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Abstract The Oslo algorithm is a recursive method for updating the B-spline representation of a
curve or tensor product surface when extra knots are added. In the present note the derivation of this
method is simplified.
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1 Introduction

The Oslo algorithm was derived in Cohen, Lyche, Riesenfeld! using discrete B-splines
and divided differences. In the spirit of de Boor and Hollig?, where the elementary
B-spline theory is simplified the derivation of both the algorithm in Cohen, Lyche,
Riesenfeld! and the refined algorithm presented in Lyche and Mgrken® will be simplified.

Starting with the recurrence relation for discrete B-splines, a discrete version of
Marsden’s identity is derived. The dual linear functionals then give the connection
between discrete B-splines and knot insertion. The method for adding one knot in
Bohm* follows as a special case.

Many proofs of the recurrence relation in Cohen, Lyche, Riesenfeld! exist. See
Prautzsch® (using recurrence relations, but assuming simple knots), Lee® (using dual
functionals on integral form), Mgrken (using deBoor/Fix dual linear functionals), and
Barry® Chapter 5 (using Pélya curves and duality).

For computational aspects see Lyche, Cohen, Mgrken®, Bohm and Prautzsch'®, and
Béhm and Prautzsch!!. Detailed algorithms are presented in Lyche and Mgrken®.

2 Discrete B—splines

Let t = (#;) be a nondecreasing sequence of real numbers, suppose + = (7;) is a subse-
quence of ¢, and let k be a positive integer. It is assumed that r is a finite or infinite
sequence which contains at least k + 1 elements. The discrete B-spline of order k on t
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with knots r, denoted by a;(1) = a; 4+ ¢(1), is defined recursively as follows

(1) = wjp(tipr-1)or-1(1) + (1 — wipr k(fivr-1)) e 5-1(7), (1)

where
oy 4 @ =) (ke = 7))y 3 T > T
wik(z) = { 0, otherwise;
and
N1 i <t < Ty
(i) = { 0, otherwise.

If £ =¢ = tiy1 = ... = tizx-1 then (1) reduces to the usual recurrence relation for

B-splines B r. Thus a;;+(i) = Bj+(z) in this case. If 7, <t; < 7,41 then (1)
implies that a;(¢) =0 for j < u — k and j > pu. Moreover, if

Ty < tiv1 <...<Z tigk—r < Tu+1 ' (2)

then it easily follows by induction in (1) that a;x(z) >0for j=p -k +1,..., .
The following discrete version of Marsden’s identity will be useful.

Theorem 2.1 Suppose 7, < t; < 7,41. Then for any positive integer k and any real y
m
Yixt() = D Yikr@)ajxr (i), (3)
j=p—k+1

where for any integer r and any knot sequence u = (u;),

Yrkul(y) = { (1""’“ —y) - (Ursko1 — Y), Zi i ?

Proof. Denoting the right hand side of (3) by Sk, using (1), and the fact that
ypt1k-1(2) = aup14-1(¢) = 0, one finds after rearranging terms
” .
Se= Y ciajpo1ra(i),

J=pu—k+2

where

¢; = Ve (Wwik(tizk—1) + Yjc1 k(U1 — wjk(tive-1)) = (Five-1 = YPik-1,7(y)-

Thus, Sk = (tiyx-1 — ¥)Sk-1. Since S; = 1 equation (3) follows by induction. m

The proof just given is almost identical to de Boor’s simple proof of Marsden’s
identity for B—splines. Cf. de Boor and Héllig?. Barry informed the author that a more
general form of (3) can be found in Barry® equation (5.6).
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Suppose

f= Z ¢;Bjkr
J

is a linear combination of B-splines on the knot sequence . Since r is a subsequence of
t , f can also be written as a linear combination of B-splines on the knot sequence ¢,

f=2"diBiy
for some coefficients d;. It was shown in Cohen, Lyche, Riesenfeld! (using a different

proof) that the d’s and c’s are related as follows.

Theorem 2.2 Ift, ;. > t; then
M
d; = Z ¢; k7 (1), (4)
J=u—k+1
where the integer p 1s such that 7, <t; < T, 41.

