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Effect of spin variables and exciton motion on ground-state properties of the “trion™
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We solve a quantum three-body problem involving two holes and a single electron
{“trion”) in a two-band Hubbard model. The particles’ spin and the exciton hopping matrix
element are all included. We compare the results with those of a previous paper, in which
these additional complications were absent, and find broad agreement. There is one novelty:
The trion with singlet holes is always mobile, even in one dimension.

I. INTRODUCTION

In a recent Letter' (denoted I henceforth) we
solved exactly a prototype quantum three-body
problem consisting of two holes and an electron in a
two-band Hubbard model which neglects the parti-
cle spin as well as the motion of the exciton. We
found that the existence of a trion, i.e., a three-body
bound state, and the magnitude of its effective mass
m tion depends sensitively on the lattice dimensional-
ity and on the valence- to conduction-band—width
ratio. References to previous literature related to
this work are listed in I and will not be repeated.

The present paper has two purposes: (1) to supply
the missing mathematical details leading to results
in I and (2) to study the effects of the spin of the
electron and holes and of an additional, “dipolar”
exciton hopping term (first proposed by Heller and
Marcus?) on the formulas for the spinless trion in L
The recoil of the exciton® is a particularly nontrivial
modification. The scattering states will not be dis-
cussed in this paper, although they are easy to ob-
tain (in principle).

Our conclusion is that, while spin and exciton
motion may change the dynamics of the trion, many
of the features described in I remain qualitatively
unaltered. We will now examine the following
Hamiltonian:

H=Hc+HV+HQ +HCouI+HB s (1a)
where
He=—C 3 ¢sitpor C>0 (1b)
i,8,0
Hy=V 3 voits0, V>0 (Ic)
i,b,0
HQ=_Q 2 Cl’:avi,a’v:+8,a’ci+8,a ’ QZO
i,8,0,0'
(1d)
H _2 ( * *
B=7 2 CioCioc—Viglig) » B>0 (le)
1,0
2

* * * *
Hcou=Ucc 3, ciieinciiciy+ Upy X, 000703
i i

* *
+Ucy E Ci,oCi,aVigVie’ »

i,o,0'
Upw>Ucy>0, Ug>0 (1)

in which i,i +6 are nearest-neighbor sites, C and B
the conduction- and valence-band—width parame-
ters, and Ugy and Ugc, Uypy the interband and intra-
band electron repulsion parameters (restricted to
Uyy > Ucy, which is normally the case in nature).
The exciton hopping parameter Q is also assumed to
be positive as in Ref. 3, and B is related to the band
gap E; =B —z(C 4 V), with z the coordination num-
ber of the lattice (z=2d for a d-dimensional simple
cubic lattice).

If B is large enough compared to C, V, and Q, the
valence band is fully occupied with two electrons of
opposite spin at each site (anticommuting creation
destruction operators v}y, U;,, and o=%5) and
the conduction band (c,fa,c,-,,,) is empty in the
ground state which we denote by | ().

Starting from the ground state | Q) we introduce
two holes into the valence band and one electron in
the conduction band. This three-particle state is
then described by

v= 3

- = =
n,m;m,

¢( ﬁ;ﬁllsl_ﬁZ)c:,avml,alvmz,az I Q’> 4

where

and S is the total spin of the two holes—a conserved
quantity in this model, and thus an important quan-
tum number (eigenvalue p=1—-25==1). We now
proceed to an exact solution of the eigenvalue prob-
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lem for the bound states, provided certain simplying
conditions are met.

II. EIGENVALUE EQUATION

The eigenvalue equation,
H|V)=E|¥)

becomes exactly solvable if we restrict ourselves to
(1) simple cubic (sc)-(bipartite) lattices which have
the property that they can be divided into two sub-
lattics A; and A; and (ii) Ugy = o0, i.e., the Frenkel
limit.

