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1 Abstract

This paper presents a lattice structure for adaptive Volterra sys-
tems. The stucture is applicable to arbitrary planes of support of the
Volterra kernels. A fast least squares lattice and a fast QR-lattice
adaptive nonlinear filtering algorithms based on the lattice structure
are also presented. These algorithms share the fast convergence prop-
erty of fast least squares transversal Volterra filters; however, unlike
the transversal filters they do not suffer from numerical instability.

1 Introduction

In this paper we present computationally efficient and numeri-
cally stable algorithms for recursive least squares adaptive nonlinear
filters. The nonlinearity is modeled using a second order Volterra
series expansion [11] of the input signal. (There is no loss of gener-
ality in the choice of a second order nonlinearity; it merely simplifies
the presentation.) Adaptive nonlinear filters where the nonlinearity
is modeled using low order Volterra systems have several applica-
tions, including channel equalization and noise cancellation in high
speed communication systems, modeling biological phenomenon, im-
age processing, and several others.

In the Volterra series representation of systems , which is an
extension of linear system theory, the output y[n] of any causal,
discrete-time, time-invariant nonlinear system can be represented as
a function of the input sequence z[n] using the Volterra series expan-
sion
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where hy(my,ma,+--,m,) is the p — th order Volterra kernel [11)
of the system. One can think of the Volterra series expansion as a
Taylor series expansion with memory. A nonlinear system that can
be represented by a Volterra series is completely represented by its
Volterra kernels. Without loss of generality, we will assume that
the Volterra kernels are symmetric, i.e., hy(my,mg,- -, mp) is left
unchanged by any of the possible p! interchanges of the arguments
my, M2, -, Mp.

Possibly because of the extremely complex nature of the nonlin-
ear filters, very little work has been done in adaptively tracking the
time varying coefficients of such filters. Most of the work in adaptive
Volterra filters is very recent and many of them [3, 5] employ the LMS
algorithm or its variations. Unfortunately, such filters have conver-
gence rates that are too slow to be useful in many applications. More
recently, Mathews and Lee [8] presented a fast algorithm for recursive
least-squares (RLS) adaptive Volterra filters. Their work translated
the nonlinear filtering problem into a multichannel filtering problem
and then used ideas employed for developing fast multichannel RLS
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adaptive filters for their derivation. While this algorithm provides
good convergence and tracking properties, it, like most other fast
transversal adaptive filters, suffers from problems with numerical in-
stability.

In this paper, we will present two algorithms for fast adaptive

least squares lattice second order Volterra filters. The structures
presented here can be easily extended to higher order nonlinearities.
The first algorithm extends the notion of traditional least squares
lattice linear filters to the nonlinear case. The second algorithm is
implemented solely using Given’s rotations and is therefore expected
to exhibit better numerical stability than the first algorithm. This al-
gorithm is similar in its development to the QRD-based fast adaptive
RLS linear filters that have been recently developed [2, 9, 10]. We
believe that both algorithms for lattice Volterra filtering are novel.

The lattice structure presented in this paper is based on the ear-
lier work by Ling and Proakis [7] on multichannel lattice filters and
is different from nonlinear lattice structures available in the litera-
ture [5, 6] in the sense that the structure can be applied to Volterra
systems with arbitrary input signals and arbitrary shapes for the
Volterra kernels. The lattice filter structures in [6] are applicable
only to systems with very special shapes for the Volterra kernel and
the structure presented in [5) required that the system be Gaussian.
The predictor structure in out filter is similar to that in [12].

The rest of the paper is organized as follows: The lattice fil-
ter structure for Volterra systems and the first least squares lattice
adaptive Volterra filtering algorithm are presented in section 2. The
QRD-based adaptive filter is presented in section 3. Finally, the
concluding remarks are made in section 4.

2 The Fast RLS Lattice Adaptive Volterra
Filter

Consider the problem of recursively estimating the desired signal
d(n) as a truncated second order Volterra series expansion in the
primary input signal z(n) such that the exponentially weighted sum
of squared errors
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is minimized. In equation 2 &m,(n) and by, m,(n) are the linear
and quadratic coeflicients, respectively, of the second order Volterra
filter. Also, 0 < A < 1 is the parameter of the exponential window
that controls the rate at which the adaptive filter tracks time varying
parameters.