Proof. Note first that B;x¢ = 0 if t,4x = ¢;. Thus d; is not uniquely defined in this
case. For any y € [t;,t,44), the coefficient d; can be expressed in terms of f as follows

k-1
di = 3 (=1 T ) O )/ (R - 1L (5)

See de Boor and Hollig? for a simple proof of this formula. Similarly, for any y €
[ij Tj+k)7 .
-1
¢; = (=1 s ETT ) FO () /(R - 1)L (6)
r=0
Choose y € (t;,7,41)- Theny € [rj,Tj4x) forj=p—k+1,...,p,and also y € [t;, tipx).
Taking the (k — 1 — r)th derivative in (3) with respect to y , multiplying each side by

(=1)*1=7 f)(y)/(k — 1)!, summing over r, using (5) on the left hand side, exchanging
the order of summation on the right hand side, and finally using (6), one obtains (4). =

For simplicity assume from now on that ¢;;x > t; and 7j4x > 7; for all integers ¢ and
j. Following Lyche and Mgrken? let us take a closer look at the polynomial ;¢ which
is used to define the «; ; +(¢) for fixed i. Suppose

Y = 1/’i,k,t(y) = H?:x(zj - )7,
where z; < 29 < -+ < z;. Define

_ J min{rj,s;}, F=1k
Pi= S5, otherwise:
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where s; = #{7; : 7, = z;}. Since » C ¢t it follows that p; < r; for all 5. Factor %; into
a product of two polynomials ; = Ywipe where

Yol(y) = [Tiei(zi — v)7, ve(y) = ey (z5 — ).

The v = ¥2;(r; — p;) roots, say £, ...,, of P¢ are the elements of ¢;41,.. ., titk—1 which
do not correspond to a 7 - knot. As an example, if (2) holds then ¢ = ;¢ while
Yo = 1.

A more precise version of (4) can now be given.

Theorem 2.3 Let for fized ¢ the nondecreasing sequences v’ and t' be obtained from
and t by removing the k — 1 — v roots of Yy,. If r C t and

F=3 oByv=> dB;.

then

1

Z Cjaj,u+1,r',t'(i)a (7)

w
j=p'=

where the integer u' 1s such that

/!
Tl<t —t <Tul+1

Proof. By Theorem 2.1
u :
Vi1t (y) = : > Ciwrr (V)41 70 (0)- (8)
j=u'—v
Also, (cf. Lemma 2.6 in Lyche and Mgrken®)
Yo(y) = (Tw+1 = ¥) - (Twtk-1-0 — ¥), (9)

Tut < 61 £ais §u < Tu'tk—v- (10)

Since t;,; = §;, j = 1,2,...v it follows that ¥;, 1 = Yutbe = Yutp;, 41, ¢ and by (9) ¢w
is a factor of ¥ r for j=u —v,...,u so that Y;xr = YuVjvtrr, J=p—v,..., 4.
Therefore, multiplying by 1/)‘., on both sides of (8) gives the equation

o
Yikt(y) = ; 2 Yikr(¥)41,002(8)-
j=u'-v
Proceeding as in Theorem 2.2 equation (7) follows. m

By (4) and (7) a;rt(1) = ;4 7 ¢(2) for all values of j. Moreover by (10), equation
(7) gives precisely the range of j’s for which a; r ¢(¢) is positive.
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Corollary. Supposet = 7 U {t}, i.e. only one knot at the location t is inserted. If
7, <t < 7,4 then the d;’s in (7) are given by

c, fi<pu—k+1;
di = ¢ wie(t)e; + (1 —wjp(t))eicr, fi=pu—k+2,...,p0—m; (11)
Ci1, ife>p—m, ’

where m is the multiplicity of 7, inr ift =7, and m =0 if t > 7,.

Proof. If ¢+ < pn—k 4+ 1 then o = Yixr = ;4 sothat v = 0and t' = +' =
{---7i,Tizks- .. }. Thus ¢’ =4, and (11) follows from (7), since a; ; ;. (i) = 1. Similarly,
(11) follows if 7 > p — m, for then ¥y, = Y1 47 = ¥; 1t , which implies that v = 0 and
p' = i— 1. Finally, for the remaining values of 7 it is easily seen that v = 1, y/ = 1,
o ={ . . 7, Tizk-1,...}yand ¢ = {..., 7, t, iiyk—1,...}. Therefore, by (7) and (1)

tl _ TI 7_/ _ tl
= o : . SN & S R of S 2 S
dt “‘ ciai,Z,‘r',t'(Z) + C1~10‘i—1,2,‘r’,t’(z) =47 ! + Cioy r_
Tir1 i Tiv1 — 74

Since ti,; = t, 7/ = 7, and 7/, = Ti1x_1, equation (11) follows. m
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