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The quadrupole-perturbed NMR line shape has been evaluated in the local approximation for an
arbitrary static random-field distribution coexisting with Gaussian time-fluctuating random fields.
The special case of a spin-glass-type static local random-field distribution is treated also. The results
are compared with some recent experimental data for the deuteron glass Rb, _, (ND,), D,PO,. They
show that by a comparison of experimental and theoretical line shapes in strongly disordered sys-
tems, not only the local random-field distribution but also the spin-glass order parameter can be

determined.

I. INTRODUCTION

The usefulness of NMR for the study of phase transi-
tions in nonrandom systems is based on the fact' that the
NMR or nuclear quadrupole resonance (NQR) frequency
is a function of the order parameter of the transition
which is zero above 7T, and nonzero below T,. In strong-
ly disordered systems? such as spin-glasses where there is
an infinite number of order parameters the situation is
radically different, as there is no long-range structural or-
dering and no sharp change in the NMR or NQR fre-
quency at any temperature. The NMR technique is nev-
ertheless capable® of providing useful information about
strongly disordered systems, as here the quadrupole-
perturbed NMR frequency of a given nucleus depends on
the local random field A,

v;(t)=v;(h;(1)), (1)

and the NMR line shape reflects the distribution and dy-
namics of the local random fields. The v=v(h) relation
may be local or nonlocal. Here we shall treat the local
case only. The local random field may be static (h; ) as
in the case of substitutional impurities or time dependent
(h;,) as in the case of the formation of short-range or-
dered dynamic clusters.

In this paper we present the relation between the
random-field distribution and the quadrupole-perturbed
NMR line shape for both first-order and second-order
quadrupole-shifted nuclei.® Static as well as time-
fluctuating random fields are considered. In Sec. II we
evaluate the line shape for an arbitrary static random-
field distribution P(h) coexisting with Gaussian time-
fluctuating random fields. In Sec. III we evaluate the
NMR line shape for a spin-glass-type*> static local
random-field distribution. The obtained theoretical re-
sults are compared with the ¥Rb NMR spectra in the
“deuteron” pseudo-spin-glass>® Rb,_ ND,, D,PO,.

II. NMR LINE SHAPE

In the following we shall assume that the random field
h; creates a random local polarization

p;=p;(h;) 2)

and expand the electric field gradient (EFG) tensor at the
site i in powers of this polarization:

T=To+T,p()+TopXt)+ -+ . (3)

As mentioned above, we shall here assume for sake of
simplicity that the relation between T and p is a local one.
For a random bond Ising model this relation is simply
p;=tanh[h; /(kT)]. In the high-temperature limit this
can be approximated by p,=vh;. The local approxima-
tion is exact for covalently bonded nuclei and a fair ap-
proximation for those ionic solids where the dimensions
of the short-range ordered clusters are larger than the
size of the region giving a dominant contribution to the
EFG tensor. The extension to the nonlocal case will be
treated later. We shall similarly restrict ourselves to the
case where the local polarization induces a change in the
quadrupolar transition frequencies. The case where the
local polarization induces only a rotation in the principal
axes of the EFG tensor without changing the principal
values is reserved for a subsequent paper.

A. The static limit

If h (and p) are nonzero either due to the presence of
static disorder p; ;< h; ;=A=0 or due to local ordering
and breaking of ergodicity on the NMR time scale
(p; 3 h; ,40), nuclei in differently polarized clusters
have different resonance frequencies. The distribution of
resonance frequencies f(w) is simply related? to the spa-
tial distribution of static random polarizations g(p) [or
static random fields P(h)=g (p)dp /dh]:

flo)dw=g(p)dp , (4a)
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so that

g(p)
dw/dp | (4b)

If the relation @ =w(p) is known, a measurement of the
NMR line shape allows for a direct determination of
g(p). Expanding the relation w=w(p) into a Taylor
series

flow)=

w=wy+w;p +w,p*+ -, (4¢)

we see that different line shapes are predicted for the case
where the relation between w and p is linear (w,+0,
w,=0, 1.e., »,=0, n > 1) and dw/dp is always nonzero,
or the case where w is a general function of p and dw /dp
may be zero for some values of p.>

In the first of these two cases the NMR line shape will
directly reflect g(p) and will be thus always symmetric
around @, This case should be realized, for instance, in
the O-D—O deuteron line shape as well as in the *’Rb
NMR line shape at those orientations where w is linear in
D.