Let us define the input vector X, (of size N(N + 3)/2) at time
7 as

Xo = [2(n), 2%(n), 2(n-1),2%n~1),z(n)a(n~1), -, z(n)z(n - N+1)]T,

®)

where ()T denotes matrix transpose of (-). Let us also define the
coefficient vector as

W, = [a1(n), bia(n), a(n), boa(n), bia(n), -, by yoa ()T . (4)
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Using the above matrix definitions in equations 3 and 4 we can
rewrite equation 2 more compactly as

Ev(n) = D AV H(d(k) - WEXR)? . (5
k=0
The optimal solution to the problem is given by
Wn,opt = Qf—zIPﬂ ? (6)
where n
Q= Y3k XT (7
k=0
and N
Po= Y Ak Xd(k), (8)

k=0

From the above problem formulation it is relatively easy to see that
we can treat the nonlinear least squares estimation problem as a
multichannel linear LS estimation problem with N +1 channels. The
adaptive filter inputs at time n from the N + 1 channels are z(n},
2¥(n), z(r)z(n ~ 1), -+, z(n)z(n — N 4+ 1). The adaptive filter uses
N coefficients for the first two channels that correspond to z(n) and
22(n), N — 1 coefficients for the third channel which corresponds to
a(n)z(n—1), N — 2 coefficients for the next channel and so on till it
uses a single coeflicient for the last channel.

The lattice implementation of a second order Volterra filter with
N — 1 delays has N — 1 stages in the predictor section. The way
in which our lattice structure differs from usual multichannel filters
is that the different predictor sections have different number of co-
efficients. Each predictor stage is a lattice of one dimension greater
than the preceding stage. The first stage is a 2-channel lattice stage.

A basic description may be made as follows: The problem that
we are interested in is that of estimating the desired signal d(n) as a
linear combination of the following samples:

z(n) z(n—1) z(n— N +1)

z}(n) z¥n-1) - z?(n— N +1)

z(n)z(n—-1) -+ z(n—N+2)z(n—1N +1)
<o z{n=N+3z(n—N+1)

z(n)z(n - N +1)
)
The lattice structure first creates a set of N orthogonal vectors
b;(n), i = 0,1,2,---, N — 1. These vectors span the linear space
spanned by the elements of the input matrix X. b;(n) is a vector of
i+ 2 elements and is obtained as the optimal least squares backward
prediction error when the vector

[e(n = i), 2%(n = i), o(n — i+ Va(n - i), z(n)z(n - )T (10)

is estimated using the elements of columns 0 through i — 1 of X.
(bo(n) is defined as [z(n),z%(n)]T) In order to compute by(n) effi-
ciently we also need to compute a set of N forward prediction error

vectors fi(n), ¢=0,1,2,---, N~1defined as the {+2 element vector
obtained as the least squares forward prediction error in estimating
the vector

(2(n), 2%(n), z(n)z(n — 1), a(n)z(n — 2), -+ z(n)a(n - ) (11)
using the elements of the matrix

z(n—1)
z3(n-1)

z(n—2)
z?(n —2)
z(n—1)z(n - 2)

z(n—1)
A
z(n—i+ lz(n—-1
z(n—i+2)z(n—1) (12)

z(n — 1).z(n — i)

Note that at each stage one additional forward prediction error and
a backward prediction error, both corresponding to z(n)z(n — i) for
the i — th stage, have to be computed since the dimension of each
stage is greater than the preceding stage by one. These additional
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computations have to performed outside the basic lattice predictor.
Once the computations of the backward error vectors are performed,
the elements of these vectors can be linearly combined to get the best
estimate of the desired signal d(n). The complete algorithm is given
in Table 1.

