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Scale and conformal invariance in Chern-Simons-matter field theory

Wei Chen
Department of Physics, University of Utah, Salt Lake City, Utah 84112

G. W. Semenoff
Department of Physics, University of British Columbia, Vancouver, British Columbia, Canada V6T 2A6

Yong-Shi Wu
Department of Physics, University of Utah, Salt Lake City, Utah 84112
(Received 17 December 1990)

We study perturbative renormalization of D=3 Chern-Simons gauge theory coupled to scalar and

fermionic matter.

We show that in the non-Abelian case the coefficient of the Chern-Simons term has

infinite renormalization and that both the matter and the non-Abelian gauge fields acquire nonvanish-
ing anomalous dimensions at the two-loop level. However, the two-loop B function of the gauge cou-
pling always vanishes, indicating that scale and conformal invariance survive quantization and infinite

renormalization.

The action of a generic P- and T-violating gauge theory
in D =2+ 1 dimensions contains a Chern-Simons term [1]

1cs=—ifd3xe“"x ;—AgavAf+56‘lf“bfAﬁAeA§ .

where % are structure constants of the gauge group G.
This term contains no dimensionful parameters and no
reference to the metric and is therefore invariant under
spacetime diffeomorphism. Pure gauge theory with action
(1) is known to be a finite topological field theory [2,3].
However, physical applications of Chern-Simons gauge
theory almost inevitably require coupling to dynamical
matter fields. (It is known that this coupling transmutes
the spin and statistics of matter fields [4,5]. The resulting
phenomena are conjectured to have physical realizations
in the quantum Hall effect [6] and high-temperature su-
perconductivity [7].) This coupling of ordinary matter to
a topological field theory certainly breaks the diffeo-
morphism invariance and yields metric-dependent dynam-
ics. A remaining issue is the fate of other symmetries
such as (large) gauge invariance and, when the matter ac-
tion has no dimensional parameters, scale and conformal
invariance. More precisely, what is at issue is whether
these symmetries survive quantum fluctuations or renor-
malization; for example, conjectures have been made in
the literature about a possible renormalization-group flow
[8] of the “statistics parameter,” which clearly implies a
breakdown of scale and conformal invariance by radiative
corrections. To clarify this issue, unlike the familiar situ-
ations in (34 1)-dimensional spacetime, one has to go to
at least two loops; this is because, in (2+1)-(odd-) dimen-
sional renormalizable gauge theories, superficially diver-
gent one-loop diagrams always become cutoff independent
in any gauge-invariant regularization scheme. In this
Rapid Communication we report on our recent results of a
systematic perturbative two-loop investigation, in particu}
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lar for the non-Abelian cases. (The details need a much
longer presentation and will be published elsewhere.)

A Chern-Simons gauge theory with minimal coupling
to matter is power-counting renormalizable. Convention-
ally, the emergence of anomalous dimensions of various
fields and nonvanishing § functions that lead to a running
coupling constant render the naive scaling Ward identities
anomalous [9). For an Abelian theory coupled to a mas-
sive scalar and fermion, a no-renormalization theorem
[10,11] assures that the Chern-Simons action is not renor-
malized at all beyond one loop (including the finite part).
This implies that both the anomalous dimension of the
gauge field and the 8 function for the gauge coupling must
vanish. Coupling massl/ess matter induces a finite correc-
tion to the Abelian Chern-Simons term at two loops
[11,12]. Furthermore, as we will show below, the matter
fields also acquire nontrivial anomalous dimensions at two
loops.

For a non-Abelian theory coupled to matter, a one-loop
investigation (with a bare F? term) has been carried out
by Deser, Jackiw, and Templeton [13]. In contrast with
the Abelian cases, in our recent two-loop investigation as
reported below, we find nonzero anomalous dimensions for
the non-Abelian gauge fields as well as for the scalar and
fermion fields. On the other hand, the two-loop B function
for the gauge coupling is shown to vanish due to delicate
cancellation between renormalization constants. This in-
dicates that the classical scale and conformal Ward iden-
tities are modified merely by anomalous dimensions.
These results of ours involve only divergent renormaliza-
tion parts and therefore are valid both for massless and
massive matter. Other theoretical implications will be
discussed later. .

We first consider the Chern-Simons gauge theory cou-
pled to a massless scalar field with the scale-invariant bare
Euclidean action
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where 7%= — (T%) " are generators of the representation of the Lie algebra of G carried by the scalar and we have fixed a
relativistic gauge 9,47 =0 with ¢ and ¢ the Faddeev-Popov ghosts. This model contains no dimensional constants and is
therefore strictly renormalizable and requires regularization. We introduce renormalization constants,

S=f [z¢|a,,¢|2+z,;g[(A,,¢)*a,,¢+ (3,0%)A,01 + (Zé')gzlAuqblz—%ZAG“""A{{BVA;Z’
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where all fields are now renormalized fields. The Slav-
nov-Taylor identities give

2. =(2)/Z,, (4a)
ZilZy=Z /7, =2Z,/Z;, (4b)

which must be obtained in any gauge-invariant regulari-
zation scheme. We will also work in the Landau gauge
y— 0, where the gauge interactions are free of infrared
divergence [1,3].