In the second of the above two cases f (@) may exhibit
one or more singularities at those p (and w) values where
dw/dp =0. Such a situation seems to be, for instance,
realized in the ¥ Rb NMR in Rb,_,(NH,),D,PO, where
at some orientations of the crystal with respect to the
external magnetic field the coefficient ;=0 vanishes by
symmetry. Here one finds

a)za)o+co2p2 (5a)
so that
Flo)=8L) o gp) (5b)
200 |V (w—wy) /0, |

resulting in a singularity at p =0 (or w=w,) and an
asymmetric line shape.

B. First-order quadrupole effects on the NMR
line shapes — dynamic case

In the presence of time-dependent random fields the
first-order quadrupolar frequency shift can be—in view

J

i{log—o)t i(wp+wpdt —(@+2w.p)2 [ (2 —1)g(t)dt’
f(co)=ffg(p)e I Js S %ap dr
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of expansion (3)—written as
o(t)=wy+op (1) +op )+ - . (6)

To simplify the treatment we separate p (¢) into a slow-
ly varying part p and a rapidly fluctuating part Ap (z) so
that

p(t)=p+Ap(1). (7)

Here p describes the contributions which are static or
quasistatic on the NMR time scale. It is determined by
the average

1 plo ., .,
p--to fO p(t')dt (8)

over fluctuations which are fast as compared to the rigid
lattice linewidth t,=Awvg .
Inserting (7) into (6) one finds

o(t)=wo+@p +op + (0 +20,p)Ap()+ -+ . (9

The adiabatic NMR line shape f(w) is now obtained
from the Fourier transform of the autocorrelation func-
tion G (¢):

flo)= fG(t)e“‘"dt , (10a)
where
G(t)=(e' Jo @y (10b)

and w(t’) is given by expression (9).
Assuming a Gaussian distribution of fluctuating ran-
dom fields (and local polarizations) this now becomes

1
iwgt ; ilop+o pz)t —(wy +2w p)2 (t—t')g(e')dt’
ol "1 P, 1 2 f;) )

G(t)=e ,
(11)

where
g(t')=Ap(0)Ap(t’) (12)

and the brackets { ) stand for the spatial average. Tak-
ing into account the spatial distribution of local random
polarizations g (p) we now find the first-order NMR line
shape as

(13)

In order to get a more explicit expression for f(w) we need to know the form of g(¢’) and g(p). Alternatively one can
use Eq. (13) to obtain g (p) and g (¢') from the experiments.

Spin-lattice relaxation time measurements® have shown that g (¢’) can be in proton pseudo-spin-glasses described by a
stretched exponential:?

g(t)=Aplexp[—(t/7)"], (14a)
where
Kﬁz:(l—-p—%) [I—sz fox(x —x")exp(—x%)dx" |, x=t,/7. (14b)
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Here p,=vh, represents the static part of the local po-
larization induced by substitutional impurities. The re-
sulting line shapes have to be obtained by numerical tech-
niques. The above expression for Ap is derived in Ap-
pendix A.

It should be noted that the total second moment of the
NMR line shape reflecting the static or quasistatic part of

g(p)

1
pl= *’1 g(p)p2dp =1—Ap? (14c)
increases with decreasing temperature as Ap —0 accord-
ing to (14b). At high temperatures, on the other hand
motional narrowing sets in, Ap --1-—-p, and p

approaches its impurity induced static value E [Fig.

1(a)].
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FIG. 1. (a) Effect of motion on the first-order quadrupole-
perturbed NMR line shape f(w) for the case where the linear
term in p is dominant (@50, @,=0). The line shape is evalu-
ated according to Egs. (13), (14a), and (14b) with g (p) represent-
ing a Gaussian distribution (A10) and (A11) the variance of
which is 1—y2 (b) Effect of motion on the second-order
quadrupole-perturbed NMR line shape f(w) for the case where
the quadratic term in p is dominant (w;=0, w3#0). The line
shape is evaluated according to Egs. (30), (14a) and (14b), and
(A9)-(A12) with g(p) representing a Gaussian distribution the
variance of which is 1 — y?
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In the linear case (w,=0) the line shape f(w) is sym-
metric and reflects the form of g (p) whereas in the quad-
ratic case (w;=0) one finds generally an asymmetric line
shape and a singularity as in the static case.