Table 1: THE FAST RLS LATTICE ADAPTIVE VOLTERRA
FILTER R

INITIALIZATION

ao(-1)=1,0)=*(0)=61L,8 > 0

a;(0)=1, j=0,1,2,--,N +1
bo(n) =fo(n) = Y(n) = [2(n) , 2*(n)]"
eo(n) = d(n)
rf(r) =1}(r) = Ml (n — 1) + Y(n)Y" (n)
n) = e(m)a(n-j+2); §=3,4,, N +1

DO1TO 18 FORn=1 ONWARDS
DO1TO 16 FORi=2,3,---,N

k() = Ns_y(n = 1)+ by_g(n = DEp(n)/aina(n=1) (1)
f;-1(n) =f;_5(n) = ki1 (n)ri’a(n — Db;_a(n — 1) (2)
Bi_a(n) = by_s(n — 1) = k;_y (ML (n)f;_o(n) ®)
ai—1(n) = ai_a(n) — bl ()12 (n)bi_s(n) (4)
i) = MLy (- 1) + iy (1 (n)/aia(n 1) ®)
£ty (n) = Ay (n = 1)+ byoy (W4 (n)/ i1 (m) )
K2 (n) = XKE_ (n — 1) + ei-2(n)bi_y(n)/ei-2(n) W)
ei-1(n) = ei_a(n) — ki (M)rly(n)bi—a(n) ®
DOYTOWWFORj=i+1,.-- N+1
B 1) = MY (= 1) 4 bio(n — D) aicaln = 1) (9)
19 = 195m) — B9 e = Dbes(n = 1) (10)
B0 = T - ) + @) ek -1 (1)
W m) = £ ) — KT (5 (m)-a(n) (12)
fi_a(n) = [y (n) SO @) (13)
bi-s(n) = (b1 (n) ()T (14)
() =y (n = D+ oy (m)/esa(n=1) (15
r2_y(n) = Arb_y(n — 1)+ by_y (M7 (n)/ia(n) (16)
K3/ (n) = Nk (n = 1) + en_1(n)by_y (n)/aw-1(n) (17)
en(n) = en_1(n) — K& (RN (R)by—1(n) (18)

3 QR-Decomposition Based Adaptive Lat-
tice Volterra Filter

In the previous section we presented an adaptive lattice second order
Volterra filter. The filter consisted of a cascade of lattice sections
with increasing dimension and the first section being a 2-channel
lattice stage.

Cioffi [2] recently introduced a fast QR-Decomposition (QRD)
based algorithms for RLS linear adaptive filtering. The key idea
is that every operation in these algorithms is implemented using nu-
merically stable Given’s rotations and therefore the adaptive filtering
algorithms are guaranteed to be numerically stable. Furthermore,
the algorithms are amenable to implementation using array archi-
tectures. Following up on Cioffi’s work, Regalia and Bellanger [10]
and Proudler et al. {9] have introduced QRD-based adaptive lattice
linear filtering algorithms.

We have developed a QRD-based multichannel lattice algorithm
for RLS adaptive filtering. We can use this algorithm to implement
the lattice sections of the adaptive Volterra lattice filter we developed



in the previous section, instead of the conventional multichannel lat-
tice algorithm. The algorithms are fundamentally similar. There ex-
ists a duality between the two algorithms [10] which arises because
both algorithms are based on identical geometrical principles. Upon
solving the N** order estimation problem, both methods provide so-
lutions to all lower order problems. Also, both methods exploit the
forward and backward linear prediction to reduce computation. Both
methods carry out a QR-decomposition of the associated matrix; the
conventional lattice algorithms apply Gram-Schmidt orthogonaliza-
tion procedures to the data to generate an orthogonal basis set, viz.,
the backward prediction errors. On the otherhand, QRD-based al-
gorithms use Given’s rotations to triangularize the data matrix.
We will now present a brief description of the ideas used for de-
riving fast, RLS, QRD-based second order lattice Volterra filter. For
simplicity of notation, we will use the following notations:

5(n) = [e(n), W2a(n ~ 1), AOV2(DT (13)
Xgi(m) = [e()z(n — i), -, A" 2(Da(1 - )T (14)
and X(i,n) = [5(n - i), xg0(n — i), 5 (). (15)

Note that X(¢,n) is a matrix of ¢ + 2 columns.
coefficient vector as before and let

d(n) = [d(n), \V?d(n = 1), -, A" 2d(1))T (16)
be the desired response vector at time n. The problem can then be
reformulated so that the squared norm of the error vector defined as

e(r) = d(n) - [X(0,), X(1,n),- -, X(N = 1,m)]W,,  (17)
is minimized. In the QR-RLS algorithm [2], an orthonormal matrix
@QnN,» triangularizes the data matrix such that

Let W, be the

QN,"[X(O,H),"‘,X(N - 1’")] = [ Sfrn ] ’ (18)

where Sy, is an N(N +1)/2 X N(N +1)/2 upper triangular matrix
in the sense that small

S P-1) SP.(P-1) AP - 1)

s (p-2) 5O (P-2) 0
SNa = : : : (19)
5P 5P 0
s$.(0) 0 0
where P = N(N + 1)/2. Let
Qs = &1 ()

where d(n) has P elements. It is straightforward to show [4] that the
least squares solution we are seeking is given by
d(n) = (21)

Since, Sy is a traingular matrix, W, can be solved using back
substitution. Also, the squared norm of the error vector is the same
as the squared norm of d(n).