Figure 1, which compares the energy of different
possible configurations of the holes and the electron,
shows that because of the Frenkel limit Uqy = oo the
excitation energy E — E, (E, is the ground-state en-
ergy) is finite only if also Upy=c, and
Upy—Ucy=U" is finite. This then forces one to
take B=o with (3B/2—Uyy) finite and much
larger than U’ in order to maintain | Q) as the
ground state. In these limits we have a well-defined
three-particle model in which, as in the model of I,
the electron is obliged to sit on the same site as either
one of the holes. In other terms, the wave function
¥( 1i;m;,m,) in Eq. (2) has the property

Yl ;1 My )40

if and only if i =m, or fi=ih,. For convenience we
define two functions ¢,X,

- = =

with [ on sublattice A,. Then ¢(1;4d,m ) for A on

CONFIGURATION ENERGY

IV_ gl
EV=E" +Ucy+Uyy

EM=E'+(Uyy-Uey)

| EM=Elrugy

1 38
E =g+ (5 -Uyy)-(Uyy-Uey

o o

>

FIG. 1. Various configurations of two holes in the
valence band and one electron in the conduction band
{ X X,0 02 electrons or two holes in the same site, etc.)
and their energy. Ground-state energy is Ey, 3B /2 is the
energy to create the three quasiparticales, the U’s are the
various interactions (see text). This figure should be read
from bottom up.

A, is given by
W, R)= | THDR), 5=0 (3a)
~X(d,m), §=1
and ¢( i;m, 1 ) for 1 on A, is given by
Y(H;m, 0 )= +é(n.m), §=0 (3b)
—¢(H,@), S=1.

The eigenvalue equation H | ¥)=E | ¥) leads then
to a set of equations in the ¢ and X.
For m=4n, i+ 8,

~V I ¢(H,m+8)—pQ@ SX(H+5",m)
& 5

+U'¢(d,n)=ep(Hd,i) for §=0
{4c)
#(1,1)=0 for S=1 (4c)

where (3a) and (3b) were used, and p=*1 as fol-
lows:

1, S=0
B=1_1, §=1.

The energy eigenvalue is
e=E—Ey—(3B/2—Up)+U".

The set of equations for X( i, ) is obtained from
Eqgs. (4a)—(4c’) by interchanging ¢ and X.

This symmetry in ¢ and X leads to two types of
solutions:

{i) ¢=X (bonding)
(ii) ¢=—X (antibonding),

where the antibonding solution is mapped onto the
bonding one by the substitutions C— —C, V—V,
Q— —Q, U'—U’; therefore one has to solve only
the bonding case.

Separating the center-of-mass motion,

& i,m )=eik-(i’+m )/ZF( T,

where ¥'=m — 1, and defining
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HoF(T)=— Y ap(8)F(T+d"), (5a)
5

H\F(T)=-CJ F( ')8?'5',
5

F(0)— 3 ap(8IF(8") |62 5
g‘,
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the eigenvalue equation for F(T). [Note: For S=1
we take U'= o in order to fulfill the boundary con-
dition F(0)=0 which follows from (4c’).] Using the
Green’s functions associated with (5a), Eq. (6) leads
immediately to a set of (2d + 1) linear equations for
F(0)and F( ),

F(0)=-G(0,0)U'F(0)
‘ (5b) + 3 [ay(§)6(0,0)
with =
ai’( S‘)=Velr‘§’/2+“Qe—l?§’/2 +CG(6 _gl)]F( gr) (7)
and F(8)=—G(8§,0)UF(0)
U<ew, S=0 +2[a—-(8 )G(5,0)
U=cw, S=1. .
. +CG(8,—8')]F(8’),
Equations (4a)—(4c’) produce
(Ho+H,|)F(T)=¢€F(T), (6) where
J
G(FF" [d% em - ®)
,r ?
(2 )d —€
- E & - K8
ex(q)==23 [(V+uQ)cos - cos( G-8 )+ (V—pnQ)sin 5 sin(G+8) 9)
5
Part of the k dependence in Eq. (8) factorizes,
T e | ei‘q“-( -7
G( 'f’,i"’):e['“ k)21 T=-T") dd — — (10)
(2m)? f q_z |ay(8)] cos(q-8)—e
)
[
where each component satisfies My=[d|ax |G, +(d—-1)CG; +CG,],
tan ¢; ’u'Q 1 . :
2 V_H‘Q My=[d|ax |G +(d—1)CG; +CG,],
For K=(K,K, . ..,K) the set of equations (7) can be My=e 984 |ay |G, +(d—1)CGy,
reduced, using the symmetry leading to F(+6 )=F, 1K)
for all primitive translation vectors 5=(0,..., +CG,—e 1.
+1,...,0) for the lowest bound state. Using this in where
Eq. (7) we get nontrivial solution if the following
3% 3 secular determinant vanishes: 13
1 d 2 mq}
det|M;; | =0 (12) G, (6,K)= y fddq =1 ,
(27) g
where —2|ag| 3, coslg;)—e
j=1
M =—(1+UGy),
e ° (13)
M12=e‘¢(K)/2d( |aK IGQ+CGI) ’ d
. 1
M13 =e"¢‘KV2d( IaK I G0+CG1) s a1 2 cosqj COSqy
L dd—1 =&
My = —Ue#0ng, | GL(6,K)= f d% ’