It should be noted that for very slow fluctuations [i.e.,
T— oo in expression (14)] f(w) reduces to the form
flo)=g(p)/|dw/dp | found in the static limit. For
very fast fluctuations (7—0), on the other hand, it be-
comes a convolution of g (p) with a Lorentzian the width
of which is determined by

= fowg(t’)dt’ (15)
as

(¢t")dt'

———a)lf t—t')

thus simplifying expression (13).
plies, one gets:

7, = fowe‘“”'/”adt’ : (17)

exp

« exp( —wirit)  (16)

If expression (14) ap-

The line shape for the linear case in the limit of fast fluc-
tuations now becomes

w*Ap?r,
2'r )2

flo)= [ gp) dp  (18)

(w3A +wg+op —o)

leading to motional narrowing in the limit 7, —0 [Fig.

1(a)].

C. Second-order effects on the line shape of the 7 — — 1

transition —dynamic case

The effect of molecular motion and fluctuating quadru-
polar interactions on the second-order quadrupole shifts
of the central ;— — 1 transition have been determined by

Bjorkstam and Villa.” Here we shall extend their ap-
proach to the study of NMR line shapes in the case of
fluctuating random fields where the dominant second-
order perturbation is quadratic in p and nonlocal in time.

The Hamiltonian of our problem is a sum of the Zee-
man and the quadrupolar term

H=eopI,+H, (19a)

where

H iy = 2 AVFD =3 D (19b)

=2 !

with 4" and F'” describing the well-known spin and lat-
tice operators of the quadrupolar Hamiltonian.” In the
following let us assume that the quadrupolar term is
small as compared to the Zeeman one.

Using the Magnus expansion’ up to second-order
terms one find the evolution operator as

E(t)=exp (20a)

—i [ ar[H O +H (1))

with
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ﬂ’(t): 2 [A(l)’A(—”]

l=1,2
x [ ldt"FOe)F -0 sinflog (¢ —1")] .
0

(20b)

As shown in Appendix B, the effect of nonsecular terms
omitted in expression (20) is negligible. The time evolu-
tion of I, is now given by
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Ao=(m +1|HO+H \m+1)—(m |HO+H |m)

=3 c¥ fo"dr“F”’(r*)F‘*”u")sin[sz(r'-t")],
I=1,2

(21b)

and C'! are the corresponding matrix elements.

Because of the “quadratic’ nature of the second-order
shift we can omit higher-order terms and make the ap-
proximation

L()=E(DLE*(t)=e %2 | (21a) Fo=fo'+fp 0, 22)
where p (t) stands for the local cluster polarization. This
where leads to
1
Ao= 3 CW fo‘ LFPFTD 4O Pp )+ P P+ O Dp (¢ )p (¢) Isin[ Loy (' —1t")]dt"” . (23)

I=1,2

Let us in the following concentrate on fluctuations which are slower than the nuclear Larmor frequency, w; 7> 1. This
is not a serious limitation for glasses and pseudo-spin-glasses. 2
Here we can make the approximation
1—coslo, t’

t’ T RPS ’ ' ",
fo p (1 sinllaoy (1 —1")dt" =p (0)————— . (24)

Neglecting terms which oscillate fast compared to the Larmor frequency one gets

1 [ g fOFED
i S COrOr=Dp) +i S CY [ poptnar | . (25)
1=1,2 1=1,2 loy 0

I (t)=1I_exp

This expression is still too complicated for an analytical determination of the NMR line shape. Using the separation of
p () into slowly and quickly fluctuating parts (expression 7) one can make—when treating second-order terms—the ap-
proximation

pO)p(t'Yy=p(p +Ap(t')), p(0O)=p (26)
leading to
(D (=1 () p(=D
I (t)=I_exp |i CLfl i pt+ 3 c,‘,,”f A p f’Ap(t')dt'+i p C,‘,,”f A p? 27)
1=1,2 1=1,2 log 0 I=1,2 loy
Introducing 0}=3,_, , Cs fVf~" and
(D (=D
I=1,2 log
one finally obtains the autocorrelation function G (¢) as
G(t):<exp(icoot)exp[i(co',p +wsp?itlexp | —iwsp fOtAp(t’)dt' }) : (29)
For fluctuating Gaussian random fields one now obtains the NMR line shape as
flo)= f f g (plexpi(wy—w)texpi (wip +wip?)texp | —(wip)? fot(t —t")Ap (0)Ap (t')dt’ |dp dt . (30)

I

The result here is quite analogous to the first-order case,
except that due to the special structure of Eq. (30) fluc-
tuating random fields do not affect the line shape if
w,=0. This is important as it allows for a discrimination
between static and dynamic line broadening mechanisms

by varying the crystal orientation thus changing the rela-
tive magnitude of w; and w).

