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ABSTRACT

[his dissertation formulates and reports upon the implementation
of a numerical system for the solution of hydrodynamics and radiation

diffusion as a multi-material problem in one dimension. A parametric

tem is developed in which the program parameters may be dynamically

lrered and studied as to their worth and effectiveness. The system

:zigned specifically for use within an interactive man-machine
environment wherein the user becomes an integral part of the final

solution.



INTRODUCTLON

The largest and fastest computers have always been used for the
solution of partial differential equations, especially non-linear
equations which are used to describe some physical phenomenon in time
and space. Computer programs for this class of problems are large,
and their creation requires a joint effort of many individuals over
long periods of time, most of which is consumed by the debugging
process. Once such a program has been developed, its use requires a
great deal of data to specify the desired physical system. It also
requires an intimate knowledge of the workings of the program and a
vast amount of intuition and experience into the mechanics of the
physical processes involved. Even without difficulties, such problems
run for hours at a time on the most modern computers in the typical
batch mode. At some time after what. may develop into days and weeks
of aborts, restarts, parameter changes, program patches, reconfigura-
tions and the like, the user finally acquires several edge feet of
printed output and perhaps a few computer generated graphs which repre-
sent the solution to his problem. He must then examine, plot and.
otherwise become familiar with this output data and make judgments as
to its validity and applicability within the constraints of the system

being designed or simulated.



With the advent of multiprogramming, time-sharing and real-time
problem solving at a remote console, new hardware and software tools
are being developed to allow the programmer and the user to bzcome an
active part of the checkout and running process of a program. While
this document reports on the development of a medium size program
within the rudiments of such an interactive .environment, its primary
emphasis 1s placed upon the derivation of a numerical system for the
solution of hydrodynamics and radiation diffusion as a multi-material
problem in one dimension. The system 1s developed parametrically in
a very general form. Thus, the user is able to dynamically configure
the system into a form best suited for his immediate needs through
the program parameters. The technique is not unlike that of adjusting
and tuning a fine piece of complex mechanical equipment. It also
inherits many of the disadvantages éf such mechanical systems, primarily
the difficulty of dynamically changing the program. More will be said
on this and the requirements for man-machine systems for these types
of computations in the concluding chapter.

The development of this system has taken place over the period
of some three years. During this time, a number of preliminary computer
programs and interactive graphical display systems have been written
and developed. The work on this system originated at Los Alamos
Scientific Laboratories in New Mexico. It then moved to the University
of Utah and subsequently to Montana State University. Computer programs
of the system are currently operational at Los Alamos and at Montana

State University through remote graphics facilities in connection with

the University of Utah.



Over this period of development, many ideas and techniques have

+

been explored, cested, accepted and rejected. This is parcicularly

true with respact to tne physics and the subsequent numeric

r

ment of Interface conditions. As program parameters were tested and
as comparatlive analyses were made with other systems and solutions,
both analytical and empirical, different techniques and features were

incorpurated. These changes are the results of several vears of

experience and iformal educativn n

Q

t only in the areas ol physics,
mathematics and analysis, but alsu in computer science.

In chapter 2, the difference approximations to the partial
differential equations are derived and the complete system of solution
is presented. The remaining chaptets are used to give the details of
the auxiliary calculations. TIhe volume and mass cgenter calculations
are glven in chapter 3, and chapter 4 discusses. the time step selection
procedure and the associate restrictions and control parameters.
Chapter 5 deals with the material properties and the calculational
aspects of the various thermocdynamic and opacity coefficients. Chapter
6 discusses the variocus ways of specifying and calculating the source
terms, and chapter 7 is a summary of calculational results. Chapter
8 concludes with some comments on future research areas, particularly
with respect to the man~machine systems alluded to above,

This chapter is concluded with definitions of the symbols and

units of measure used throughout the remainder of the text.



1.1 Nomenclature

Symbol Description Unit of Measure

A area cnt
b' gas constant j/Kv-gm
£ internal energy per unit mass i/gm
E internal ensrgy i
m mass Zm
p pressure jlea
r radius (b3
s source per unit mass ilem
8 solrce J
t time sh
u velocity cm/aec
v specific volume cc/gm
v volume ce
x space em
x velocity cm/ sh
N e 2
« acceleration cm/sh
o density em/ce
g temperature Kv

: . 4
2 fourth power of temperature Kv

4

B cpacity cm /Jgm

A Rosseland mean of the mean free path cm



1.2 Units of Measure

gn gram

cm centimeter
i jerk

Kv kilovolt
sh shake

1.3 Physical Constants

e : ; , 4
radiation density constant .013732 j/em—Kv

[0

¢ velocity of light 299,7925 cm/sh

1.4 Conversion Factors

atmosphere = lO_le/cm3 = 10—3 kilobars

[

14 = 10%° ergs

1 Kv temperature equivalent = 1.,16049 X 107 °x

1l sh = 10"8 seconds



HYDRODYNAMICS AND RADIATION DIFFUSION

erence eguat ions and 2 system for their solution

ig developed for hydrodynamics and radiatlon diffusion. The momentum

equation is differenced in a natural way assuming an average density
at the interface in lieu of the standard area over mass technique.

- |

hus, an actual pressure gradient is computed bectween pressure points

calculatad at centers of mass.
From che beginning, the gozl was to difference the energy equa-

tion in terms of the temperature to the fourth power. This approach

was selected because it appeared to be the most. natural and least
complicated in ceontrast with the more traditionmal differencing schemes
in terms of the temperature or change In temperature. A fully parameter-
iz ed system was developed in very general terms. This permits

detailed studies into the effects of time differences, interpolation

and extrapolation functions, smoothing functions and the like. 1In
addition, an iterative procedure is employed to preserve the non-
linearities with respect to the energy derivatives, pressure and mean
free path.

The complete set of difference squations together with boundary

conditions are solved in a well defined sequence over an incremental

unit of time. The solution is represented by temperatures, pressures

as functions in time and space.



2.1 Partial Differential Equations

The mass, momentum, and energy conservation equations are solved
together in a Lagrangian system where the motion of fixed mass points
is followed in plane geometry. The substantial derdvative forms of

these equations in vector notation [l] are:

é.e = - v"—>\ ¢
It p (V'u) (2.1)
d->
u PR
P dt = vp’ . (2.2)
dEI - r‘-m). — ,_> A .‘.ii A
P " p{7-u) Veq + p ac’ | (2.3)

where the viscous pressure and gravitational terms have not been

included. The Rosseland radiation diffusion equation [2],

q=-5°3v (2.4)

is used for the flux term and the standard conducticn term is omitted.

Equations (2.1) and (2.3) are combined to give a system of

equations for hydrodynamics and radiation diffusion.

d->

u _ . .

P g = P, (2.5)
de | _ dv , o.3¢ w5, . ds

P it = —ppdt + ¥ 3 AWV + TR (2.6)



2.2 Hydrodynamic Difference Lquations

Equation (2.5) is differenced to describe the motion of interfaces
defining the constant mass zones. Figure 1 illustrates the differencing
scheme where the center of mass of a zone, denoted by the half index
i+s, gives the position of the temperature, pressure and density. The
interfaces delineate the mass zones and are referenced through the
integral indices i and i+l. Note that these interfaces are fictitious
interfaces arbitrarily constructed to obtain difference equations repre-
sentative of the actual differential equation given by eguation (2.5).
Real interfaces between material types are maintained and included

within the difference scheme.

My 1445 i+l
ei~% i+ ei+L%
Pjy Py Pit1k
Py, 014 Pit1y
‘\/q( f . i - f o ] UL I
0 1 x % *42 N
i i+1
i T34l
By B94q
- »
By S0 41

Figure 1
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The acceleration, valocity, and spatial coordinates are calculated

explicictly at each interface through the following sequence of equations:

0 n n a
+ ¥, = e
“n _ Vi " Vs Piy T P (2.7)
. my Ty ﬂx’i‘ .
s n-%
«nth -l wen AL~ 4+ AET ° -
| xg . - —=E 2.8
|
n+l n oty O :
= % + % AE s 2.9)
5 17 % (2.9,
; n
where the superseript n Janstes the time t=t  witl
n+l n e 5
= t = t 3 B (4 . 10)

< Equation (2.7) is the one-dinensional difference form of equation (2.5)

Py which describes the motion of the interface at X, betwesn the adjacent

mass zones whose centers of mass are at X, 1 and xi#‘. Given the new
= “2
. n+l n+l n+l |
space coordinates x and %, -, the new volume V, is calculated
| i+l i+

‘ taking inte account the dimensions of the zone i+,
The program is capable of caleculating the volume elements in one
of three geometries: plane, cylindrical and spherical. In plane
geometry, the radius of the container, often referred te as a pipe,
may be constant or change in a linearly continuous or discontinuous
fashion as shown in figure 2, This flexibility in cross sectlon per-
mits actual physical systems to ba mcdeled more accurately with respect
to volumes and areas, Introducing a two-dimensional affect. Note

however, that the program assumes that the user will proceed with

caution and good physical intuitiomn.



trj
| el
iy
et
ln]
v ]
2

The details of these calculations will be
chapter 3.

Given the new volume, an average density

a+l | 44y 1

Fivs et - Gt

4L

y il
l+3 S e

-

and change in specific volume

atl v
ﬂ\;3+%§ i+ ijfg
1+ mi+%

presented later in

PRl

are calculated for use within the diffusion egquation.

The motion of the boundary interfaces is dependent upon boundary

pressure conditions of rhe form

(2.13)

where p(t) 1s given by a user supplied subroutine. Thug, at spatial

_(Fn} L
8 n PN Jg 7 Py
W% = oy »
0 5 n I
* (x, - x)/6
T g7 "0

(2:F4)

10



and, likewise at 1 = U,

<".1 - ?{t;'l}
“n _ n Pm—j N . (2.15)

N N=4s n 0 "
(2, = # 1 J/0

N

The velogiries and space coordinates are calculated using equations

- - . . -+t
(2.8) and (2.9). The chenge in volumes at the boundaries, &VD * and

a3 : p . = n o+l
AV are tnen valculated over the respective intervals (x,., %, ) and

0

73 gL, ‘ g
(XN y ®y 4o inm crder to obtaln the work done by the boundary pressures
upon the adiacent zones. These energy terms

n+ o it
ﬂSpO = p(e), LVU , and (2.14)

nt; n nH 2:17)
aSpy - = -plt )y ﬁwﬁ (2.17)

are simply added to the source terms of the first and last zone, res-

pectively.

