14], and ferroelectricity in barium titanate [15], In this 
Letter, we report an application of this method to investi­
gate the structural properties of /3-cristobalite. Both 
total-energy and lattice-dynamics studies confirm the 
structure proposed by Wright and Leadbetter [7], there­
by invalidating much of the previous theoretical work on 
this system which was carried out on the other alternate 
structures. Also, a correlated relaxation of Si and O 
atoms toward a-cristobalite positions is suggested to be 
likely to occur in the vicinity of domain boundaries.

The first structure of /3-cristobalite deduced by Wyck- 
off [3] is now often referred to as “ ideal” /3-cristobalite 
since it has a high symmetry with a primitive cell con­
taining two SiC>2 units or a conventional cubic cell of 
space group F d3m  in which eight Si atoms form a dia­
mond sublattice with sixteen O atoms at the midpoints of 
Si-Si separation. The obvious flaw with this structure is 
that the Si-O-Si angle at 180° is too large and the Si-O 
bond length of 1.54 A is too small to compare to all other 
forms of silica, in which these values are consistently 
around 145°-150° and 1.61 A. Noting these difficulties, 
Barth [4] suggested a different structure of space-group 
symmetry P 2|3 (simple cubic with eight Si0 2  units per 
cell) in which Si and O atoms are displaced from F d3m  
positions to adjust the Si-O-Si angle and Si-O distance 
into the right range. However, doubts have been raised 
as to the quality of the sample in his experiments [7], A 
disorder model for /3-cristobalite was first proposed by 
Nieuwenkamp [5]. He presented a structure with overall 
average symmetry of F d3m  but placed oxygen atoms ei­
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ther moving around or being randomly distributed on a 
small circle normal to the Si-Si axis instead of staying at 
the midpoints. The overall symmetry of F d3m  and the 
presence of disorder were later confirmed by Peacor [6] 
and Wright and Leadbetter [7]. Peacor modified Nieu- 
wenkamp’s model by assigning oxygen atoms to occupy 
randomly one of six fixed positions on the circle or to 
dynamically change from one fixed position to another. 
Wright and Leadbetter, with better sample preparation 
and structure refinement than all of the previous work, 
proposed a particular assignment of each oxygen to one 
of the six positions. The structure can be visualized as 
resulting from rotations of about ±  20° of each SiC>4 

tetrahedron of the ideal structure around its 4 axis, with 
the sense of rotational axes antiparallel with each other 
on the neighboring tetrahedra. This gives rise to an F4d2  
symmetry, or more properly, a tetragonal space group of 
I42d  symmetry with two SiC>2 units in the primitive 
body-centered tetragonal (bet) cell or four units in a con­
ventional tetragonal cell. The relationship between the 
new structure and the ideal one has been fully discussed 
by O’Keefe and Hyde [16]. Wright and Leadbetter [7] 
proposed that the actual structure would be composed of 
small domains with six possible orientations of the I42d  
type, giving rise to an average structure of F d3m  symme­
try.

Despite many experimental investigations of /J-cristo- 
balite, there are very few theoretical studies of the struc­
tural properties [17]. To the best of our knowledge, there 
have been to date no ab initio theoretical studies of this 
phase. Therefore, a study based on first-principles tech­
niques will be very useful in leading us to a better under­
standing of the system. We have carried out ab initio 
total-energy and force calculations using a CP-type algo­
rithm in which the electronic solution is obtained via a 
preconditioned [18] steepest-descent method. The ul- 
trasoft pseudopotential by Vanderbilt has been imple­
mented to further improve the computational efficiency. 
The soft oxygen potential generated with this scheme en­
abled us to use a small plane-wave cutoff of 20 Ry while 
correctly predicting the structural parameters for five po­
lymorphs of silica [19]; the best that has previously been 
done with conventional norm-conserving pseudopotentials 
is about 40 Ry for Si02- In the present study, however, 
we opted to work with a larger cutoff of 25 Ry to ensure 
the accuracy of the comparison of small energy differ­
ences between different symmetries. The Ceperley-Alder 
form of exchange-correlation potential was used to treat 
the exchange-correlation effects within the local-density 
approximation. The details of the pseudopotential con­
struction and computation method will be published else­
where [19].