Various gauge-invariant regularization schemes can be
considered. For example, one could introduce a Maxwell
or Yang-Mills term (1/4A)(Fg,)?, where A is a dimen-
sional parameter which acts as the cutoff. This is called
F? regularization [3,11} and renders the regularized
theory super-renormalizable [13]. This regularization
complicates the rather simple Feynman rules of the pure
Chern-Simons term so that higher-order computations are
less accessible. We will use a more elegant regularization,
i.e., the regularization by dimensional reduction intro-
duced in Ref. [3]: One performs a dimensional continua-
tion of the integration measure in all Feynman integrals,
but the vector and tensor quantities including ¢*"* which
appear in the numerators of Feynman integrands are al-
ways treated as if they are strictly three dimensional.
Though there is no a priori reason to believe that this pro-
cedure is gauge invariant, in all cases we have examined it
is. Previously it was shown to be gauge invariant in pure
Chern-Simons gauge theory to three loops [3]. In fact,
with this regularization the pure Chern-Simons theory has
been proven to have no renormalization at all to three
loops, and it is conjectured that it has no renormalization
to all orders [3]. For the cases at hand, we have been
careful to verify the Slavnov-Taylor indentities whenever
possible.

At one loop, we have checked explicitly that in the di-
mensional reduction scheme there is no renormalization of
the vertices in (3), from either the matter or the gauge-
field couplings. Thus all renormalization constants Z; can
be chosen as Z; =1 to one-loop order {14]. This is in
agreement with Ref. [13]. In particular, with our dimen-
sional regularization there is no shift in the Chern-Simons
coeflicient at all and the mass squared counterterm for the
scalar field 8m?2=0, while the former is finite and the
latter is linearly divergent in, e.g., F? regularization.

At two loops, the Feynman graphs can be classified into
three sets— those which vanish identically before perform-
ing any integrations, those which vanish or at least give
finite results after performing one or more of the integra-
tions {in all cases this happens solely because of Euclidean
rotation invariance of the integral), and those which have
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divergent parts. We confine ourselves to divergent graphs.
The relevant Feynman diagrams are presented in Figs.
1(a)-1(d), respectively. Under the minimal subtraction
they yield the divergent parts for relevant renormalization
constants:
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where (8% =fadfbed  C\§%=Tr(T°T?), and «I
=T9T° We normalize 77 so that Tr(TT?)=— 1 5% in
the adjoint representation. Furthermore, we verify that
Z, is finite, in agreement with a general theorem [15] that
the gluon-ghost-ghost vertex is finite and one can always
choose Z, =1. These divergent parts of the renormaliza-
tion constants are computed independently and respect
the Slavnov-Taylor identities (4b). This nontrivial check
verifies that the divergent parts of vertices which we com-
pute by dimensional reduction are compatible with gauge
invariance.
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FIG. 1. Relevant divergent two-loop Feynman diagrams for
(a) ZA, (b) Zgh, (C) Zg, (d) Z,,.
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Thus, the bare and renormalized fields are related by
logarithmically divergent renormalization. (5a) and (5d)
give the corresponding anomalous dimensions

4
TA(3)=—T§;2’CIC2,
4 (6)
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7

(These quantities, though gauge dependent, will appear in
the anomalous scale Ward identities and in the calculation
of anomalous dimensions for gauge-invariant composite
operators.) By using (5a) and (5c¢), we find that a cancel-
lation leads to a vanishing g function for the renormalized
coupling constant g =gon/2/Zg:

B:(g)=0. 7)

We conjecture this is true to all orders in perturbation
theory. This indicates that the physical gauge coupling
constant does not run at all, though the theory needs
infinite renormalization. An argument similar to that in
D =4 in Ref. [16] shows that (7) also implies the confor-
mal invariance when charged matter is massless.

Similar results are also obtained for the Chern-Simons
theory coupled to massless fermion: We find exactly the
same formulas as Eqgs. (5a)-(5¢) for the divergent parts
of renormalization constants in the fermion case, but

4
ZW=I+#K(K+%C2+§—C1)ﬁ. (®)
In passing we note a simple criterion for checking whether
or not the B function vanishes: Since Z; are finite in pure
Chern-Simons theory, (4b) implies no infinite renormal-
ization for gg if and only if the divergent contributions
from matter loops satisfy

8Z4==20Zg or8Z,=—38Z,. )

(At two loops only one divergent diagram contributes to
5Zgh.)