2.3 Radiation Diffusiod Difference Egquations
The intzgration of equation (2.6) over a homogeneous volume element

and the applicatiaon of the divergence theorem yields

de dv , &c o > ds
o SRE g Sy TUd - T as "
m o mp o -+ 3 /A - ndAtm gye (2.18)

In one dimension
P

a4 . (2,19)

&

V6 ¢+ n =

therefore,

= __|
o ae , lae, . 7 anl _iéE./; ds
- v ode Qv £ ‘ dCJK 3 - *oax et de ' (2.20)

s

2

== : A A

with che sign being determined by the directicon of integration,
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The time advancement scheme 1s parameterized so that the range

from explicit through fully implicit differencing can be examined.

This generalized differencing permits a detailed analysis of the

I numerical processes including stabilicy questions [3]. Also, direct
‘ comparisons between the explicit, impliecit and time-centered schemes

can be made dyvnamically witlh the same program on the same physical

| problem.

The finite difference form of equation (2.20) for a typical

| interior zone is:

. / \ yots J
A_E g -+ :';-_‘“ t p‘| { V{f J k“ ktl 4 -4,
Ad PO 7 i+l 1+ Vit
1+ #
nt+l
k  k+l/f . N
B "its ”i—%1 i (l_"':"tiﬂ P11y d')iﬁ-%}
x b2 ki
ol U Ak, avh
“i\¢i+a P1k f L S+ (2.21)

where the superscript k denotes the iterative value, and

M ™ “Ey - Ao
B8E =k |22 + (258 iy (222}
Ag 14+ j \lf_ri A8 145 Ad 1+

ki, atl ki, otl i ne \0TE
,_5?' = W0 |—'J:: (C,,_) = (l“‘tu‘ ) — 4 {2-23)
AB i~ : 1 \‘f_U i—l-']‘e"z ! AG i'Hﬁ
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1T i \ :‘.[
t—f’ > (2.24)
{41z l L= j i‘l"é’z
[ ‘o1 . va+l k-l(A n+l
fAe 3 i \E
-1 = L, P » 5.4 + (1-w.,) o (2.25)
Av |, v 5 53 2 \&v |,
1+ I i+ i+
1 i
B % al
}_;3:+1'i = | -+ :;_"L:-\ 2 (;;;‘)6}
k ) : k=1
n+1 ! i+ 1 ; n+l -
Pi+1; = 5 o ) | 143, ( !—f,,-,i) Py , (2-2/)
n+l = AT pd :
4y = o e At s (2.28)
* 1
AS - p [ (2.29)
1423 1 . .
- ' . % LY E ’ . A8
The functions — (6,5), — (8,p), p(B,p) and the ratio — are given in
section 5.1.
The mean fres path at a typlecal interior interface,

ki nt+l

=g, AlBL gy Buis Pu os Qi+%) + (1-w

k-1

is a weighted average reflective of the conditions near the interface,

the details vl which zre given in section 5.2.

The source term consists

ol a space—dependant part, P_, often referred to as the power factor,

I

and a time-dependent part, A5(t). Both are discussed in section 2.5.
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0
a2 -y - 3 L, o N 1
i 2% 73

cuc Lhie discuntinuities introduced by linear interpolation

and W, are used as smoothing parameters

v Gguation of State and Opacity tables. A& typlcal value for

SR U Ry =S

though it is te the user's advantage toc use a

ity Lr the tabular values are smooth or if a continuous
iy bzing 25ed in lieu of the tables. This will usually
e nunbery of lreracions required for gonvergence. On the

4. wore dampening wmay be required at times in order to get

finires differsnce equations for the boundary zones are derived

that the temperature boundary conditions used are of the form

ad + & %% & (2.31)
with

la| + |B] # 0. (2.32)
In terms of the derivative, equation 2,3] becomes

at each o

first arde

equation (

v 0 = QO »,.u:i
- (2.33)
) = o i / 2
By = 3 (xg hO),do

T g o, Al

S A R R

f the boundaries, respsctively, by making use of the following
¥ approxlmations for ¢ at the boundaries in conjunction with
3 71 g i

d :_'.l . o P §_Q

o = f o= + - o % g
Sx,. Ky T gl Bnd W = g ax, (g — Ry /8y €2.35)
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i 13 not

xactly correct to speak of ¢ at the

—
1
i
"
Pt
-
1]

boundary for [tz ;esition is the same distance from the boundary as is
the adjacent zonme temperature, but in the opposite direction. The
technigque is cften referred to as the introduction of V'fietitious mesh
points' aboul the Loundary. The scheme most nearly approximates the

gradient at the Loundary as il there were an additional zone extending

out from the boundary whose temperature (flux) and pressure profiles
are those as given Ly equations (2.31) and (2.13). If § = 1, then the
boundary condiilon i1s said to apply exactly at the boundary.

The us=er 15 reguired to supply a subroutine to calcgulate a, E,
and v at =arh boundary. They are either constants or funectilons of
time and/or thermodynamic variables of the boundary zones., TFor example,

’ , Sl e "
if a =1, B =0, and ¢ = [6(tr)]", then, the boundary condition will be

1

a temperature pretile. IE 8 = 1, then this profile is imposed directly
upon the boundary interface. This type of boundary condition Implies
that the boundary zons is adjacent to a reservelr of heat that can supply
or absorb ensvygy to or from the boundary zone respectively, yet maintain
a predetermined rtemperature regardless of what the boundary zone or any
other zone in the problem dogs. This boundary condition is often used
to facilitate coupling the results of another computer program to thig
program,

In the same manner, if o = 0, 3 = 1 and v = 0, then no energy will
be allowed Lo cress the boundary. Thus, a perfect insulator at the
boundacy can ke ecasily specified, or a symmetrical problem can be solved

more efflcienctly by doing only half of it, In ¢ther situations, it is



desirable to spect

zone. This can be

F(t) 15 a tlux prx
| functicn of the

boundar:

1g

ty the flux or the rate of energy into the boundary
g 1 ) . h ac T . i 4
nne by satting = = 0, 8 = Rl and v = F{t) where

The mean fres path, A, at the boundaries is a

temperature and/or boundary zone temperature,

and the bonndary zoune density. Again, the details are deferred to
section 5.2.

The derivatlve caxpressions given by equatlons (2.33) and (2.34) are
substituted intu cunarion (2.20) to obtain a finite difference apprexima-
tion to the en=za. wyuation for each of the boundary zones. The complete
system of equaticns, one [or each zone temperature, forms the tri-diagonal
system:

k o |kl
L’n+l o3 gee * sl el k nt+l k+l$n+l
gu iy, = i & = @ g =
! e 0 e ! 1
ot i 444
m :\—'Ell g A (1—ad | = Laddy F b - ¥ —!'i—-—:é'-
R A@)l i "0 177 1711 0] n—
| 3 i Lt
k n+ts y
A n+s k ntl | k, _ath . nth
- —= + P\ ) ‘ljlr & i : o+ f:"ST. i + ASp (2036)
Av ,k > #) 5 a
xr nts
Jkontl k+l okl r ntl {_ﬁ_a) . g n+ﬂ k+l n+l
B 31 = 4l Ag By
i i-L i i = 5%u¢fi+% 1.1r 145
: ki, o+
= Wkun+1 k+1 n+l . .ii‘ *
< g Bougke T Ppdl ¥ Pyl
5 i+l i+s  \Ad i+ i+4
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(2.37)

(2.39)

(2.40)

{2.41)

{2.42)

{2.43)
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= > i
kol 3 K TN
IdjN - E.nrl ok obl peondl xn+l ) /8 (2.44)
N N TN-Y% N

2.4 Implicir Soluticn for Radiation Diffusion

The sclution of the tri-diagonal system represented by equations
(2.36), (2,37), and (2.38) is an adaptation of the Gaussian elimination

b scheme for dizponally dominant systems [3]. Note that when ¢=0, that
the ¢'s can be obtained directly, but this fact is not exploited, and
the following scheme is a generalization for all values of a.

Form the terms

k R o L
| 1 Lk | e n+1
X.l = |!"|.I;." - my 1:—:}[*1 o ju; l (2.45)
Il £y 2’ _n
BT o
Yl 9wy Xy (2.46)
ot i
e, 5 ok
) LE n At
= < I t‘ = i +
Zl -}m% [iﬁju s + (i G)[ (AO u1)¢% Ul¢l% Xo Atn_%
k n+
Ag | -+ k n+l | +is +
< =k p; avg - o ’3 e 3 kAsz 4+ S 8 2 Xy (2.47)
N »
and
k" i [, o3 -1
= [~ ot ' -f—"‘_g n+l
Xi+l i 1 1 Yi) + m, Hyn ” + OU L (2.48)
2
¥ a2 (2.49)
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r +L } |t ntos ]
e o ETERTE K ndy kontl _ §
+ 21 : " - e T P I LV + L\Si_l__l g ou, Zi l+-|
= IR " WV ! {45 1 i - : e
-
for i = 1} 3 2 I'hen calculate
k1 I o !i‘:'*‘;;i I'—
e+ 4 n+l. . 0 = T = {£1.m | 1 o) - U N a5
"N-Ls N-4 S0, Nl T =9 | "N-1 "N-1Y4% (*N~1 ‘ N)'Nﬁg
Tl 8 -l 5 L 1 L‘i—1-l-: -*—l +l
k Tl S e 4L “on : L
£y ok “H 1S L: AvDTE | Gk\-x;“l‘l " kas_“ nts

N+35

ri 5
. N N-1s ¥ B0p
| N+ - =

% ¢ o P
k ! nt] fLE k n+l |
+ 0 U 4 (1-¥ + m.. . |_"_‘ + gL rd 251
“N-1 -1 §-17 N-Y (A6, N o (2. 31)
L v fN—>5 |
and
e+l l+1 )
gkl o T8 05 i G
¢ = X, - + Z

i-g-% i 5 _}.L: i (2-52)

for 1 = N-2, N-3, ..., 2, 1, 0.



