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Eigenstates of N excitons and one hole 
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We solve for the eigenstates and energy eigenvalues of N immobile Frenkel excitons (a rel­
atively trivial proposition) and of N such excitons plus one hole (which for large N can only 
be done in one dimension). We also guess that a charged globule, consisting of N excitons 
and O(N) holes, can be stable if, in any number of dimensions, m: for holes is much larger 
than m: for electrons. 

INTRODUCTION 

This paper deals with excitons and holes (or elec­
trons) in a certain limiting approximation in which 
the many-body problem can be solved in closed 
form. First, the excitons normally thought of as 
bound electron-hole pairs are so strongly bound that 
the electron in the conduction band and the hole in 
the valence band must reside on the same atomic 
cell. In this limit the composite particle is a Frenkel 
exciton.! We investigate what happens when two or 
more such excitons are present, especially when one 
or more extra holes are introduced. 

The case of two or more such excitons is trivial 
and solvable in any number of dimensions (d). The 
"trion" (one exciton and one extra hole or electron) 
can also be solved in any d, as shown in an earlier 
publication.2 The "penton," "septon," etc., can be 
solved only for d = 1 by a method of transfer ma­
trices that we outline in the present paper. We find 
an interesting result in this case, viz., one extra hole 
can bind any number of excitons in one dimension 
OD). 

The method is reminiscent of, yet differs from, 
Bethe's ansatz, the currently popular tool3 in one­
dimensional many-body problems. 

We start by the study of excitons, then excitons 
plus one hole (under the assumption that the con­
duction bandwidth exceeds that of the valence 
band-the usual situation; otherwise, excitons + 1 
electron), and finish with a conjecture concerning N 
excitons + P holes, where P = 0 (N). 

EXCITONS ONLY 

We note that if the motional energy is entirely due 
to the one-body matrix elements constituting the 
conduction and valence bands, then the tightly 
bound exciton is incapable of motion because the in-
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termediate state, where the electron is ahead of the 
hole or vice versa, is prohibited. This is illustrated 
in Fig. 1., reproduced from Ref. 2. The many­
exciton state is then, simply, 

N t N 
IRI>R 2, ... ,RN )=II(Cjvj)IO) =IIe11 0), 

j=! j=! 

(l) 

where 10) is the ground state (filled valence band, 
empty conduction band), c} creates an electron in 
the conduction band at site R j , and Vj destroys an 
electron (i.e., creates a hole) in the valence band at 
the same site; e} is the composite operator which 
creates an exciton there. State (l) is independent of 
dimensionality. We are ignoring spin variables here 
and throughout for simplicity. 

We also note that if certain two-body translational 
matrix elements are included,4 an exciton at R j can 
move resonantly to a neighboring site Rm with ma­
trix element W(R jm ). The Fourier transform of this 
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FIG. 1. Demonstration of the impossibility of motion 
of a Frenkel exciton with only one-body transfer-matrix 
elements. 
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quantity, W(k), is the motional energy of the exci­
ton of wave vector k. Its wave function on a lattice 
of L sites can be characterized as 

I k)=L -112 ~ 4/r . It j I O)=ell 0) (2) 
all j 

The many-body state cannot now be written as 
IT ell 0) because of the effective "hard-core" in­
teraction prohibiting two excitons from occupying 
the same site. In ID the many-exciton state is ex­
pressible in terms of the complete set (1) as 

Ikl>k2' ... )=~~··· ~D(kl>k2,···IRI>R2,.·.)IRI>R2'.·.) , (3) 
R\ R2 

where D ( k 1>. • • I R 1> •.• ) is a determinantal func­
tion. Here, as in two dimensions (2D) or three di­
mensions (3D), the many-exciton problem maps ex­
actly onto the well-studied X-Y model5 for spins of +, in which guise it has received much attention 
lately.6 We note that the energy eigenvalue of (3) is 

Etotal = ~ W(kj ) • (4) 
k; 

The eigenstates of two excitons can be found in arbi­
trary d by transforming to center-of-mass coordi­
nates and using a Green-function technique. We 
have nothing more to say about this and turn our at­
tention now to the novel cases. 

N EXCITONS PLUS ONE HOLE 

We examine this problem in ID, setting the 
motional energy W (or Wi to zero. Thus there is no 
interaction between an exciton and a hole beyond 
that due to the motion of the electron from the exci­
ton to the hole when they are neighbors. 

We fix the N excitons at nl>n2, ... ,nN with m the 
position of the hole to the left of n I 
(m <nl <n2, .. . ). We identify N +1 sectors, de­
pending on the subsequent position of the free hole. 
Sector 1 has m <nl, sector 2 has nl ~m <n2, ... , 
and finally, sector N + 1 has m ~ nN. The exclusion 
principle prevents an extra hole being present at the 
sites of the excitons (so m =nl or n2, etc. is forbid­
den) although, as is obvious, these sites change by 
± 1 whenever an electron has the opportunity to 
jump to a nearest-neighbor free hole. 

We assume that - V is the matrix element for the 
transfer of a particle in the valence band from any 
given site to a neighboring site, and - C is the same 
for the conduction band. (mh ex: l/V and m: ex: 1/C 
are the respective "effective masses," but we do not 
use these except for illustrative, qualitative pur­
poses.) 

For m =fonj - 1 and nj -\> the equation of motion is 

(5) 

We denote the amplitude of a hole in sector i by 
Fj(m), and E is the energy eigenvalue, 

At m = nj -I the hole is on the same site as the 
electron, therefore the extra hole must be at 
n j _ I - I. The special equation in that case is 

- VFj(nj_1 + I)-CFj_l(nj_I-I)=EFj(nj_l) . 

