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The impurity-concentration dependence of the 87Rb NMR line shapes and phason-induced spin-lattice 
relaxation rates has been studied over a wide temperature range in substitutionally disordered incom­
mensurate (Rbt - x Kx )2ZnC14 for x = 0.00, 0.02, and 0.06. The results yield information on the impurity­
concentration dependence of the phason gap and phase fluctuations of the modulation wave as well as on 
the nature of the coupling of the impurities to the incommensurate modulation wave. 

I. INTRODUCfION 

Incommensurate phases in insulators 1 are character­
ized by a long-wavelength spatial distortion of the crystal 
lattice such that the modulation period bears no rational 
relation to the periodicity of the underlying lattice. Such 
phases are usually intermediate between a high­
temperature unmodulated paraelectric (P) and a low­
temperature commensurate (C) phase. In the simplest 
case of a one-dimensional incommensurate modulation, 
the order parameter has two components, the amplitude 
and the phase of the modulation wave. In contrast to 
amplitude fluctuations which are critical only close to the 
paraelectric-incommensurate (P-D transition temperature 
T], phase fluctuations are critical over the whole incom­
mensurate phase, since the free energy of an ideal incom­
mensurate system is degenerate with respect to a homo­
geneous change in the phase: <1>-+<1> + B<I>. As a result, 
there is a zero-frequency symmetry-recovering Goldstone 
mode (the phason) representing the frictionless sliding of 
the modulation wave. The phase change induced by an 
impurity decays with distance algebraically (i.e., by a 
power law) and not exponentially. 1 In the presence of im­
purities these systems thus exhibit a number of striking 
features not observed in the phase-transition behavior of 
other random solid-state systems.2 - 6 

Random-field-type symmetry-breaking impurities des­
troy the long-range order for dimension d < 4 and smear 
out the P-/ transition.2 In improper ferroelectrics such as 
Rb2ZnCI4, such impurities have to be polar so that they 
couple linearly to the soft-mode eigenvector. 6 

Random-interaction-type6 impurities, on the other 
hand, do not break the symmetry of the free-energy func­
tional and thus do not discriminate between different 
commensurate domains. This type of disorder has been 
discussed3 in connection with substitutionally disordered 
(Rbt-xKx)2ZnCI4, where both the Rb and the K com­
ponents lead to C phases with the same n (Le., the same 
type of ferroelectric commensurate phase with a tripling 
of the lattice parameter along the axis of modulation). 
Such impurities change the strength of the anisotropy 
term r in the free energyt,7 locally (Le., r~r+ar), as 
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discussed later. Impurities which change locally the elas­
tic constant or couple to the derivative of the phase are in 
the same class. The question of whether random­
interaction-type impurities in general also destroy long­
range order in the I phase for d < 4 cannot be regarded as 
settled.6 Since this type of impurities also pins the phase, 
one would expect the same effects as for random fields. 6 

On the other hand, Bak 13 argued that such defects do not 
necessarily destroy long-range order in three dimensions 
(i.e., for d = 3). 

In order to investigate effects on the modulation wave 
in I systems due to random-interaction-type impurities, 
we studied (Rb 1- x K x hZnCI4 substitutionally disordered 
single crystals using s7Rb nuclear magnetic resonance 
and relaxation. Rb2ZnCl4 exhibits successive phase tran­
sitions among four different phases:l,s the orthorhombic 
paraelectric (PE) phase (Di~ -Pnma, z =4), the incom­
mensurate (1) phase modulated along the a axis, the fer­
roelectric commensurate (C 1) phase (C ~v - Pn 21 a, 
z = 12), and the low-temperature commensurate (C2 ) 

phase (Cs
4 -Cc, z =24). The corresponding transition 

temperatures are T] = 302 K, T c = 189 K, and 
t 

Tc =74.6 K, respectively. The phase-transition se-
2 

quence in K 2ZnCl4 is identical1, 9 to the one in Rb2ZnC14 

except that the transition temperatures are higher and a 
second incommensurate phase exists9 in a narrow temper­
ature interval between phases C 1 and C 2 • 

When a small number of Rb ions in Rb2ZnCl4 are re­
placed by K ions, the P-/ transition temperature T] is 
shifted to higher temperatures where the incommensu­
rate to commensurate transition Tc is shifted to lower 

1 

temperatures. 10, II The cation sites are randomly occu-
pied by the Rb + and K + ions which have differ­
ent ionic radii. In crystals with O. 1 <x < 0.9, the 
incommensurate-commensurate transition was found to 
be suppressed 10,11 and the system seems to remain in a 
metastable I state down to the lowest temperatures inves­
tigated. On cooling, the modulation vector tends to 
remain fixed at the value found at T]o It is obvious that 
this is due to the pinning of the modulation wave by im­
purities which prevents the crystal from reaching thermal 
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equilibrium. 
Here we wish to study the effects of substitutional dis­

order on (a) the impurity induced gap ~<I> in the phason 
excitation spectrum,2 

(1) 

(b) the NMR line shape; and (c) the phase-transition se­
quence in Rb2ZnCl4 down to liquid-helium temperatures. 