2.5 Time sdvaieaie s 2 ooaaduls
Figuiae © 1z o =imwlerled Elow chart which iflluscrates the order
in whicl, Lhe - oined higrgdyiamlc and radiation diffusion caleulations

are done auring une time step. Note that the hydrodynamig calgulations
are don= [ 'rur oand ave based upon the pressures from the previous tims
step. Thr radtaction Jzifusion calculations are then done using the

new volumes res:! ing Lrem a change in position and length of the res-—

pective mass z'aes,

|

Y R

e o
Initialize Caleulace | Select Calculate
nest 7 Gutelerations I"' minimum - velocities
time =tap ’ i time step size & spatial
i coordinates
— e e
I
i o - |
| |
; . Initialize
Update ; Caleulate pressures, energy | Extrapolate
energy sums | | fized F‘__&erivativas & il for initial
J s.ur.ee lerms i mean free paths temperatures

$

yes | Y »
- \\ [
= | Calculate Update
" temperatures i:~—i temperature - Calonlate __ppressures, energy
convergent ps5 | dependent Lemperatures derivatives &
P source terms mean free paths
|
i ‘
| \

Figure 3
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The <xue =t =ic: is determined by a set of user controlled

gtability sne =zcoooany criceria, one of which is dependent upon the
acceler=tione,  Uhapler 4 1s devoted completely to a discussion of
these time step rescrictions and the procedure used to determine
the optimum cine step inczement for the current stability require-
ments and the degree or resolution and accuracy desired.

Subsequent to selecting the time step size and calculating the
nev spatial dimensicvns, an extrapolation scheme is introduced to
provide initial temperature estimates. Its purpose 1s to reduce
the number -! 1rerations through a linear projection of the previous

temperature change:

(2.53)

The extrapolacion parameter v will typically vary between 0 and 1 with

' 0, % and 1 being the more popular values. Further comments with examples

E"n+l 0y .. o+l
-SLE = f'-:l- (8.8 | (2-54)

,1‘4']’"2 y E . _i_+£§

:AE n+1 . rut+l
ﬁ—v‘ = p ." {",T‘LJ) I (2,55)

i+“l{: .,I _'I._'!'li

U n+1 i ST v+l

pi+3§ = | o ] i ‘L+13 (2 -56)
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are thep 2l ulared £sr gach zone in the normal manner without any
smoothing saramerars l.ikewise, at the interfaces
Y gt (} n+1
0 o+l ! -
;B = o Biea: it d . (2:587)
U i U ’z' 3 :
! : .
i S } yo+L
| e * for i=1 N-1, and  (2.58)
| 5y - i s B 3w Do) or i= ivey H— an .
| i RS UE S T C LI S posss T
b ‘
1] i+l
0 nt+l ‘ 5
N Ve Erlve P el ; (2.59)
All ipicial valuve, except the source terms, are now available to

start the iterative procezs for radiation diffusion. The calculation
for the source cterms is complicated since there are four ways of
introducing encrgyv into the problem. Two have been discussed, the
impositicn of boundary temperature (flux) and pressure profiles. Note
that the toundary temperature or flux profiles do not directly result

in a source term calculation. In this case, the energy transfer is
implicitly included in the energy equation. However, the net flow of
energy across the boundaries due to the imposition of temperature and/or

flux profiles is simply:

o+l _ Wn+l f R Atn+%

BB T = el = Y + (1-0) | Yady — X s (2.60)
] ! (D L T 2
0 B ! 0™ QJ stttz
n+'; 7 | n+l i “n i tn+l/2

86, = 3] - N i + (1-ag) Xy ~ UN¢N—% ; Atn~% s (2.61)
‘N ! s A NS '

The other twe scurce term forms are discussed in chapter 6.
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The orciess iierates as shown Iin figure 3 until the temperaturas
converge a2 ~tebiw value, That 1s until for each zone
ktl.n+l  k o+l |
“ith 14 |

given some azer s epsilon. Since convergence is not guaranteed,
there is an upper limit upon the number of so called temperature itera-
tions., Twenty 18 & nominal maximum number of iterations, but the number
may be alvsrod by the user te fit his problem., In particular, the limit
may be ser t mity, redoeing the calculations te a non-iterative pro-
cedure. The uger may also reduce the time step size if the number of
iteratiuns per time step becomes excessive or if the temperatures do

not converge below the specified epsilon of convergence., In additisn

to the time stcp size restriction parameters, several of the other
averaging, smoothing and extrapolating parameters discussed above affect
the rate of counvergence and the number of iterations required for convar-
gence, The abllity to change these parameiers dynamically make it pos-
sible to give the user the answers he desires in a most optimum way.

It very citen provides the only means of getting past a particularly
difficult part ofF the problem. It also provides the means of getting
over parcicularly stable porticas without excessive computer time. Thus,
the program need not run always with these parameters set at worst case

levels.
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time ancement scheme is the updating of
terms zre calculated and displayed as a means

-rgy conservation. Thus, the following total and

Tit=s
§ =3 , (2.63)
52 : _L:
+ ‘ (2.64)
n+4 L E
b r == (A. TL."J)
|
- icn, it should be the case at all cimes that

g (2.66)

tly 1t

however,

Just due to normal truncation

thin the computer, these sums are predestined to

the relative difference which is

fig
to monitor. He can effect control over this

the convergence parameter and the time step restriction

in chapter 4. The energy conservation and computer
trade-offs. It has been my experience that tight
not always give significantly differént results,

Many

wn a priori with respect to, say, the characteristics of

profile

H»

mposed upon a boundary or a set of zones,

er, the user will only tighten-up certaln parameters as
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ARES, VOLIME AND CENTER OF MASS CALCULATIONS
After the ~ceeleracion, velocity and space terms are advanced in
time, new zone volumes are calculated in order to determine the changes

in specific volume ¢ver the same time interval. These changes are

indicative vr ti.e2 amount of energy converted into kinetic energy due
to pressure grad.cnls, Indeed, it is of great importance to monitor

the amounc of enery” converted and its rate of conversion into or from
kinetic enevgy. 1lLls energy appears as shocks or shock waves and their
characteriscle pressure peaks can be dynamically displayed upon a CRT

terminal. Tiie

user i1s then able te monitor the motion, distribution
and eifects of such shocks in direct relation with concurrent displays
of temperature ond density terms. Of special interest are the changes
in volume at the problem boundaries. It is here that external forces,
in the form of boundary pressures; pump kinetic energy inte or out of
the problem. In addicion, the wmotion of zone boundaries requires that
new zone mass centers must be calculated from which finite difference
terms can be formed to describe the transport of energy from one zone
to the next by the diffusion of radiation.

The purpose of this chapter is to give the computational details
ugsed for determining the volume and mass centers for each zone. Each
of the three geometrics is discussed.

3.1 Plape Hecmetily
In plane geomecrry, the space dependent radius adds to the com-

plexicty of the area, volume and center of mass determinations. First,



26

let me poinc -ut vpnat the center of mass we wish to determine is not
(in general) egulvzlent to the center of gravity. Instead, it is the
point on the avis wihdich divides the zone in half with respect to its

volume ani ‘onseguentls its mass since it is assumed to have a uniform

density. Gtecundly, note that equatioms (2.7} and (5.36) require such a

divisian

Untortunately, gime has not allowed an exact division for the
case in which tle radii changes linearly with respect to space. Instead,
the center of gravity was calculated as an approximation for the center
of these secticns. 1 refer to such sections as truncated frustrums or

trapezoids of vevelutiuvn,
The user must provide a description of the container. This is
| done independenctly of the initial spatial description of the material

within in the form of a space profile of radii and space pairs

’ fr.. o 2 Js 3= Ly B, :sayd®l, (3.1)
Pj Pj
such that
X ; < x N {3-2)
P Pia
and r x s {%.3)
B

: . . ' n n
The volume of s zone delimited by Iinterfaces at X, and x4 at some

time t = t° is then given by

n - n
v ) = ‘1 v . s 4
i+s e k (3.4)
with

a B »8

V,omow ok B (3.5)
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22 = - (3.6)

gg? = o 1 for k= _d%¥ly sy =1 (3.7)

k=1
S _ D ‘
I L 5 (3.8)
X % 4 (e} 5
[ N
| [y ) =
\ v Ed
;I‘.‘. = . | L‘l

'f:ﬁ + (r. )° | if 2. # rp § (3.9

kT ) , _ (3.10)

—
H
KT
[
+
~~
~

Y e
(S
]
5]
“H
L

for k=3 +1, ..., £-1 and

I
I

< o " ) (3.11)

where
I n
X < % %" . K £ X < x (3.12)
i 3 " +1
pj_l = Py Pyl + Py

I the special (and wos? often encountered) case for which

X 5 M 2 'iivi::!_ = ks 5 (3 . 13)
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Vl_l_% = o "'_J_l* ;_ L] (\3-14}
where

! e 1 _ rn
B} | REg )T Ras g = Beyy

= 8 { A

Ej } iy By L ( n )2_} sy g0 o gD S

|77 e TR 141
In both cvases,

(L Ll 3 3
P P__
B B W ok 4y (3.16)
2l 1 P s - :cp ) Pi_q
= },-I _I—l 3
If the rescrictions given abeve in eguaticms (3.12) or (3.13) cannot

be satisfied because part or all of the zune lies outside of the pipe
profile, then the formula above is used equally well te extrapolate for
the interface radii. In thess cases, elther equation (3.4) or (3.14)
apply depending upon whether more than one (the Jlast) plpe section is
involved, Care must be taken to insure chat r? 20 forwll 1= 15 4. M