The similarity between expressions (30) and (13) is due
to the approximation (26) where quadratic terms in Ap (1)
are neglected. In the general case (25) we have to rely on
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numerical methods.

The above result (30) again represents a kind of a
convolution of g(p) with a motionally narrowed line-
shape function and reduces to Eq. (4b) for 7— «. For
1;7 > KF the motional averaging effects are small ir-
respective of 7 and show up only in the tails [Fig. 1(b)].

The experimental line shape F(v) is obtained after a
convolution of f(w) with the homogeneous line-shape
function which is normally a Gaussian.

A comparison between the room-temperature experi-

mental and theoretical ®*’Rbl— —1 quadrupole per-

turbed NMR line shapes® in Rb,_,(ND,), D,PO, at
different orientations of the crystal with respect to the
external magnetic field is shown in Fig. 2. The increase
in the linewidth at orientations different from c||H, is due
to the presence of terms linear in p which are forbidden
at c||Hy. In the linear case (w,=0)—<(c,H,)=70"—
the line shape is symmetrical and reflects the form of
g (p), whereas in the purely quadratic case (w;=0) the
line shape is asymmetrical and exhibits a singularity at
p=0. At this temperature the experimentally deter-
mined form of g (p)—and P (h)— is Gaussian.

It is interesting to note that at room temperature
wsp*Ap®7. <1 so that the time-fluctuating part of the
random field is averaged out and the NMR line shape is
determined by the static part of the random field.

III. THE STATIC LOCAL RANDOM-FIELD
DISTRIBUTION AND ORDER PARAMETER
DETERMINATION FOR A PSEUDO-SPIN-GLASS

In Sec. II we have seen that NMR line-shape data al-
low for a quantitative determination of that part of the
local random polarization—or field —distribution g(p)
which is static on the NMR time scale. Let us now
evaluate the NMR line shape for the static local random
field—and polarization—distribution which is specific
for spin glasses.*> Our goal is to find out whether NMR
allows not only for a determination of the random local
fields but also for a determination of the Edwards-
Anderson spin-glass order parameter

......._}__. z\2
q-~N§<S,-) .

The local random-field distribution at any site i is here
defined as*?>

P.(h)=(8h —h;)) , (31)

where { ) refers to a thermal average. The random aver-
age of h;, i.e., the average over the distributions P;(h) is
of course zero,

(h;)=0, (32)

in strongly disordered systems because of lack of long-
range order whereas (A, )°s0. The NMR line shape in a
disordered system will normally reflect the spatial aver-
age

P(h)=N~'3 P;(h) . (33)
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«{c Hg)=0°
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(b)
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Vg = 98 MHzZ

100 kHz

10°

FIG. 2. Comparison between the experimental and theoreti-
cal ’Rb 1——1 NMR line shapes in Rb,_,(ND,),D,PO,
(x =0.5) for different crystal orientations where the ratio be-
tween @, and w, varies between the pure quadratic case (0w, =0,
@,#0) and the pure linear case (v,#0, w,=0). The comparison
is made for room temperature. Here we have 0 w;=0,
w;=—10; 10> ©;=20, w;=—38; 20> w]=32, w)=—75; 30"
0, =40, ;= —4; 40°: ©;=46, w;=—13; 50° w;=48, wr=—13;
60°: w;=42 wy=—3; 70" w;=35, 0,=0; 80°: w;=28, wr=373;
90°: wy=27, wy,=4. The units are arbitrary.
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This average is in the thermodynamic limit equal to the
average over the spatial disorder { ) as P(h) is self-
averaging.*