We have taken a simple cubic unit cell containing eight 
Si02 units. The adiabatic potential energy surface was 
searched subject to the three different symmetries P 2i3, 
F d3m ,  and F4d2,  respectively. Although a smaller prim-

v o lu m e  (A3/ m o l e c u l e )

FIG. 1. Binding energy as a function of volume of three 
different structures of symmetry P 2i3 (squares), Fd3m  (trian­
gles), and F4d2 (circles). The solid and dashed lines are Mur- 
nagham fits to the E (V )  data of F4d2  and F dim  symmetry, re­
spectively.

itive cell containing two SKD2 units could be used for the 
last two symmetries, we have used the larger conventional 
cell in order to make the parallel comparison with the 
P 2\3  symmetry. All the calculations were conducted 
with one k point at (0.25,0.25,0.25). In Fig. 1 we plot 
the binding energies of the three structures as a function 
of volume. The structure of P 2] 3 symmetry can be sim­
ply ruled out since it is shown to have much too high en­
ergy. It has been pointed out that the false deduction by 
Barth was likely due to the impure sample used in the ex­
periment [7], The structure of F 4d2  symmetry was 
found to be energetically favored. The calculated lattice 
constant and internal oxygen coordinate (or the rotation 
angle of the tetrahedra) are in very good agreement with 
experiments. In Table I both theoretical and experimen­
tal results are listed for comparison, and the error is 
within a few percent. We also found that the rotation an­
gle of the tetrahedra decreases as the volume increases, 
and vanishes at about 51 A 3/molecule, beyond which the 
ideal F d3m  structure appears to be stable. The energy 
minimum of the ideal structure is only slightly higher 
( —0.05 eV/molecule) than that of the favored structure, 
but the optimal volume is about 10% bigger. Therefore, 
if /3-cristobalite had a true F d 3 m  symmetry, the atomic 
density would be smaller than what has been observed. 
In fact, the optimized theoretical density gives rise to a 
Si-O distance of 1.6 A, which is consistent with general

TABLE I. Structural parameters of /3-cristobalite (F4d2).

Parameter Theory Experiment3 Error (%)

a(A ) 7.147 7.131 0.22
Si(«) 0.125 (in Fd 3m  position)
OGc) 0.081 0.079 2.53

“Reference [7],
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findings for silica. In the ideal s tructu re  both O -S i-O  and 
Si-O -Si angles are fixed a t 109.47° and 180°, respective­
ly. The only variable to be optim ized is the S i-O  dis­
tance. Then we would expect this distance to be around 
1.6 A as in all other form s of silica.

Based on the total-energy calculation, we can discard 
structures with P 2 \3  and F d 3 m  sym m etry in favor of one 
with F 4d2  sym m etry, which is derived from  the rotations 
of Si0 4  te trahed ra  in the ideal F d 3 m  structure . Since 
there are six equivalent sets o f rotations, it is reasonable 
to assum e the actual s tructu re  consists of small dom ains 
of each of the possible orientations resulting in an average 
pseudocubic F d 3 m  sym m etry, provided th a t the strain  on 
dom ain boundaries is small. This assum ption is support­
ed by the lattice-dynam ics studies. The phonon frequen­
cy at the zone center (q =  0 ) o f a particu lar optical nor­
mal mode F lg in the F d 3 m  sym m etry was calculated 
within the frozen phonon approxim ation. This mode was 
chosen because it is R am an active and the experim ental 
inform ation is available for com parison [20]. The calcu­
lation was conducted a t the experim ental la ttice constant 
for both ideal and pseudocubic F d 3 m  sym m etry. In the 
la tte r case, the results were averaged over cells o f lower 
sym m etry (F 4 d 2 ) in six orientations. The frequencies 
obtained for these two structures are 25.99 and 22.98 
T H z, respectively, while the experim ental value is 23.30 
T H z [20]. The agreem ent is evidently m uch better for 
the pseudocubic F d 3 m  structure.

In addition to the orien tational disorder, W right and 
L eadbetter [7] also a ttrib u ted  the observed unusually 
large D ebye-W aller factors to a sta tic  relaxation of Si 
and O atom s away from ideal la ttice positions so as to 
reduce the stress on dom ain boundaries. O ’Keefe and 
Hyde [16] pointed out th a t some boundaries can be con­
structed  to  have thin layers of a-cristobalite  structu re  
with a local sym m etry of 7*412 12. This is not surprising if 
one realizes th a t sim ilar to /3-cristobalite, a-cristobalite 
can also be derived from  the sam e paren t F d 3 m  structure 
by ro tating  the S i0 4  te trah ed ra  except th a t the rotations 
are slightly larger ( ~ 2 4 ° )  and the rotation  axes are o r­
thogonal ra th e r than an tiparallel with each other on the 
neighboring te trahed ra . Therefore, it is very possible th a t 
Si and O atom s at boundaries in /3-cristobalite tend to be 
displaced in a correlated  m anner reflecting the local 
P 4 i2 j2 sym m etry of a-cristobalite. This was also sug­
gested by W right and Lehm ann [21]. To investigate this 
possibility, we placed four Si0 2  units into a te tragonal 
unit cell of experim ental lattice constant and ideal d a  
ratio  (V 2). The possible small te tragonal strain  has been 
neglected. W e first arranged  atom s into 142d  sym m etry 
positions (/3-cristobalite) and calculated  the to ta l energy 
as the reference. Then, we displaced oxygen atom s into 
P 4 12 12 sym m etry positions (a -cristobalite), m im icking 
the local structu re  th a t would be found a t a dom ain 
boundary, and followed by moving Si and O  atom s sub­
ject to P 4 |2 12 sym m etry until the forces on the atom s