The zone center is then given by

3 =T
_ked,e Tk 'k ..
X, = 5 3.0}
it < 0
k=1,
with
L(x - x?) +F rp = rp )
i . j J-1 ] )
g s . 5 (3.18)
- | 7L ) Ve, +r,r. +2(r )
} J i Pj pj el
e = + Xi l.f iy = ¥ ¥
- l__ '."‘.‘j pj_l pj
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£ S
l - - Pr-1 Yk
el o (3.19)
= ( 1 .+ 2(r ) |
| 1
| = = E.z i Xn if r = I s
Pr-1 Pr-1 Pk
for k = .
L =1 s
= E0.T pQ‘
X, = ] {(3.20)
( ' *+ (r )2 |
Py
) + % 1f ¢ F
Py Po1 Py
or 1Lf (3.1 1ie
" » L ,-n
i 1+1 i == = 1
Xi—!-la - | :} S
= ' I, 2 n 0 o fioTl 2
T ( )
[ T4 ; ,__l_lJ‘“_*_th 141 5(ri+l) , Xn i rn ; rn
]= el i il i+l ?
-_\ljndl‘::

Ay = n(D (3.22)

32 Cylindrical and Spherical Geometry
The calculations for cylindrical and spherical geometry are much

simpler than that for plane geometry for there is no analog to the flexible

AT = 275" b, (3.23)
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n = L 2 . RTINS
Vi+% j‘“‘i, T } = (3.24)
and
ol Py L; ,“*-.“'_, "
iy R TN o | (3.25)
ky
where h 1s ths haight of the cylinder as supplied by the user.
For spher =
A? = 471 : . (3.26)
Vis = 43 G 7 = BT (3.27)
and
- 270 Ly
xn = @ I (;.-_n )j " {‘Vn‘lj | L3 . . (3.28)
i+ P T N A ’

3.3 Change in Volume &t the Boundaries

As required in equations (2.16) and (2.17), the change in volume
at each bouadary is calculated in a manner not unlike that given above.
Singe the boundary volume element is regarded as a change in volume,

the sense or sign of the change is important. Note that the volume at

; n n+l

boundary 1 = 0 must be calculated over the interval from x, to x .
0 0
n+l o | . i . . .

If X, X5 then the interval is thought of as having a negative

) , n+
length in order to determine the correct sign of AVO % . The same care

and consideration 1s given to the other boundary. Note that if

4l s

] - 4 bk

n+g ; 5,
&VO D andjer N 0, then work is done on the system.



[TME STEP SIZE DETERMINATION
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restrictions are placed upen the time step size for
purposes of stability, resolution and convenience. Each is discussed
in detail with respect to their effect upon the. solution and each 1s

controlled directly or indirectly through user specified parameters.

I~
=
s
i
a
U

1
—
T
<,

Hydrodynamlic Stability

(4.1)

This resctricticn prohibits the shock front moving at a velocity i

from passing completely through any one zone during the time step. Note

- n+l n+l .
that A% and u are not known at the beginning of a time step. The
=g 3.1
i sowl b ST ; . nts , ;
zone width is an explicit functicn of At and the shock velocity is a

function of the resultant pressure and density, the details of which are
given in section 5.1, egquation (5.25).
The procedure used to determine the Courant time step, therefore,

is to estimate an initial value

[l . |

onts N min ) Ui |\

utc =Ceov 1 jzr?FFr-f ; (4.2)
_ e $ 4t 4

with O - €. < 1, and then check after the initial extrapolation and

each subsequen
- "
BER T o T (4.3)
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If at any cime dur.ong the iterative solution it is found that
n-i-’iii nt * 1
kAt iR , Thenm wu arvor message is displayed and the program is
c

put inte¢ a waiting mede. The user is then expected to initiate a cor-
rective procedure which will enable the program to continue in a stable

condition.

The cerrectiJe prozaedure may be nothing more than reduclng the time
step size direcrly or indirectly through the parameter Cfac and then
backing—up and restarcing the current time step. Lt can, however, involwve
a detailed c¢xamlaz ion of the conditions of the offending zone or zones in
order to und.r=iand the mechanisms creating the Instability. More precise

solutions mayv then be direcred at the particularly sensitive variables

involved.

4.2 Hydrodynamic Yone Increment Change Restriction

‘ mHhl |
max | i |

Braa ® 4 '1_ n | (4.4
| ik

This is a restriction on the fractional change in the length of a
zone, with 0O - quc L. ILts primary purpose is to minimize the discon-
tinuity in the distance between zones and the volumes of each zone from
one time step to the next. It also prevents a complete collapse of a
zone, and, in particular, the inversion ozr crossing of adjacent inter-
faces., In addirtion, this restriction eliminates most of the problem of
mismatched z2onmes with respect to their mass ratios. The problem arises

during 2 given time step when a massive zone crushes and collapses a

much less massive zone before the latter is able to build up a resisting
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pressure. Arothe: Jilficulty with adjacent zones of widely differing
masses CCclit= wnen on <verage opacity is calculated at the interface
between the z.ne=s. I[nils problem 1s discussed in detail in chapter 5.

4 time step i1ncrement satisfying the restriction given by (4.4)

can be explicicly caliulaced once the acceleration terms are known

since
a+l _arl i+l
&xi+% = Xy TR
. Rl N Il
.\ig_L N
oty emehy  md
1 ‘.£+l .".i J ol
"
L oun _ “tn+% (Atn+% 4+ ar™ 3y (4.5)
R 5 I 2 .
o B by g n+s
using equaticns (2.8) and (2.9)., Thus, a maximum value of ¢t neads
to be found such that
n—r!'z ..: ’ n-l-,lz
|ai(m: ) b, A= ey, (4.6)
where
= 1 =0 = 1_-n .
a i(xi e Y (4, 7
I . a-% .o
bi = a4t # (xi i 1o (4.8)
= A R
ey HfaL bai+a 5 {(4.9)
. . . o+
for 1 =0, 1, .«.y N=1, A solution, Ath , of the svstem represented by

(4.6) is in general a quadratic root depending upon the values of the

coefficients 2 s hi and ci. Since ci > 0, it iz possible to show that
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2
i

L a >0, by=0

3

L | . s

| ST S if {a,>0, b,<0, b,-4a,c,<0
)2 d : i

N -

IV

Aty © ;. ° taiiO, biPO, b@+4aici‘0 (4.10)

I

7

.30, 5:90% B =4a,v, 20
. 1 i i i
s if 0, b,»0, b.+4a,c, <0

[£=! che

R X -

Ll L] & 3 LT L0 171
1is & 5z =
J " T e ™
4.3 pe 140 esLELlCcllon

1in I H?-E—i. i Ej“) \L n-4
L i - (4.11)

hils restrictlon. not unlike the others, is added to reduce the
truncation ecror and give better resolution and accuracy when desired,
Usually, 0 T < 1, and the parameter.ep 1s a reference or base

rature above which the restriction is to be applied. Both parameters

may be set dynamically by the user to best suilt his requirements at any
time throughout the solution of his problem.
Specifilcally, an economic trade-off with computer time consumption

cobilem time can be made at those points when the temperature

that a first order approximation remains
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cer time interval., Note that the three time step

“aec up Lo this point will auvtomatically increase or

“rement depending upon current conditions

Ihe user, however, has coentrol over the degree

o]
]
=
et
ot
o
(I

applied.

(4.12)

lange occurs ilrrespective of the specific

u

restriction on that zone

o B AP (4.13)

nts the time step gize from becoming
LT the next time step is quite large with respect
corresponding changes .in .the .derivatives, pressure,

tuvo large to calculate: accurately even in light of

:ne. A .rapidly varying time step from one time step to

ely effect the hydrodynamics' through equation (2.8).

[#3]
rt

no restriction upon how small a time step can become

to the previous time step size.
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At = z;"ut"_l. = L e T." ‘ ) (4.14)

At user specified intervals, the prcgram prints out the current
space coordinates, temperatures, pressures, .etc.,.so that a permanent

record of the problem solution may be retained for further study at a

alszo makes a hard copy of the image on the

out onto a user file the current state of the program

:starcved at that time if so desired at some later

feature allows the user to run a problem at several

sittings, restarting at or near the point in time at which he stopped
previously. It also facilitates his going back in time and trying a
different solution path by .char Or moYe program parameters or

variables.
The specific print-plot-dump times.are given during the input
phase of the program in the form of a print profile. The profile con-

sists of a sequence (it =, tprt J.. . The next scheduled print time,
B

e

L

L.

e = & +mbe_ o, (4.15)

(m—l)Atprtj <t - praj £ mLtPrtj (4.16)
and
1
t < tprt (4.17)
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if there is a next value t ot .. Also, if

Bty
t < & + wmAt_ ., (4.18)
prtj+l prtj pP™ L.j

then tprt is set to t , and the index j is advanced by one.

Pris g
The print profile is used to obtain print-ocuts over vertain intervals
of interest at 'nice' values of time, usually factors of two and five.
Both the profile and the next scheduled print time may be altered dynam-
ically.
Since the print times will pnormally interrupt the running sequence
with a short time step, the program attempts to restore the time step
size for the next time advancement to the lewvel at .which it had been

running. Specifically, the temperature change and doubling restrictions

1
1} =k

. n- 5 . : n
will use At as a puide in lieu of At . The other restriction

criterion are used as stated after a print cycle.

4.6 Maximum Restriction

Atn-P/2 < min(Atm , Ats) . (4.19)

Once in a while it is convenient to set a .limit on the size of the
time step. It is particularly helpful when the user‘ié attempting to
follow a phenomenon which is not. being controlled automatically by any
of the other time step limiting procedures.

A one time only maximum may be set through Até. It 1s automatically
reset to infinity for the next time step. There 1s an automatic back-up
scheme which may occur if the temperatures don't converge. When this

s and the calcula-

. n
back-up occurs, Ats is set to one half the value of At
tions for that time step are restarted. An overall maximum Atm may be set

and remains as set until reset.
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i nts ; e
Note that while At  ~ may be altered directly by user, it is not

. , o+l
effective unless he also schedules.a back-up since At *°

is recomputed

at the beginning of the next time step. The back-up procedure does not
restart the time step calculations. at the beginning of the advancement

procedure as illustrated in Figure 3, but instead, restarts with the

selection of the time step size. The accelerations and previously

discussed time step size restrictions remain valid during a back-up.