The basic problem then is that of recursively obtaining Qn,» from
QN1 in an efficient manner. It is easy to show [4] that

SN W,

QNp =QNn [ L (22)

0
0 QN,n—l

where Q N,n—1 is a series of P, 2 x 2 rotations that are applied in suc-
cession to rotate the top row of the data matrix [X(0, n),---,X(N —
1,n)] into AY28y 1.

The QRD-based lattice filter obtains @, in an order recursive
manner by first triangularizing X(0,n). The rotations that triangu-
larize X(0, n) are then applied to X(1,n). Complete triangularization
of the matrix [X(0,n), X(1,n)] requires additional rotations. These
additional rotations are computed in an efficient manner in our al-
gorithm. As in all fast RLS algorithms, our algorithm also uses for-
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ward and backward (nonlinear) predictors to update the rotations.
The derivations are done by extending the ideas used for developing
the single channel, linear QRD-based fast lattice filters [9]. Details
are omitted because of page limitations. The idea is to triangular-
ize [X(0,7),-++,X(i — 1,n)] at the i** stage of the lattice, augment
the data matrix with X(Z,n), and then compute the additional rota-
tions that are required to triangularize the augmented matrix for the
(i + 1) stage of the lattice. Note that, similar to the situation in
section 2, the number of additional column vectors added to the data
matrix after each stage increases by one with every stage. Special
care, again similar to what was done in section 2, must be taken to
handle this situation. The complete algorithm is presented in Table
2.

TABLE 2: QR-DECOMPOSITION BASED SECOND ORDER
VOLTERRA LATTICE FILTER

INITIALIZATION
g 1(bk) =€l ok k)=8;m=2,--- N, k=1,---,m
DO1TO42FORn=1 ONWARDS
n = [x(n),x"(n)}, Q[an = [:t(TL - 1)7 12(71 - 1)]7 Yon = 1 (1)
ay M = z(n)a(n—m+2); m=3,-+,N+1
B =1, QPO = z(n)z(n-1) )
DO3TO42FORm=2.--,N
DO3STO7FORk=1---m
ehngnoa (ko k) = JON/Zeb L, (kK2 + (0, 1 (K))? (3)
cos b7, o (k) = X12eb (k. k)/€b nna(kik)  (4)
sin grfn—z,n(k’) = afn-z,n—l(k)/efn-z,n-l(ky k) ()
DO6TO7TFORI=k+1---m
eEn—Z,n—l(kil) ’\1/2 fn-Z n—2 (k I) Cosom 211,( )
+a ?n—?,n—l(l) 51“911.'2,11("’) (6)
m—2n () = am 2n—1(l)0059m 2n(k)
~Al/2¢} m—2,n— 2(k, l)sm Zn(k) (7)
'.Ym—l,n = Ym-2,n (8)
DO9TO15FORk=1---m
DO9TO10FORI=1---,m
l‘il—zn(ka ) ’\1/2”{n—2,n~1(k’ )] COSan-zn(k)
+af, ;. (D)sindf, ;. (k) (9)
of, () = of_5.()costf_, (k)
XL (D) sing_, (K)  (10)

Fing (k) = X231 (K) cosbf,_y () + ol s, sin b, 5 (k)

‘ ) ‘ (11)
ain—l,n = O‘{n—z n COS 0m—2 2 (k) = ’\1/2%]11—2,71- (k) sind, -2, 2 (k)
(12)
Ym—1,n = Ym—-1,n COS 91{:.-2,71 (k) (13)
T k) = A2 G A (k) cos 0],y o ()
+ad O sin gl (k) (14)
L0 = O et
X2 O (k) singl,_p o (k) (15)
e;f"_m = 7m_1,"gfn_1’"ForwaJd Prediction Error (16)