(a) (b)

FIG. 2. Atomic configurations of space group (a) IA2d and 
(b) P4\2\2 symmetry. Small circles denote Si atoms and large 
circles denote O atoms.

vanished. A schem atic view of the initial { IA id )  and 
final (P 4 \2 \2 )  atom ic configurations is depicted in Figs. 
2 (a) and 2 (b ), respectively. In Fig. 3 the Born-Open- 
heim er potential surface for the correlated  m otion of Si 
is draw n. W ith silicons a t the high sym m etrical point 
(u — 0 .25) the energy is lower by 0.26 eV /m olecule for 
oxygens in I4 2 d  positions than in P 4 |2 i2  positions, which 
represents the order of m agnitude of the dom ain- 
boundary strain  energy. From  the potential curve, we 
note th a t this am ount of energy can be released by relax ­
ing Si and O  atom s tow ard the energy m inim um . Thus, 
we find th a t the a-cristobalite  structu re  can be alm ost de­
generate in energy with /3-cristobalite, even in a cubic cell 
with the /3-cristobalite lattice constant. These results sup­
port the notion th a t dom ain boundaries will have a- 
cristobalite character. From  the m inim um  of the po ten­
tial well (u = 0 .2 1 ), we estim ated the displacem ent for re­
laxed Si atom s to be 0 .20  A, which is again in good 
agreem ent with the experim ental value [7] of 0.18 A.

R ecently, based on a L andau free energy sym m etry

Si D is p la c e m e n t  (0 .2 5  —u)

FIG. 3. Adiabatic potential energy surface for the correlated 
relaxation of Si with oxygen coordinates relaxed subject to 
P 4i212 symmetry for given Si displacement. The solid line is a 
fit to the calculated data (circles). The energy of I42d  struc­
ture is set to zero at the origin.

2752



v o lu m e  70, N umber 18 P H Y S I C A L  R E V I E W  L E T T E R S 3 M a y  1993

analysis on the a -fi transition , H atch  and G hose [22] 
have proposed yet ano ther model for /3-cristobalite, in 
which the F d lm  sym m etry is a result o f dynam ical 
averaging over twelve m icroscopic dom ains of a- 
cristobalite, P A \2 \2  sym m etry. O ur results cannot simply 
rule out this model; however, it is not clear how low- 
energy dom ain boundaries would arise in such a model. 
O ne of the key factors in assessing the plausibility o f this 
model is the energy barrie r between lcoal dom ains. Silvi 
et al. [23], using a pseudopotential periodic H artree-F ock  
m ethod, calculated  the barrie r for a particu la r path  to be 
about 0.07 eV /m olecule [23], while our calculation pro­
duced a m uch higher value of 0.3 eV /m olecule for the 
sam e barrier. W e th ink the sm all barrie r obtained by S il­
vi et al. [23] is an a rtifac t o f incom plete relaxation in 
the ir calculation. The a -fi cristobalite  transition  has also 
been successfully observed by Tse and Klug [24] in a re­
cent classical m olecular dynam ics sim ulation, but the 
struc tu ra l details of the /3-phase are not given.

In conclusion, the optim al structu ra l form  of /J-cristo- 
balite  has been determ ined based on ab initio  to tal- 
energy and lattice-dynam ics calculations. The com puta­
tional efficiency is augm ented by a com bination of the 
C P -type algorithm  and the V anderbilt u ltraso ft pseudo­
potential scheme. O ur work supports the assignm ent of a 
structu re  which has an average pseudocubic Fd'Sm  sym ­
m etry consisting of small dom ains of I \ 2 d  sym m etry d is­
tribu ted  in six orientations. In addition, correlated  relax­
ation of Si and O  atom s tow ard a-cristobalite  positions on 
dom ain boundaries is proposed. All the structu ra l pa­
ram eters obtained agree quantita tively  with experim ental 
results.
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No. D M R -8907553 and partially  by a D O E-O B E S  G ran t 
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