4.7 Hold Time Restriction

n+l o+l n
At < Mt tmp =g (4.20)
W W

It is often useful to set a time Ly at which the user wishes to put
the program ir a hold or wait condition. . This feature lnsures that he
will be able to put into effect changes at certain specified problem
times crucial to fhé overall problem solution.

oY

If tw < t7, then the restriction does .not hold and the program

automatically sets Atw to  the machine relative infinity.

4.8 Time Step Size Selection

The time step size selected is simply:

ats n+s
At = min {%tc’ Ath, Ate, A;d, Atp7 Atm, Ats, Atw}> ; (4,21)



Fquation of state and opacity data must..be.provided for each speci-
fied material. These data are available in tabular form on a mass storage
device and are automatically read into the program when called for by
name during the input phase. The user may also include his own special
purpose tables or routines. Sometimes the material properties can be
calculated from a set of parameterized equations. This may be the case
when a problem is run for which there is an analytical solution to check
with.

This chapter will limit its discussion to the standard material
property tables and the procedures which are .used to calculate the

required thermodynamic quantities.

5.1 Equation of State
The gaseous equation of state tables are organized by density and
temperature within each material type. Fox .each tabular density in the

form lnvj, there 1s a sequence .of temperature, internal energy and pro-

portionality triplets, (9, eg, b')j,k" such that:

Pg = E%ﬁ s (5.1)
lm.'l < lnv2 € ... % lan . : (5.2)
BJ,l < 9j,2 < o € ej,k . (5.3)

with J, K > 1. WNote that there is no reguirement that the tables be the

same size from one material type to another, or that ej for

X = Oy

any i, k within the table. A typical maximum table size would be J = 20
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The material iunternal energy, Eg,mincludes the kinetic ‘energy of the
free particles; the dissociation, donization, and excitation energy; but
not the radiation energy given by
g, = &0 (5.4)
The equation of state tables are generated by other computer programs
[4], and there are many tables in existence for the common elements,
compounds and mixtures.

Given some temperature and density, (8,p), the energy derivatives
and proportionality constant are approximated from these tables through

the following interpolation formulae:

lnv -~ lnv, eg. . - eg. ’;8. - 88.
Ae (5,4} = g F+1, 2+1 Sk 7L 4, k+1 i,k
Ag P Iav. . - lov, )6. _— 5 - &,
j+l o3+l 4 5 - i,k+1 ik
“g T g
+ 3 dafls 5 1Ky ap’y, (5.5)
i,k+1 i,k
lr- - ' - 1 v - 1
[ — L = L e e N
Av le’jﬂ -davy B a1 T Y41 %1 T YLk
b! - b
+ e.] ,k+l - eJ -\k + a¢’ (5-6)
j.ktl ik
lav - lnov,
b' = ! - \] + ] .
(6,0) lnvj+l - lnvj (bj+l bj) bj ’ (5.7
where
b! - b!
bl =Dl + (6 -8, ) 63’k+1 Lok (5.8)

iT %k 3K By - By
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1 = ' ! (8 - & B _.‘ . .
T TR R T L - : (5.9)

assuming that

anj < Ilnv < lnvj+l with 1.< j < J, (5.10)

it] C {5.11
ej,k <€ 8§ < ej,k+l with 1 € k < K, {5.11)
1+’ < 8 < 6j+1j+l with 1 € & < K. (5.12)

If one or more of the above conditions givem by (5.10), (5.11) and

(5.12) do not held, then equations (5.5), (.

L

6), (5.7), (5.8) and (5:9)
are used as extrapolation formulae. .The evils of this extrapclation
scheme have shown up often upon the graphics. scope in the form of non-
convergence and discontinuity in successive values. It is hoped that
through the graphics monitor, a new extrapolation scheme or limits upon
the existing scheme can be established which will aid the user in bring-
ing his problem up to those temperatures . and' densities which are within
the bounds of the tables. The user must often compromise with storage
limitations and put .in tables whigh cover only a particular area of
interest with respect t¢ temperature and density.

Equation (5m5)~gives.an.approximatiop'for %%f,vthE'speaific heati
The tables are constructed for linear interpolation on 0; therefore,
equation (5.5) in terms of ¢ .is unsatisfactory for an approximation to

. An acceptable scheme makes use of the relation

de dg 386
[}

= - (5.13)
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with
68 _, A6
gg'w i - (5.14)
Therefore,
k nts k nts k ny
A Ae
£ (3,0 (Aew p)) L : (5.15)
o i+ i+ i-Hs
where
k.o+i ot
) i =% =
o Lé@j #ig _ Sivs ~ Ciwy - 3 (5.16)
2| .,  katl _ n [k gatl (%8 w172 ]2 '
R LR R T G

Note that this approximation avolds problems with loss of significance
between nearly equal quantities and division by zero (within the
computer's finite resoclution).

Equation (5.6) is derived using the thermodynamic relationship

iE_—Q_R

oV 5 P2 ' (5.17)

in conjunction with equation (5.1). A more direct form would be

- &

g

B. g. P, + 0.
Le R . h| i+ ]
Av (8,0 1lnv, - lnv, 2 + ag, (5.18)

i h|
where
A(ln 1
Unw) (Lo, (5.19)
e - &g
o _

B = B (g - Gj k) 5 L.k l_ 1k . (5.20)
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€ - ¢
Bitl,041  Bi41.4

Sie1, 041 ~ %342,0

= g + (8 -

)
8+l By+l,e

’ (5.21)

~
Ca

%541,

The two forms give different results and the former was chosen only
because it proved to be cheaper.
The total pressure 1s the sum of the gas pressure given by equation

(5.1). the radiation pressure,

o, =50, (5.22)

and the pseudo-viscous pressure, q, which 'is an artificial aid used to
fit the shock in a smooth manner over several zones [3]. Two forms of
pseudo-viscous pressure are provided, the thoice of which is an option

provided to the user. The form linear 1n the veloeity gradient is

o
xn+-l
ntl k-1 n+l |.n+k s i s
{01 Pigg Usipy (M1l T % At TOF D905 < By
k n+1l _ i+l (5.23)
934
3 n+1f§
0 for Avi+% = 0,
and the quadratic form is
r [ ot1e 2
( n+l in+% _ kn+%! i for Avn+l§ <0
| M2 Piads ) %i41 ~ %4 \ o+l 1+ ,
k atl _ ) i+1 (5.24)
q. =
B H et
ko ~ for Avy\p 2 0,

Both ny and n, may be altered by the user at any time through the keyboard
and are initially set at 0.8 and 1.0 respectively. The parameter a=0,1,2
for plane, cylindrical and spherical geometry respectively. The sonic

velocity is given by

{5.25)
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Note that the sonic velocity is a function of the total pressure and
ig, therefore, one iteration behind. In summary, the total pressure

is given by the sum
n+ks k

n+k
{p(e,o)) = (pg +p.tg

e

(5.26)

.

14+

i+

5.2 Mean Free Path

Corresponding to a conductivity coefficient in thermal diffusion
e
3

for use in the radiation diffusion term of equation (2.6). The mean

programs, a dimensionally equivalent coefficient, %, is calculated

free path, X, is a function of both temperature and density as were

the preceding energy and pressure terms. It 15 calculated using the

relation
T
A= e (5.27)

where K, the opacizy, is typically calculated through the interpolation
of tables given in terms of density and témperature. The scheme is
further complicated due to the requirement that we must obtain a value
for A at the interface while the temperature and’ density values are
available only at the zone mid-points. 'Mary schemes have been tried
and tested [5, 6] in a number of similar' computer programs.

The scheme implemented here expands upon ideas developed in the
FF program [5]. The central idea is to try to get a better estimate
of local conditions at the interface and then calculate a mean free
path based upon these conditions.

Of prime importance was an interface temperature since the density
changes from one time step to the next tend to be overshadowed by much

greater changes in temperature. Also, the opacity tends to be a much
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less sensitive function of dens’ty. Thus, density . .effects were some-—
what ignored with emphasis upon arriving at & suitable interface
temperature.

Note that the radiation energy eguation
E_ = ab v (5.28)
implies that ¢ = 6 1is a measure of the ensrgy in a zone (a8 Iar as

radiation transport is concerned)... This assumption is valld only if ¢

o

vepresents the whole zone. . The temperature point is, therefore, located
at the mass center rather than the spatial tentéf of the zone. This
also agrees with the hydrodynamic differencing as explained in section
2.2 and given by equation (2.7).

The radiation energy in the .volume between mass. centers about a

typical interface is simply

= 2
Eri =3 [(gbv)i_% + (¢V)i+1/2] p (5.29)
Also,
E = a(ev), (5.30)
i
thus,
G 4+ W)
by = (5.31)
* i3 i+

This temperature is exact. Its position is unknown though and one
can only say that it is the best estimate which ean be obtained in the
nelghborhood of interface.  In the end, its position is unimportant.

What is important is that it provides a means of cbtaining the correct

Fh

lux across the interface agreeing with empirical and analytical results.
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Given the interface temperature, an bpacity is calculated for each
zone in the neighborhood of the interface which is reflective of the
respective material type, temperature and density. These values are

+ -
referred to as Ki and Ki where

+
Ky = K(ei, pi+%) (5.32)
and
Ky = K(ei, P, 1) (5.33)

The calculational details of  the opacity functions are given in the
next section.