DO17TO21FORk=1---m

etk k) = \/(’\I/Zerfn—2,n—1(k’ B2+ (of,_pa(R))?  (17)
cos afn—‘l W(k) = A/2e ;'fn 2, a1 (ks k)/e;fn—z,n(kw k) (18)
sin 0m—-2 n(k) = C’m—z,n(k /evfn—z,n(k? k) (19)
DO20TO21 FORI=k+1---m
_2,n(k1) N2l g ea (k1) cosbh,_s (k)
o m—2,n(1)51n9b —2,n(k) (20)
of_an(l) = @hgn()cosbh_ (k)
N, (ke Dsin () (21)
Ym—1,n+1 = Ym—-2,n (22)
DO23TO25FORk=1,---,m
DO23TO 24 FORI=1,---,m
”1‘;[—2.11-—1(1971) = )‘l/zlum 2,n— Z(k’l) C°S9£n-z,n(k)
+am—-2,n—-l(l) Slngfu—?m(k) (23)
afn—-l,n(l) = m.-—2n 1) cos@m_2 (k)
)‘1/2”771, 2,n—2 (k l) Slngm Zn(k) (24)
Ym-1,n41 = Ym—1,n41 CO8 an_z’n(k) (25)
e,bn_lyn = 7m_1,n+1gfn,l‘n Backward Prediction Error (26)

DO 27 TO30 FORk=1,---,m

3 an(k) = N2 (k) cosbh, 5 (k) + ad,_, ,sinbl, 5 (k)

. (27)
dzn—l,n = ‘Izn-:z,n cos 0?n—2,n(k) - )‘1/2¢Jm—2,n—1(k) sin 0?71—2,11("3)
(28)
SO )y = A2 O (k) cos 8, (k)
+ad O singh_, (k) (29)
SO0 = o G cos g, (k)
~A2g7 O (k) singh,_, (k) (30)
'?m—l,n = Ym—-1n41 5 Em—l,n = '?m.—-l,n&jm_l,n (31)
&Y = S wi AT (32)
DO33TO41 FORk=m+1,---,N+1

77(:)171. - 75:)—27; (33)

DO3 TO3GFORI=1,---,m

(l) cos om 2,n—~1 (l) + 01‘7 (k) 2n sin om 2,n~1 (l)
(34)

(Dsinb, g i (1)
(35)

= W

'm—2,n—1

J (k)

](k) Hm—2,n-1

m‘lﬂ

= afn(-k%,n cos 01{1-2,11—-1(1) - A2

77(:7) 1n = 77(:) cos 0;fn—2 n—l(l)

k
‘7r(n)1n+1 = 71(n)2n

DO38TO40FORI=1,---,m

(36)

(37)

d’fn 2, W)= ’\1/2¢£n(—LZ n-1(l) cos 0;—2,7:—1(1) + a{;'z(—k%,n sin 0£n-2,n-(1 (?
38

&™) = al®) cosbh . (D)= N2EE, L (Dsindh, 5. 1)
(39)
71(1?) 141 = '77(:11,11“ cos 6, —2n-1(D) (40)
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~(k) &®

Ym=1,n%m= 1n

7 (k)

Ym~1,n =

(%)

(k)
Tm=1,n+1 > Em—1n

(41)

COMMENT: Now set-up the inputs for the next stage

& (m+1)] , ot

f
& Cm—1,n =m-

of . =lad, = [eb, 1 GO (42)

1n 1,n

4 CONCLUSION

In this paper we presented a lattice structure for second order Volterra
systems. The structure is different from most previously published
lattice Volterra structures in that it is applicable to arbitrary planes
of support of the Volterra kernels. A fast least squares lattice and
a fast QR-lattice adaptive filtering algorithms based on the above
structure were also presented. The predictor section of the nonlin-
ear filter structure employed in our work is similar to that derived
by Zarzycki [12]. The adaptive filtering algorithms are based on the
multichannel lattice filters developed by Ling and Proakis [7]. These
algorithms share the fast convergence property of fast least squares
transversal Volterra filters [8] without suffering from problems with
numerical instability. The QRD-based algorithm is expected to have
particularly good numerical properties since every operation for its
implementation is done using numerically stable Given’s rotation.
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