My =e"*8[d |ag | G, +(d—1)CG,
+CGy—e K]

d d
(2) —2]ag| 3, coslg;)—e

j=1

(14)
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and

lag | =(V2+Q?+u2VQ cosK)'/ . (15)

ITII. RESULTS AND DISCUSSION

The cases S=0 and 1 have to be treated separate-
ly.
1 S=lHpu=-1).

With the use of the relations
1

G=———
! 2|ag |d

(1+GGO) ’

Go+Gz+2(d—1)G“= €(1+EG()),

2| ag |

which can be easily proven, the condition (12) sim-
plifies for U'= oo to

cosdp(K)f(e,K)+g(€,K)=0, (16a)
where

f(e,K)=-é— Gole,K)[Gole,K)—Gale,K)]

1
+ —
2|aK|2d

1
K)=—"—"-[Go(6,K)—G1(e,K
8(e,K) 2|a1<|2d[ ol6,K)—G,(€,K)]

><[1—+-6G0(6,K)]+éG0(6,K), (16¢)

[1+€Go(6,K)] |, (16b)

which has the same structure as the result for the
spinless trion (see Ref. 1), to which it reduces in the
limit Q=0.

For K =0 and 7, Eq. (16a) factorizes,

1
Gyo—Gx— | |Gogx —————(1+€Gy) | =0,
0 2= c 0 2 [ax | +€Gyg
17
0
—[fle,K)+g(e,K)]
* de
M trion = V+Q 2 az
WE fle,K)— % [f(e,K)+gle,K)]

where we used d¢(K)/dK=(V+Q)/(V—Q) at
K=0. Even though we calculate m* along the
(111...) direction, it is a scalar for a cubic lattice
and therefore the result (2) is more general than the
derivation would seem to indicate. The square
bracket in the denominator, which vanishes for
Q=0, has (at e=—2|ag|d for d=1, 2, 3, and 4)
the same singularity as the numerator. Therefore,

where the upper sign refers to K =0 and the lower to

.
For € < —2 | ak | d, the lower band edge, we have
Gole,K)—G,(6,K)>0,

Gole,K)>0,
and

C
—————[1+€Gye,K)] <0.
2|aK|2d[ 0 ]

Thus the lowest bound-state energy is determined by

1
Gole,0) et 20, /C for 0 (18a)
and
GO(G,‘IT)—GZ(G,Tr)=—é for K=m. (18b)

From Eq. (18) we immediately find the critical
vk = | ak | /C such that for all v <{(vg). there is
a bound state,

V—Q 1
(Voderit= | —== =1—— (19a)
- c crit Wd
and
V+Q 1
(Vi)erit= =—S;, (19b)
m’en C erit d

where W, is Watson’s integral® and S; a modified’
Watson integral (see also I); S;=1 and S,
=(w/2—1)(4/7). Thus we get at K=0 and 7 the
same critical values as for the spinless case without
exciton hopping, but with a K-dependent vg.

Differentiating (16a) twice with respect to K, we
get the effective mass of the trion,

(K=0), (20)

T
for Q=0 the effective trion mass is finite at
vo={(Vg)ic in contrast to the result in I for Q=0
(see also Fig. 3 in I).

The one-dimensional case can be solved explicitly
using

1 im(@y /2—A)

MK]=—a
COmle(2).K] 2| ax | sinhA © ’

21
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€(A)=—2|ag | coshA . (22)

Equations (16a)—(16c) lead to the solution
—A_ IaK|
e <
2
vV Q Vo

=—C|l4 |— = | -2— K,
eX) Cli+ C + C cC s
leading to

e C

trnon — 2VQ .

(Note minus sign.) Thus there is a bound state if
and only if

|ak |
C

which is identical to (19a) and (19b) for K =0 and =,
respectively, with the use of W= . Also, the re-
sult for the trion mass shows that the effective mass
is finite at | ag| /C=(V+C)/C=1 for Q0.