Note that the opacity is a measure of the average cross sectional
area as seen by a photon. Its units of measure are area per gram of
material. The total opacity is, therefore, Km, where m is the mass

of the material which has opacity . Thus in our case

- +

~ 1
(Km)i x Ly (Kimi__l/2 + Kimi+% (5.34)
and since
= v
Ai P B (5.35)

i

then
_ V, , +V,
R, = —i i (5.36)
* K.m + K.m

ii-% i+
Since each zone 1s assumed to be homogeneous in density, the mass
center is also the volume center. Thus, the volume between X5 and

X; is simply %Vi L This fact is also used in equation (2.7).
Tl



47

A+ D o BT T e a1 xrar .
An average LluUuX 13 then BiVEDR DY

. (5.37)

The spatial position of this flux level is not fixed and is not known.
It becomes important only when the radii varles between xi__l/2
This flux value is also valid for but a short time., Thus care and
consideration must be given to the proper selection of A, the area,
and AL, the time step size, which are used to give

AQi = FiAiAt, (5.38)

the net amount of energy transported from one zone to the next by
radiation. TImn this case, the area used i1s the actual area at .
It will in general, vary as does X and rhe details of its calcula-
tion and those of the zone volumes sre given in chapter 3. The time
step size, At, depends upon several constraints as have been discussed
in chapter 4. Not only is it used to control the truncation error in
20 - . de ., . R
3¢ 2nd consequently —== , but it is also used to limit the time for
which a calculated flux value must be used. Note from equation (2.21),
that depending upon the value for o, the new and old flux levels are
averaged over the time step.

The mean free path at the boundaries is calculated in much the

same manner as any other zone. First a boundary interface temperature

ound upon which an opacity is calculated. In reference to equation

}
1)
H

(2.31), this boundary temperature is

o
[ty
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glss

"o
6. = 6 — + (1~6.) 4, if 8 =0 _ (5.40)
9] [ o] 0 - U

0
Then,
l‘fc e (6{») 011_;)’ and (5.41)
v

s = = (5.42)
Similarly at the other boundary,
b = & if g # 0 , A
R N (5.43)

N
b= 8, = + (L -6 ¢ ., 1f B, =0 (5.44)
ki N

= ‘I.I:\J  ; ) 3 r..

k= (B Py (5.45)
and
e N_1/2
Ay = (5.46)
N K

N

In the case for which the problem is actually within a pipe, it
is necessaryv to consider the effective reduction in the average mean
free path due to the reflection, absorption and re-emission of radiant
energy upon the pipe walls. A simple harmonic average of the material

and geometric mean free paths is used with a small correction term [7].

. (Xi A)
o b g Ly g1y ST (5.47)
A A A A+ A
m g m
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B (LA A)
X = & g E_E s (5.48)
_ -
(1 + A2 )" + 0.14 (Ag/Am)

o

Here, the geomeatric mean free path

A= 4, (5.49)

the diameter cf the pipe at the interface in question and Am is the
so called material mean free path as calculated above in equations

(5.36), (5.42) and (5.46).

5.3 Opacity
The opacity tables =zve of the same form as the equatioan of state
tables. For each tabular density in the form lnvi. there is a sequence

)

of temperature and opacity pairs, (1ln8, lnk), K such that
Jds

lnvl < lnv2 < el < lan, (5.50)

1neé, < 1ng, < ..., < 1ng, 5.51
Jad .])2 JsX ( )

with J, K > 1. These tables are also generated by other programs [8],
and a great number are available corresponding to the equation of state
tables.

The opacity table is interpolated for lnx from which the mean free
path is calculated in equation (5.36). The interpolation formula is

simply

Inv - lnv,

lok(6,p) =

{lnk,

- (
41 anj) + anj, {5.52)

lav, - lnv,
J*i 3
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where
Ilng - 1nt, K
fp T - j ) ]
Iy, . = T — ( Ink, ... = 1lnk, ) + lnk, (5.53)
j+1 lhl.aj’k_*_l lnﬁj k Jokt+i s K i,k
. ) 1né - ln91+l,£ (L Ine ) 1 (5. 54
nK = ( " = + 4 5
j+1 lnaj+l’£+l = lnej,% +1,8+1 +1,4 nKJ+*,2 A4
assuming that
anj < lnv = lnvj+l with 1 < j < J, {5.55)
1nﬂ%‘ﬁ <In® < 1“01‘k+1 with 1 £ k < K, (5.56)
lnt‘v,ﬂ;i < Ino = '“19_1+1,z+1 with 1 < & < K. (5.57)

As was the case with the equation of state tables, the equations are
also used as extrapolation formulae if the density and temperature
values are outside of the table limits. This does cause some undesir-

able problems especially in the low temperature regilons.
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SOURCE TERMS

In addition to the boundary pressure profiles which have already
been discussed, the user may impose time dependent temperature or
energy profiles upen any set of zones within the problem. Both may
not be done simultaneously, but the user may change from one to the
other dynamically as the solution progresses dependent only upon his
problem restraints and needs. He may also modify or otherwise change
the one he is currently using. Both require time and space dependent
profiles, The space dependence 1s on a zone basis and it is very
easlly changed. It has been referred to previously as the =zet of

power factors P i=0, ..., N~-1.

E
fi+1»i

The time dependent temperature or energy profiles are assumed to
be in tabular form, but functiocnal forms are simply provided for by

the user supplying his ocwn subroutines.

6.1 Energy-Time Profile

An energy table of energy-time pairs in the form (Ej,tj} may be
specified by the user when the program is started, or he may enter or
alter the table dynamically during program execution. He need only

be careful that

£, St (6.1)

£, s Cp woennns <t (6.2)



wich J = 20.

B o (Ej-i-l - Ej) n+s
T = Pf (t =T At 5
i+ +1 ]

n o+l
= £ 5 T = tj+l

If the time step size is
more than one
piece-wise in

energy at all rimes. If

n nt+l
(=
then the table is simple extrapolated in
last two entries.

minimum of twe entries.

The source energy for sach zone is then given by

(6.3)

(6.4}

so large as to extend over parts of
table interval, then the source integration is done

order that the problem will reflect the sorrect total

(6.5)

a linear fashion using the

This of course implies that the table must have a

Note that the table need not even be piece-

wise continuocus and that multiple entries may be given for the same

time. This facilitates step as well as ramp energy excursions. For
example, if
n L n+l ;
g St <ty =ty <t < Eipp oo (6.6)
then
nts rﬁj 3 Ej—l n
AS, p = P " - (tj t)+(Ej+l—E)
’ e [ ) 41
E . - E, . ]
e g +
e CLUIE R TP ) (6.7)
g2 T g <

Care should be taken to insure that tJ~l

# £y
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ture-Time Profile
vepnre of a temperature profile is not unlike that which

=

en for an energy profile., It is a profile of temperature
f the form (6,, t,) specified in the same manner as is
d J

rofile. The purpose of this profile is to impose a temp-~
a set of zones in the problem. . These zones thus

g a time depe heat reservoir, be it a sink or s
imposicion of the profile over a specific sat of zones
ugh the power factors. If Pf = 1, then this is used

i+

indicate that the temperature of this zone is determined

le. Likewise,

0, then the temperature of this

dependent directly upon the profile.
than simply “overloading' the specified zones with the

<

=

as given by the profile, it is desirable to calculate the
necessary to give this temperature for each zone in ques-

then possible for the user to monitor the amount of

energy being "dumped” into (or out of) the problem. He is also able
to monitor the overall problem energy balance.
The first step toward calculating this source term is to inter-

polate the profile for the current temperature:

=] = 'l
. Tk ntl
5 = ?J._l__:_,t_l. (% .y + 8.,
441 4 1 J
where
N _ r}‘l -

N

(6.9
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i n n-1 n
v ———— (8., - 9, Y + 8, if P = 0,
O.nts _ a2 1+ 1+ i+ fi+‘/2
i+ ) (6.10)
? B 4 P # 0

\frer obtaining an estimate of the zone temperatures. as indicated
above, the temperature dependent terms are updated as indlcated by
(2.55), (2.56), (2.57), (2,58) and (2.59). The

n+s . :
.:+; is then calculated (and recalculated for each iter-
=T

ation) through equations (2.36), (2.37) and (2,38) by replacing each

8" 4if Pe # 0. Note also, that source terms are cal-
for those zanes for which Pf # 0. In actual practice,
bk k. nts
P, is used as a multiplicative factor when solving for ASi+1 from
Cis &
each equation.
_ nt+l . . .
If & > t_, then equation (6.8) 1s used as an extrapolation

formula.



7.

COMPUTER CALCULATIONS

A number of calculations were done to illustrate the effect and
the worth of wvarious program parameters and Lo also wvalidate the method

s |
. - D g -
of solution. In addition, F~, a one-dimensional pregram at Los Alawmos

1e same calculations. A three way compari-

[5], was used to do some of ¢
son was then made with the analytical solutiens,

The program developed from the method given in this paper is
referred te as HYRADL. Tt has been programmed to run on the PDP-10
computer at the University of Utah wia the remote terminal at Montana
State University and also on both the CDC-6600 and CDC-7600 computers
at Los Alamos. The 6600 and 7600 versions are ldentical, being FORTRAN

programs, but are resirlicted ac this cime to plane geometry problems

only.

7.1 Radiation Diffusien Calculations

A series of calculacions {s presented here which was used to
validate the radlation diffusion calculations and to illustrate the
effect and worth of several program parameters. A complere description
of the problem, often referred to as the Marshak Wave Problem, may be
found in [9]. The basic elements are as follows:

: i j e
1. Constant speciiic heat, I8 ¢

2. No energy in the radiation field.

3. Constant density, .

;s 2B
4. An opacity « = . p &
0
5, Constant driving temperature, B

g’

6. Plane geometry.



56

Thus, for simplicity:

se _ac 2 4
36 3 KO n+é4
p =1
¢ . = 10
0 (7.2)
o =1
80 = l
0 _ 4.6 .

In addition, a unit cross sectional area was assumed, Several
values for 8 were tried in addition to varying leagth zsmes, stc.
-

Corresponding tc the tables published in [9], the space and tempera-

ture values were normalizsd as fecllows:

n
X
|+1/
Eril-;-l/ === (7.2)
2 \/'t_n_
n _ a0 - oD , -
Ty T g /80 T Bi | EEEE (7.3

The calculations could then be checked at any time for which there was

a x,,, which gave rise to a &g, that appeared in the published tables.
i+s it
This was not difficult since. tabular values were given in increments
of 0.05 for £ starting with £ = 0 and 1 = 90 / 80 = 1 out to where
t = 0. No interpolation was necessary nor desired.
The purpose of these calculations is to follow the diffusion of
a radiation wave driven by a constant boundary temperature. Its

progress is then checked at varicus times with respect to its position

and shape. TFigures 4 through 10 give the position of the wave at



diffferent times as a temperature profile. In these display console

picctures, the temperature, pressure and density increase to the
rigght, and the x coordinate increases iIn the vertical direction.
Thez density curve at the right is constant over all time and the

4

horrizontal lines are indicative of the zone boundaries.