(6) 

Similarly, when m =nj -1, 

- VFj(nj -2)-CFj +I(ni )=EFj(nj -I) (7) 

Equations (6) and (7) can be cast in the form of (5) if 
the following conditions are met: 

CFj+,(nj)= VFj(nj) 

and (8) 

VFj + I(nj -1 )=CFj(nj -1) 

From (8) one can construct 2 X 2 "transfer matrices" 
as follows. 

BOUND STATES 

In region 1, 

FI(m)=al exp[A.(m -nl)] 

with A. > 0, while in successive regions, 

Fj(m)=aj exp[A.(m -nj)] 

+bl exp[ -A.(m -nj)] , 

until at the end, 

(9) 

(10) 

FN+I(m)=bN+ 1 exp[ -A.(m -nN)] (11) 

Thus let us define the vectors ~j as follows: 

in terms of which (8) becomes 

£;I+I=L;I , 

where £ and L are 2 X 2 matrices: 

£= A(n.-n·+I-IJ -A(n.-n.+\-t) e J Ie' , 

(12) 

(13) 

(14) 
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for i <N, and for ~N setting nN +' =nN in the 
above. We write 

(15) 

v v 

for all i ~N. In the above, we have used v= VIC as 
the bandwidth ratio parameter. In Ref. 2 we have 
shown that the trion (N = 1) has a bound state for 
o ~ I v I < 1. We now can find bound states for arbi­
trary N. The energy is 

E=-2VcoshA. , (16) 

making use of Eq. (5), but there may be many roots 
A. obtained as the solutions of the two equations in 
two unknowns, a, and bN +" 

Ib:+, 1 ~SN'Tn!iN~,IN-, ... ~,'1", la~ 1 
(17) 

The first nontrivial result comes at N =2. Figure 2 
shows the solutions of the above equation as a func­
tion of the size of the penton, n 2 - n ,. At large 
separation the upper bound state and the lower one 
merge at a common value, that of the trion bound 
state. It is easy to understand that at large separa­
tions the penton breaks up into either of two degen­
erate trions: one at n, with a free exciton at n2 or 
one bound trion at n 2 with the free exciton at n ,. 
However, at finite separation the lower of the pen­
ton states is stable against breakup into a trion + an 
exciton. 

SCATI'ERING STATES 

For E in the range -2V <E < +2V, a hole is 
merely scattered by the assembly of excitons at 
n "n 2, •.• , and the appropriate quantity to calcu­
late is the transmission (or reflection) coefficient. 
This is achieved by making the following obvious 
substitutions in the matrices: A. is replaced by iq, E 
in (16) becomes -2Vcosq, and the initial and final 
vectors are 

(18) 

and 

(19) 

replacing those in (17). The initial and final phases 
e and ifJ, and the reflection and transmission coeffi-

E 

2V ~~~~~~~~~ 

••• • .......... (CONTltvUUj;;) •••••• •••••••• 

-2V 

2C 

FIG. 2. Energy of the two bound states of the penton 
(2 excitons+ I hole) calculated as function of the interex­
citon distance n 2 - n I. Lower bound state is absolutely 
stable against breakup into a trion + I free exciton at 00, 

whereas upper bound state is unstable against this break­
up. Note that the greatest binding energy of the lower 
bound state occurs at minimum allowable separation, 
n2- n l=1. 

cients rand t, are now found as functions of q 
(hence of E) from the equation 

;N+,=~'I.N··· ~1'I.,;, . (20) 

As the general case depends on the positions 
n "n2, ... , nothing further can be said in all gen­
erality. But the special case V = C (v= 1) is solvable 
by inspection. We set all Fi(m)=F(m) independent 
of sector i, and obtain the solutions of a free particle 
as follows: 

F(m)=e iqm 

with 

E=-2Vcosq , 

(21) 

(22) 

quite independent of the number N of excitons. 
Thus, the hole and the excitons are mutually tran­
sparent. A similar result follows for two or more 
holes, from which we may conclude that if the prob­
lem were describable by an effective potential its 
depth would be proportional to 1 - v or C - V. 
Now, in ID or in 2D, an attractive potential always 
has a bound state, but in 3D or higher dimensions 
bound states exist only if the potential exceeds a 
critical depth. 

COMMENTS AND CONCLUSIONS 

From the above the following is obvious: 
(1) The lowest bound state of 1 hole + N excitons 

lies lower than the lowest bound state of 1 
hole + (N -1) excitons + 1 exciton at 00. 

(2) If one hole binds N excitons, two holes will 
bind almost twice as well, three almost 3 times as 
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well, etc., until the Fermi energy and the Coulomb 
repulsion of P holes makes for diminishing returns. 
Suppose the attractive energy is -ANP and the 
repulsive forces plus the Fermi energy is + BP2 with 
A and B two constants. It follows that the 
minimum-energy charged "globule" will have 
P = (A / B)N holes, possibly a substantial fraction of 
N. This notion, that charged globules of excitons 
and holes might behave as stable particles, should 
supplement the electron-hole plasma theory pro­
pounded by several previous authors.7 

We have not succeeded in solving the challenging 
generalization of the many exciton + 1 hole problem 
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in 2D or 3D (except for N = 1, see Ref. 2), but 
perhaps there the qualitative analogy with attractive 
potential wells may serve. Nor have we been able to 
include the motional energy W of the excitons for 
N > 1. The solution for N = 1 is given for arbitrary 
d in a separate publication.8 
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