(2) §=0(u=1).

Because the determinantal condition (12) is too
complicated for arbitrary U’, we will only discuss
Eq. (12) for U'=0, but all d. We get from Eq. (12)
for U’ =0,

<1,

cos¢(K)f(e,K)+g(e,K)=0, (23a)
where
Fle,K)
1 1 € 1
e | | —& = [14+€Gye,K)
| | TanT ZTax1a ~ C | HeCel&K)]
1G,(6,K)—Gyle,K) |, (23b)

g(e,K)=[Gyle,K)—G,(€,K)][1+€Gol€,K)]

1 e 11 1 5
lag| 2|lagxld C

X

CZ

As for S =1, one proves that for d =1 and 2 there
exists a bound state at K=0 for all

|ag| /C=(V+Q)/C>0. We have not discussed
J

_ V 14
(miion) ™' =2€ E%/ c+
where
Vou
~ s ’}"0
C’C C (0] <ew

is of a more complicated form (sufficiently such
that we shall not give the explicit form here).

coshA(0)+ —V%Q sinhA(0)4

sb v ///

o no ~bound “state

FIG. 2. Phase diagram indicating regions when trion
bound state exists and where it disappears (shaded region).
This is based on a calculation for d =1, $=0 (S =1 corre-
sponds to U'= co limit.)

the effective mass of the trion for all d, but believe
that the one-dimensional behavior, which we study
explicitly, is characteristic of all d.

The one-dimensional case can be discussed for ar-
bitrary U'. From Eq. (12) we get

2
|k | I | ok | _U_’_1 o2t
C C C
2
IaKI U’ A
C (142cos¢g)+ C ¢
a
—I_CI'(—'=O’ (24)

where we substituted Eqgs. (21) and (22) into Eq. (12).
Figure 2 shows the phase diagram in the
|ag| /C—U'/C parameter space where for K =0 a
solution of Eq. (24) with eM®5 1, ie., where a
bound state exists. The zeros of Eq. (24) were ob-
tained numerically.

Equation (24) differentiated twice with respect to
K gives us d’A/dK? (K =0) which is needed for the
calculation of the effective trion mass, which be-
comes

yeou
L x Y a0
C’C’C’()

] , (25)

~

For Q=0, V0 the first term in the large curly
brackets of Eq. (25) vanishes; so does the second one
for A(0)—0 {which happens if V/C and U'/C ap-
proaches the critical line (¥ /C);,=h(U'/C) shown
in Fig. 2.]

Thus the effective mass is infinite at the critical
line if @ =0. However, for Q0 and V0 the first
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(o 2

critical line

FIG. 3. Inverse trion mass as a function of (V' +Q)/C and U'/C for Q =0 (solid lines) and Q /C =% (dotted lines) for

the example of Fig. 2.

term in Eq. (25) is finite even for A(0)=0, leading to
a finite mass at the critical line. The numerical cal-
culations supporting these observations are present-
ed in Fig. 3.

In conclusion, the effect of spin depends on S, the
total spin of both holes. For the holes in a triplet
state (S=1) the problem is exactly the same as for
the spinless fermions in our recent paper. However,
in the singlet (S =0) state the trion becomes mobile
in one dimension even if the exciton transfer matrix
element Q=0. This is due to the fact that the holes
in a singlet state can overlap and even cross each
other.

The one-dimensional singlet case shows an in-
teresting feature. For U’'/C <11.65 there exists a
bound trion state at K =0 for all (V4Q)/C. How-
ever, for U'/C>11.65 the trion exist for small
(V4+Q)/C and disappears at the lower
[(V+Q)/Cl.i, appearing again at the upper
[(V +0)/C).s (see Fig. 2). For U'/C— o we get
exactly that the lower [(V+Q)/Cl.y—1 as it
should, and the upper [(V +Q)/C] iy~ .

The existence of an exciton hopping term leads

to a renormalization of the valence-band—width
parameter, vg =V cnom(K)/C. The critical values
for v at K=0 and 7 for S=1 are identical to those
for the spinless case. There is a second, probably
more important effect of the Q term, namely, it
makes the effective trion mass finite even in one,
two, three, and four dimensions at the critical values
where the bound state disappears. This is in sharp
contrast to the Q =0 case.

We examine other many-body aspects in a
separate publication.®
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