For an Abelian theory, we take f%°=0 and T9=—i;
then, by minimal subtraction,

Za=1, (10a)
4
Z¢=Zé=1+—1g—2—ﬁ, (10b)
PRy
4
_ 1
Zw—1+T§”—23_w (10c)

While (10a) is known before [10,111, Egs. (10b) and
(10c) are our new results,

Since ultraviolet divergences of a gauge theory are in-
dependent of whether the coupled matter is massless or
massive, our results are valid also for massive matter, as-
suming there is no bare F2 term. In fact, in a massive
theory our results for Z; are the same as if one uses
Weinberg’s zero-mass renormalization scheme [17].
However, note that while massless matter does not induce
a finite Maxwell or Yang-Mills term, massive matter
does. If an F? term is incorporated in the action (3), the
theory becomes super-renormalizable and our results can
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be used to derive the leading-logarithmic terms in the
large-gauge-boson-mass limit, since the F? term may be
viewed as a regulator for the theory without it. We also
note that though in Chern-Simons theories finite radiative
corrections are regularization method dependent [1,3,
12,131, our result on the vanishing B function is expected
to be both gauge invariant and regularization indepen-
dent.

Our two-loop results have interesting and significant
implications. First, Eqs. (5a) and (5¢) show that the
non-Abelian gauge fields acquire an infinite renormaliza-
tion from coupling to either massless or massive matter.
Unlike in the Abelian case, the coefficient of the Chern-
Simons terms acquires infinite renormalization even from
massive matter fields.

The bare non-Abelian coupling satisfies a topological
quantization condition [1] 4x/g§ =integer, because of the
invariance of (1) under large gauge transformations. It is
widely believed but not a priori clear to us [18] that the
same topological quantization condition should be respect-
ed perturbatively by the renormalized (or, more precisely,
physical) coupling constant g. Though our vanishing §
function is consistent with a topological quantization con-
dition for g, the latter also requires nonrenormalization of
g beyond one loop including the finite part, which is to be
verified yet in Chern-Simons theory coupled to matter
[19).

It is remarkable that in all cases we have examined,
Abelian and non-Abelian, coupled to massless or massive
matter, which can be either scalar or fermion, the g func-
tion for the Chern-Simons gauge coupling always van-
ishes, and the “statistics parameter” gé/4x is independent
of the renormalization scale. Thus far there seems to be
no unified understanding of this remarkable result: The
no-renormalization theorems do not apply to the non-
Abelian cases, while the topological quantization does not
apply to Abelian cases. We speculate that the survival of
scale and conformal Ward identities is somehow related to
the fact that the kinetic Chern-Simons action (1) is a to-
pological action. It is known that classical Abelian
Chern-Simons gauge fields coupled to quantum-me-
chanical massive point particles are nonpropagating in the
sense that, at fixed time, they can be eliminated in terms
of charged currents. While the appearance of anomalous
dimensions of field operators in the Abelian theory would
seem to imply that at the quantum level the Chern-
Simons fields cease to be entirely nondynamical when cou-
pled to matter fields, the fact that the gauge coupling does
not run indicates that the essential nondynamical role of
transmuting the statistics of particles survives and is scale
independent. This latter property may render these
theories at least partially solvable [20].

Our results have implications for the statistical models
whose critical behavior is described by the continuum
matter-coupled Chern-Simons theory. Since the 8 func-
tion for the coupling vanishes, the critical behavior is
governed by a one-parameter family of theories specified
by the gauge coupling. Topological quantization implies
that each integer 47/gd specifies a universality class [21].
Furthermore, the Chern-Simons interactions generate
anomalous dimensions for operators and therefore modify
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critical exponents of the theory. It would be interesting to
compute the anomalous dimensions of composite gauge-
invariant operators.

Note added. Since this paper was written there have
been numerous studies of surface states and hierarchy
states in fractional quantum Hall systems using non-
Abelian Chern-Simons theory. These include J. Frohlich
and A. Zee, Santa Barbara Report No. NSF-ITP-91-31
(unpublished), E. Fradkin and M. Lopez, University of II-
linois report (unpublished), A. Balatsky and E. Fradkin,
University of Illinois report (unpublished), E. Verlinde,
Princeton Report No. IASSNS-HEP-90/60 (unpub-
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lished), and X.-G. Wen, Princeton Report No. IASSNS-
HEP-90/70 (unpublished). These models are all, in prin-
ciple, coupled to matter and the renormalization flow of
the couplings and induced anomalous dimensions of
operators which we have computed for some examples in
the present paper are important characteristics of the crit-
ical behavior of these systems.
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