37
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Note that a constant density prohibits any hydrodynamic activity

and that this problem is purely a radiation diffusion calculation. The

first series of problems was done with 8 = 0 and the zone width Axi

.2 cm. Thus, A = Ei—= .1 cm, only half the zone width. The initial
temperature distribution, 6i+:2= 10_6, is sufficiently close to zero
and is very near the calculational limit of the PDP-10 for ¢ = 94 lO_24
and = - 0.2 % = 0.274442.

Table 1 below gives the exact solution and corresponding values
for 1 as calculated by HYR"™1 and F3 at common values «¢f £ for t = 36 sh.

The tabular entries are rounded to five digits, and it is important to

point out that even in double precision, some significance in the fifth

digit is the most « - can expect on the PDP-10 computer. For HYRADI,

-5 - 3
d=..v=1, e =10 , Tfac = .10, and AtO = 10 ¢ sh. While for F ,
T = .10 and Ato = lO—-8 sh.
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£ T HYRADL F3
.05 . 98803 .98803 . 98803
15 .96273 .96272 .96272
.25 .93538 .93537 ,93537
.35 .90563 .90562 .90562
.45 .87304 .87303 .87303
.55 .83699 83697 .83697
.65 .79661 .79658 .79658
.75 .75061 .75056 .75056
.85 .69692 69685 .69685
.95 .63187 .63177 .63177
1.05 .54763 .54754 .54755
1.15 42047 .42008 .42009
1.25 0 ~.00638 .00637
S.E.(j) 1.5490 1.5489 1.5504
I.E.(j) 1.5490 © 1.5489 1.5489
# time steps 2316 2327
avg. # iterations 6.1 1
calculation time (min) .
@ 49 sh 7600 1 A

PDP-10 64
Table 1: .HYRAD1 and F9 Calculations As Cpmﬁared
With The Analytica; Solution For k = 10.

) The next three sets of taﬁles and figures illustrate the difference
caused Sy variations in o, v, T¢,. and € as calculated by HYRADI. In
table 2 and figure 11 fhe onlé changes in T occur between g = } and
0 =1for €= lO_SIapd Tfac = .10. For o = 0, the calculgtibns.éq

2

unstable after 6 shakes when At > 1.5 x 10™“. The results at 4 shakes

are lmpressive though, being much better than those fqr o= k. The
severe time step éize reStric;iqﬁ for this barameter value 15 less.
than desirablé and no further caleulations ware tried at this time
with ¢ = 0, The effect of the éxtrapolation parameter v is to réducg
the number qf iterations requiréd for each time step_advancementm Fox

this and most proﬁlems it is most effective at unity. For some problems,

adjusting v can reduce the number of iterations by as much as a third.



67

Running times as given for the PDP-10 are approximate and vary several

minutes depending upon the machine activity (i.e. the number of times

the program must be swapped).

Q

L=

<

O WL

Number of Avg. Number of PDP-10 Computer
Time Steps Iterations - - Tdme (Min)
{unstable)
2316 6.1 64
2304 6.1 64
2304 7.1 74
2304 7.3 75

Table 2: Variations in the Time Differencing and

Extrapolating Parameters, ¢ and v, at t = 49 gh.
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Table 3 and figure 12 show the relatiwve dnsensitivity of results

upon the time step size restriction factor Tf for o = 1, v = 1 and

ac
€ = 10_5. This also holds true for ¢ = %. Note, however, that it
does dramatically affect the calculation time directly by limiting the

time step size.

Tfac Number of Avg. Number of - Avg. At PDP-10 Computer
Time Steps Iterations (sh) Time (Min)
.01 27993 2.2 .00175 295
.05 5478 4,2 .00895 100
.10 2661 6.1 .01841 70
.15 1720 7.8 . 02849 52
.20 1248 9.6 .03926 46
.25 966 11.4 .05072 42
.30 774 13.2 .06331 41
.35 641 15.1 07644 38
.40 540 16.9 .09074 36

Table 3: Variations in the Temperature Restricticn
'Factor;VTfaé, at t = 49 sh. :



T calc

Tactual

167

T 15
// fac ‘
N a
\ " fac .
\T 1
\ fac g
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- ) |
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12: Variations in the temperature change restriction factor, T at 36 sh.
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Table 4 and figure 13 illustrates the significance of the conver-

gence parameter with ¢ = 1, v = 1 and Tfac= U.1. For values of € less

._4 - » N 3
than or equal to 10 ', the results are unaffected. This is expected

since 4~5 digits of significance is all that can be obtained on the

PDP-10. What is impressive is the reasonably good results for € = 10_1.

Take note also of the variance in the average number of iterations per

:
Il
!
|

time step and its effect upon the calculaticnal time.

= T.E. 8.5, Number of Average PDP-10

(3 (i) Time Steps Number of Computer

Iterations Time (Min)

10 ¢ 1.806998 1.806998 2662 8.8 90
10-6 1.806998 1.806998 2662 7.4 80
103 1.806998 1.806999 2661 6.1 70
10™4 1.806997 1.806999 2661 4.8 58
10-3 1.806966 1.807028 2661 3.2 39
10-2 1.806708 1.807243 2662 1.8 28
1071 1.806070  1.807762 2671 1.0 75
actual 1.807152 1.807152

Table 4: Variations in the Convergence Parameter, € , at t = 49 sh,
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Several other calculations weras done with other values of 8.

Table 5 gives the results for a calculaticn at 36 sh. doae with 8 = 3,

3
4 ac _ - 8- T T -5
For this case, C, =33 5 = .156825, x = 10’ 0 ° L, v=1l, € =10 ",
T, = .10 and at” = 1077 sh., and for F°, T, = .10 and at° = 107° sn.
fac fac
3

£ T HYRADL T

.05 .94296 ,99297 .80297

w15 97792 .97793 .97783

W25 ,96139 96141 06141

+35 . 94304 » 94307 .94307

45 92242 922456 .92248

«55 . 89887 .89891 .89892

+65 .87136 87141 87142

75 .83820 .83828 .83828

+ 85 .78616 . 79635 79634

91 . 73785 , 73849 . 73845
1.05 63704 . 63945 .63933
I 0 .00021 . 00015
S.E.(j)  .90914 .90917 .90989
L,Ev (1) 90914 .90917 .90887
# time steps 2457 2468
avg. # iterations 5.9 3
calculation time

" CDC~7600 1 min 4 min

49 8y ppp, 1p 68 min

Table 5: HYRAD1 and F3 Calculations as Compared with
the Analytical Solution for & = 10/33.

Another series of problems were run for a variety of zone widths
from 0.1 cm to 200 cm. The difference in the results were significant
and improved with smaller Ax's approaching the mean free path. This
just confirms one's intuition that the linear space derivative approxi-
mation for %&-daes not adequately describe the flux terms for coarse
zoning even for materials which exhibit constant or nearly constant

opacities. = So much concern and work has been directed toward calculating



a mean free path at the interface between zones, whereas it should
probably be directed at arriving at a better flux term as a whole.
Of course, this is difficult to do properly, for there is just not
enough information. In most cases, it' is usually better to zone
finer. No.calculations were done with zone_widths less than a mean
free path.

One interesting result obtaingd from the variable zone width
calculations was the invariance of the results on a time step by
time step basis. More precisely, if the calculation time is nor-
malized with respect to the square of the multiplicative difference
in zone widths, then the results at comparable normaliéed times are
the same. For example, the temperature p;ofile at t = 9 sh for
Ax ; 0.1 is the same as for t = 36 sh for Ax = 0.2, but the latter

calculation includes exactly twice as much energy.

7.2 Hydrodynamic Calculations
In this section, a series of: hydrodynamic calculations are pre-

sented. Two different problems were investigated. The first is a
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shock-tube problem which is described in [10] and [11]. This calcula-

tion follows the shock formed by a high pressure gas expanding into a

low pressure gas confined in a long small radius pipe or tube. The

problem assumes an ideal gas for which

e = p/p(r-1) (7.4)

p = pRO, {(7.5)
with

X=C /C, (7.6)
p v
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R=C - C._. (7.7
For air, X = 1.4 and R = 286.793 m2/sec2 °x assuming 29 grams/mole

of air.

From equations (7.4) and {(7.5),

@
4]

38 Cv ’

= R/A-1,

= 2

—ZR’

= 716.983 n’/sec? °k, 5 (7.8)
9 _ ( , ‘ ,
2 - o. | ) | o (7.9)

For the one region of gas, p = 666.447 kg/m—sec2 and p = .0077459716
kg/m3, and for the other region p = 1.1823 x lO7 kg/m—sec2 and

p = 137.413 kg/mB. The initial temperature for both regions is 300°k.

The first calculation done was with a constant Ax = .0254 m,
At = 1.25 x 10_6sec, r = .0254 m and an artificial viscosity factor
n, = 0.8. The results of this calculation match the results for the

KO and PUFL programs as reported in [10]. The next calculation was
done with n, = 2. Again the 6verall result was thévsame. HOwever;
when the region at and behind the shock front was examined in detail,
the quadratic form'of artificial viscous pressure exhibited rather
large oscillations as displayed in the pressure profile given in
figure 14. Notice in contrast the smooth pressgre,profile for the
linear form of the viscous pressure term. A combination was then
tried with nl =1 ana n2 = 3 as suggested in [10]. These results
were identical with the linear case‘except right at the shock front

which is not as sharp and is extended over several more zones.
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Another series of zalculations were done with a variab;e'At. For
this series, the major time step restriction from thoge discussed in
chapter 4 is the hydrodynamic restriction determined by the parameter
Hfac' Two calculations were done with Hfac = ,05 and .10 and there'waé

little significant difference in the results as shown in figure 15.