The local random field k; consists® for Ising-type spin-
glasses or pseudo-spin-glasses like Rb,_ (ND,) D,PO,
where

i,j i

—and where J;; and A; are random variables—of two
different contributions:

hi:Ai+ zJijSizzhi,l—Fhi,Z . (35)

Here h; ;=A,; represents a temperature-independent local
random external field. In Rb,_,(ND,), D,PO, such a
field is induced by the random substitution of NH, ions

for the Rb ions.> It can be represented by a Gaussian dis-
tribution

1
V' 2mrA?
of variance A’ and zero mean.

The nonzero value of h; ,= 3, J;;S/ is due to ergodici-
I

P(A)= exp( —LA?/A?) (36)
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ty breaking on the NMR time scale. The random distri-
bution of coupling constants in a spin or pseudo-spin-
glass P(J;;) is as well usually taken as Gaussian

P(J;)= exp[ —(J;; —Jp)?/2T%] . (37)

1
V' 2rJ?
We shall discuss only systems where J, =0.

In contrast to P(A,;) the averaged static local field dis-
tribution P(h;,)=P(3;J;S/) will be temperature
dependent both above and below the spin-glass tempera-
ture T;.* At high temperatures P(h) approaches a
Gaussian distribution with a variance J 2+ A? which is a
sum of the variances of the local random-field distribu-
tion and the random exchange distribution. Above Tj;,
the distribution will be single peaked for A’=0. Below
Tg, it will be double peaked for the symmetric
Sherrington-Kirkpatrick (SK) spin-glass model thus ex-
hibiting a zero field dip.* In the presence of an external
random field, A%-£0, the transition is smeared> and P(h)
may be double peaked even above T§;.

The “external” random field A;, the Edwards-
Anderson spin-glass order parameter ¢ = (S?)2, and the
local field distribution P(h) are here related®® by two
coupled equations:

_ 1 e ~2%/2,1. 21 pF X 21172
=5 J T dzem  Mh?BTz(q +B ) (38)
N © B i X 212
P(h)= *\/l e FIN—an [T gy ot A B ., |k zf;/q“'”A ) ] (39)
2mJ l—gq e cthJ\/q—}-Az 2J “(1—gq)

Here J=JV'N and A2=A%/J 2

The local random-field distributions® P(h) for A%=0
and T/Tz=1.2,1.1 and 1.0, 0.9, and 0.8 are presented in
Fig. 3(a), whereas in Fig. 3(b) P(h) is shown for A 2=0.5.
For As40, g is different from zero even above T =J /k.
It should be noted that the above treatment is static and
that motional narrowing effects are neglected. For pro-
ton pseudo-spin-glasses this is not too bad of a approxi-
mation as the amplitude of the fluctuating part of the

A=0 Y

=05

FIG. 3. Comparison between the spin-glass-type (Ref. 5)
local-field distributions P(h) for different temperatures for (a)
A=0and (b) A=0.5.

|
random field is small in comparison with the static one.
This is a result of the fact that the transition is smeared
out by the presence of static random fields—induced by
substitutional disorder —resulting in a finite value of the
Edwards-Anderson order parameter far above the nomi-
nal transition temperature 7.

In the general case, however, the full dynamic spin-
glass problem has to be solved or one has to rely on the
methods developed in Sec. I1 and determine the quasistat-
ic g (p) and the fluctuating Ap (¢)* from the experiment.

A comparison between the experimental and theoreti-
cal Y¥Rb L—_1 NMR line shapes’® in

2 2
Rb,_,(ND,), D,PO, for x =0.5 at an orientation where

the linear term is dominant is shown in Fig. 4. Whereas
the line shape which reflects g(p)=P(h)dp/dh)!
shows a single peak at 121 K, it shows a double peak at
57 K. The agreement between the theoretical static line
shape and the experimental one is satisfactory.

A comparison between the experimental and the static
theoretical *’Rb 1 — — 1 NMR line shapes at c||H, where

the linear term is zero and the quadratic term is dom-
inant is shown in Fig. 5. The line shape shows the typical
singularity and can be fitted with T;=J/k =90 K,
A?=0.5J 2, and a nonzero Edwards-Anderson order pa-
rameter ¢ which varies from 0.14 at T =165 K> T; to
g=0.74at33 K<T;=90K.
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A =05
Ig = gUK

Experiment
——=—Theory

60K _~

121 K P/ AN

FIG. 4. Comparison between the experimental and theoreti-

cal ¥Rbs——1 NMR line shapes in Rb,_,(ND,),D,PO,

(x =0.5) for an orientation where the term linear in p is dom-
inantand T=57TK <Tgaswellas T =121 K> Tg.