However, there was a great difference in the éalculational efficiency

as indicated by table 6.
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Constant At Hfae = 05 Hfac = .10
avg. time step size (sec) 1.25 x 20°%  1.915 x 107 4.004 x 107°
total number of time steps 3120 2037 974
avg. number of iterations B ’

per time step 4.7 5.7 7.5
PDP-10 calculational time (min) 228 151 92
K.E. (J) 2.0203O><lO4 2.01989><104 2.O2Ol3><lO4
I.E. (3) -2.02063x10" -2.02033x10" ~-2,02037x10
Table 6: Relative Calculational Efficiency of Constant vs. Dynamic Time

Step Sizes at t =

.0039 sec.

Another calculation done was with a constant At but with Ax = .0508

meters, double that of the previous calculations.

As was the case with

the pure radiation diffusion calculations, the solution was very sensi-
tive to the zone width. Figure 16 gives the difference in the pressure

‘pfofilesat the time, t = .0039 sec.
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The final set of calculations done in the shock tube series was
with a non-uniform radius ;ubef Here, 2a conic section, or frustrum
was initially specified as the.cop;ainer of.the low pressure gas.

The high pressure gas was then allowed to expand into this volume as
before. In this conic section, the radius increased linearly at the
rate of one inch to every ten along the axis from an initial one inch
radius. The calculations started with initia; one inch (.0254 m)
zone widths aqd specified a constant At = 1.25 x ].O'_6 sec.

The first problem was run in the normal fashion with the zone
center placed at the center of volume (as approximately given in
section 3.1). The second problem was identical except that the zone
center was placed_at the mid-point betwegn the zone_interfaces as
shown in figure 17. The iattgr is referred to as thg axial mid-point

oY zone center.

center of volume

R

axial mid-point

Fig. 17: Zone Mid-Point Definitions
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The results of the calculations are given in figure 18 at t = .0005
and .00l seconds in the form cf temperature profiles. The temperature
was used here in lieu of the pressure because it did not vary over as
wide a range of values, but 1s directly proportional and indicative of
the‘pressure. In both cases, figure 18 shows that the pesk temperatures
in the center of volume problem are greater and are advanced further
down the tube than those for the axial center problem.

Table 7 gives the program statistics for this set of zalcularions.
Note that for this geometrical configuration, the kinetic energy as
given by equation (2.64) does not match the loss in internal energy.
This was not the case for the constant diameter problems as shown in
table 6. At about .0007% sec, the problem became Courant limited
(see section 4.1) because the shock was encountering larger and more
massive zones ag the pipe diameter increased. Thus, the zones tended

to pile up into smaller widths.



83

800 ———

700

Temperature (OK)
T

600: "; \1

500 /)

J
400 - ?

300

2001

80

60

40

20 |

@ .005 sec.@ .01 secc.
\

B Center of volume
B @ . 005 sec. @ .01 sec.

Axial center

—

=5 0 X {(meters)

Fig. 18: Temperature profile of volume vs. axial zone

«5

center at . 005 and .01 sec.

1.



84

Ax1al Center Volume Center
time step size (sec.) -6 6
@ .0005 sec. 1.25 x lO._7 1.25 x 10_7
@ .001 sec. 6.48 x 10 6.11 x 10
total number of time steps
@ .0005 sec. 401 401
@ .001 sec. 908 933
avg. number of iterations
@ .0005 sec. 2.7 2wl
@ .001 sec. 2.9 2,9
PDP-10 calculational time (min) )
@ .0005 sec. ' 9.9 10
@ .001 sec. 23.3 23.6
K.E. 3 3
@ .0005 sec. 3.23157 x 10 3.19644 x 10
@ .001 sec. _ 7.22040 x 10 1 7.11488 x 10
1.E. 3 ; 3
@ .0005 sec. -3.14898 x lO3 -3.11402 x 10
@ .001 sec. -6.82762 x 10 ~-6.76969 x 10

Table 7: Program Statistics for Axial vs. Volume Zone Centers

The second problem investigated in the hydrodynamic series is
known as the Von Neumann point source proBlem (12]. The purpose of
this problem, also known as the blast problem, is to calculate as a
function of time the blast radius propagating from the blast point in
spherical geometry. The Von Neumann solution to the blast problem
is given in [12] and numerical solutions are given in.[13] and [14].
This problem is similar to the shock tube problem in that it assumes
an ideal gaé equation of state (equations 7.4 through 7.9), but differs
in that a large amount of energy is released at (near) the center of a
spherical volume.

Eilers and Whitfill at Los Alamos have been using this problem to

validate numerical integration techniqueé and to establish parametric

values. In particular, they provided several calculations done with
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the F3 program for comparison with HYRAD1 and the analytical solution
given by [12]. One such solution is given in figure 19 together with
that from HYRAD] and variations therein. Figure 19 is a plot of the
absolute difference between the actual blast radius and the calculated
blast radius as a function of time. For this series, Axg = 30.5 cm,

y=1.2, 2825 28 _9 g

30 9
0o ,.-6 0 -7
i+s 107, 1

= .8, T = .10, Sp = ,001, H = .01, At™ = 10 and
(the energy-in at the blast point) Ein = 4185j.

1 (meaning 9 absorbs the actual value of R),

6 fac

At this point, it is important to point out the difference in
the acceleration terms as calculated in F3 [5] with those calculated
by HYRADI. F3 uses the following difference equation to arrive at a

numerical solution to the momentum equation:

4wx2 : :
%, = L (pi_l/2 - pi-l-ls) (7.10)

1
i /z(mi_lﬁ + mi+%)

which is equivalent to

woo_ ' Yi (pi—% } pi+%) 1
*3 T Lm, , +m, ) AX (7.11)
i-1s i+5 i
where
bxy = %y 7 Fioy
= 1 ‘
xi+% 4(xi + Xi+l) . (7.12)
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Equation (7.11) is now in the same form as given for HYRADI in
equation (2.7). The quantity Xy, @S given in (7.12) is said to be
located at the radial center in contrast to the center of volume as
specified for HYRADl by equation (3.28). The difficulty with equation
(7.11) is the location of the volume given by Vi. The denominator
term implies that it should include half the mass of each adjacent
zone if a uniform density is assumed as is done in HYRADl. 1In con-

trast then,

2
Vi = 4wxiAxi, (7.13)
which when expanded becomes:
vV, = AW[P(XZ + 2%, X + xz ) (x - X, (JJ (7.14)
i S it 1Y i-17 Vi 1-474
If V. was considered to be the volume between x and x, ; , then
1 i+s i-%4
B, = Gl lfotes .. & 0% o B e — %y 1.)] (7.15)
i i+s i+ i-ds i-%7 it i-
It is not difficult to show that
=T ~ 3
¥y = Te=g CHIL R FEPhe (7.186)

A calculation done with V; in lieu of v, is given in figure 19 and is

labeled AVGl,

Another differencing scheme was suggested by L. A. Schmittroth,
and it proceeds as follows from integrating the momentum equation by

parts.

ax _ _3p
Pot ox (7.17)
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3
5 ity fxi+% L
(m;'&)i = 47 ( (px”) -2 px dx (7.19)
L.t j X, g i
| g L |
\ /
3
" . x|
1+73 Py P, LT
= 47 (pxz) o _.i_ﬁg_ﬁi__._iﬁ (22) . , ; (7.20)
xi—% Jr{i,_l/2
= 3il? o + & ) - ) (7.21)
13 7 Fidy Py T Py .21)
2 2
(x . + x%,,)
o i-% i+ B ;
£,o= b (pi_% pi+%) {7:22)

(mi_% + mi+%)

In contrast to equation (7.10) which uses the area at the inteéerface;
equation (7.22) useé the average of the areas at the mid-point of the
zones adjacent to the interface. The results of the calculation using
diffgrenca equation (7.22) 1s given in figure 19 and is labeled Avczi
Similarly, if we let

2 2
X X '
N i+ i~ _
Vi = 47 (Xi+% 31_%), (7.23)
then
e t7.24)
i 1 i+ i-%7 ’
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HYRAD] was then modified to calculate the zone centers and accel-
eration terms as given by equations (7.10) and (7.12) for the F3 program.

The results are also shown in figure 19.

7.3 Combined Radiation Diffusion and Hydrodynamics

The results of a combined radlation diffusion and hydrodynamic
problem are shown here in figures 20 through 25. This problem is a
multi-material calculation in which one material is heated and then
transfers this energy to the other by radiation. The initial trans-
fer of energy creates a shock in the second material as indicated by
the formation of a spike in the preséure profile shown in figures
20, 21, and 22. This .influx of energy causes the sSecond material to
expand ohe zone at a‘time back into the first material and also for—
ward with the shock causing an &ncreasing number of zones to be com-
pressed at and immediately behind the leading edge of the shock wave.
Note that from figure 23 on, the shock wave has overtaken and is
accelerating ahead of the diffusion waQé. This is indicated by the

formation of the additional step within the temperature profile,
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7.4 Summary

The selecticn of computer calculations included in this section
is not exhaustive but rather illustrative. A great deal of work
reﬁains to be done, particularly within the areas of validating the
non-linear approximation techniques, the hydrodynamic activity for
various geometrical shapes and multi-material effects, Detailed
studies also need to be made into the effects of the aquation of
state and opacity calculational schemes. TFor example, figure 26
illustrates a difficult yet convergent time step. Notice the plot
of the relative convergence error at each iteration. The imnitial
decay 1s a rather moderate exponential response which_changes
abruptly after the eleventh iteration.

The other plots on this figure show the change of several zoﬂe
variables over the course of the time interval. The zone plotted.is
that which had the largest relative convergence error at iteration 15;

Ae Ag

the last iteration. The values plotted (from top left) are 260 AV’

Ps A, 0, the luminosity (flux times the area) into one end of the
zone and out of the cother, and a somewhat confusing and uninformative
convergence graph which has since been dropped, The 1nitlal vertical

line on the %%—plot {(labeled DEDT) is eimply a line drawn from the

Ae

Ap 28 it was three time steps ago. The next

base line to the value of
two time step values are then plotted with a line between them giving
a short curve which is representative of the behavibr of the derivative

over the previcus three time steps,  Another vertical line is then

drawn from the baseé line up to the first iterative value of the term
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