The determination of the quadrupole perturbed NMR
line shape®®? in strongly disordered systems like spin
glasses or pseudo-spin-glasses thus allows not only for a
determination of the local random-field distribution g (p),
respectively, P(h) but also a determination of the
Edwards-Anderson spin-glass order parameter g.

FIG. 5. Comparison between the experimental and theoreti-
cal ¥Rb 1——1 NMR line shapes in Rb,_,(ND,),D,PO,
(x =0.5) for an orientation (c||H,) where the term quadratic in
p is dominant and different temperatures above and below T5;.
The pseudo-spin-glass transition is smeared out because of the
presence of the static random field A=0.5. Here we have

g=0.14 at T =165 K, ¢ =0.19 at T =140 K, and ¢ =0.55 at
T =60 K, whereas T is 90 K.
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APPENDIX A

Let us now derive expression (14b) using the fact that
the absolute value of the random variable p is 1 and that
p =p;+p, where p, stands for the static impurity-
induced part and p, for the time-fluctuating part due to
pseudo-spin-interactions. Taking into account expres-
sions (7) and (8) and p (t)*=1, we can write

Ap(t)i=1—p? (A1)
and

rowrrv B . .—1_— Lo , , y)

Ap(1)}:=1 [tg fo p(t')dt ] (A2)
Introducing

g,(t)=p(0)p(1), (A3)
we can rewrite (A2) as

3, 2 ploopr

Ap(=1- [ [ gdrdr . (A4)
Integrating per parts one finds

t
Ap(R=1—-2 [ *(to—t)g,(0)dt . (A5)

Lo

Assuming that g,(2) can be well described by a stretched
exponential® form of the autocorrelation function:

g,(t)=p7 +piexp[ —(t/7)°]
=p+4+(1—p?le—/7" (A6)
expression (AS) becomes
Ap (1) =[1=2(7/t)u(ty/7)](1—p?) (A7)
where
u(x)= fx(x —x")exp(—x *)dx’ . (A8)

0
Expression (30) can be now, e.g., for w};=0 rewritten as

flo)= f fg (ple ~'?% fazp t w22p2y22(:)d dt (A9)
where
1 p?
g(p)=-—2~;exp T | (A10)
— {1—-—fol(1-—-x)e /7o) dx](l —pT), (AlD)
2= [t —1"e =" a1’ . (A12)
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APPENDIX B

Here we would like to estimate the direct effect of the
nonsecular terms i, (1)=3,_ o H'" which were neglect-
ed in the evolution operator E(?) given by expression
(20a). Introducing the interaction representation #f ; ,(t)
and

7 _ 3 Y ¥ (gt
E'"(t)=exp | —i fo dt'Ff (¢ )] , (B1)
one finds
E"()=exp |— 3 Ht)(1—e"t')/lo, (B2)
1=+1,2

Neglecting terms oscillating at the Larmor frequency one
gets

E'=1— 3
l==%1,%2

H(t) /o) . (B3)

The resulting correction thus adds to the previously cal-
culated spectrum only a small part which covers the fre-
quency range of fluctuations of Ap(z). It is in compar-
ison to the main part reduced by the ratio between the
quadrupolar and Zeeman frequencies v, /o, <<1.

To stress the difference between the effect of £ and E
and to show when the effect of E is observable, it is
worthwhile to make an estimate of the exponential factor
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in the expression (25) which was previously obtained
from (21a):

2

o
exp ~exp |i—- ftp(O)p(t')dt’
@ 0

i fOtAw(t')dt’

(B4)

In the very slow motion regime w37/w; > 1 and Eq. (B4)
reduces to

02

i-—-g-—p 2¢
ar

exp (B3)

resulting in a frequency shift (wg /w; )p®. As soon as the
motion becomes faster and 1> w37/w; the approxima-
tion (BS5) is valid only for t <<7. For ¢ >>T one can ap-
proximate (B4) by a time-independent constant

g
exp [i—171 |, (B6)
@
and for even faster fluctuations w,7~1 by
g
14i—=71. (B7)
O
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