The data were taken at an orientation, clHo and 
1:(a,Ho)=122°, at which the linear term in the expan­
sion of the NMR frequency in powers of the nuclear dis­
placements is dominant. l,8 The 87Rb quadrupole per­
turbed NMR ~ --+ - ~ central transition frequencies were 
measured from 325 down to 6 Kat vL(87Rb)=88.4 MHz. 
The doped crystals were taken from the same batch as 
that used previously for x-ray and dielectric studies. lo, 11, 7 

II. THEORY 

We shall treat the K + ions within the Rb2ZnCl4 matrix 
as symmetry-nonbreaking defects in three dimensions.7 

The mixed system can be described by generalizing the 
free-energy density functional for the pure system and 
adding a kinetic-energy term. The complex order param­
eter Q = A exp( i <l» is assumed to vary only in the phase 
<I> so that the constant amplitUde approximation can be 
used: 

g=go-8A ~~ + ~J( A 2jVcpj2_y A ncos(n<l»+ ~JlA 2$2. 

(2) 

Here n = 6 for Rb2ZnCl4 and K 2ZnCl4 and Jl is the 
effective-mass density of phase fluctuations. In the mixed 
system the parameters (J.L, the Lifshitz parameter 0, the 
elastic constant J{, and the "anisotropy" parameter y) 
vary in space so that the problem is of the random­
interaction type. Because of the large spatial dependence 
of the anisotropy term [y = y ( r )], we shall neglect the 
spatial variation of the other terms. We also assume that, 
in the absence of impurities, the system is in the plane­
wave modulation regime. 

Introducing small fluctuations in the phase 

<1>( r, t ) --+ <1>( r) + \{J( r, t ) 

around the stationary value <1>( r ) and expanding in 
powers of \{J, we get from (2) the dynamic Euler equation 

~ - c 6 V2\{J = - ( r /,u) A n - 2n 2 cos( n <I»\{J , (3) 

where c6 =Yi Ip and y(r)=ro+ ar(r). Here, ar(r) 
represents the effect of the substitutional impurities. 

Weare looking for phase oscillations 

\11 = q,(r )exp( i wt) , (4) 

where the lowest frequency represents the phason gap 
cug == a<l>' In the absence of disorder (r = Yo), the phason 
gap is zero (a<l> = 0) if soliton effects can be neglected. 
The effect of impurities is to induce a finite gap a <1>* 0, 
even in the plane-wave limit. In the weak pinning limit, 
we can use the variational ansatz q,( r) = \{J 0 and obtain 

from Eq. (3), 

Ll<l> = [ ( n 2 / JL ) A n - 2 ( Ll r (r )cos( n <I> ) ) ] 1 12 • (5) 

Here the angular brackets represent the spatial average 
over the sample, which is nonzero because of the per­
turbed values of <1>( r) in the vicinity of the K + ion sites. 
In order to calculate this spatial average, a specific model 
of the effect of the impurities on the phase must be as­
sumed. To determine qJ(r)=<I>(r)-qr, the impurity­
induced phase deviation from the plane-wave solution, we 
use the functional 

g =go + ~J{ A 21VlP12- ~r(r) A n cos[n (qr+cp)] , (6) 

where the modulation wave vector Iq I equals 

Iql =J{ /cS . (7) 

Our modet1 for calculating the effects of the impurities 
assumes that the substitutional K + defect induces a devi­
ation ~yo in the anisotropy term within a distance Ro of 
the defect. ay(r) is zero elsewhere. Thus, 

(8a) 

and 

~y(r)=O, r>Ro. (8b) 

We also assume that the average distance between de­
fects 10=n,.-l/3 is much larger than Ro: 

(9) 

Here, ni is the K + -ion defect concentration. Within 
the effective range of the defect (R < R 0)' we put (Fig. 1) 

(lOa) 

Outside this range we assume that the defect-induced 
phase deviation decays algebraically with distance: 

(lOb) 

For a defect, which fixes the phase at its location, the 
impurity-induced phase deviation must satisfyl the La-

~y ~yo 

a) o __ ----'~ Ro J~ __ _ 
r 

4>0 

b) I -r'~~-'::~ o ___ .J"'Ci----R-o--.-L:.-__ -== 
r 

FIG. 1. (a) Impurity-induced anisotropy coupling variation 
and (b) impurity-induced phase deviation from the plane-wave 
solution in the vicinity of a substitutional K + -ion impurity in 
(Rb1-xKx )2ZnCI4-



so NMR IN SUBSTITUTIONALLY DISORDERED ... 2829 

place equation 

V2cp=0. ( 11) 

It can be shown that, for ar Ir « 1, the phase devia­
tion induced by the defect remains small, so that 
f/Jo < Tr In over the whole I phase. 

With this ansatz the free-energy difference per defect, 
following from Eq. (6), becomes 

ll.F= f 00 (g-go )d 3r 
Ro 

=J{ A 2Ro21Tf/J5+nA nayoVo sin(nq'r)f/Jo , (12) 

where Vo =41TR 6/3. Minimizing aF with respect to f/Jo, 
a( ll.F ) laf/Jo = 0, we get 

CPo= - A n-2n ll.yoVo sin(nq'r)/(4TrRo-J() . (13) 

With the help of expression (13), we now evaluate the 
spatial average in expression (5). Using the fact that up 
to first order 

< ll.y(r)cos[n (q'r+cp)]) = -nni Voll.yo< sin( nq'r)cpo) , 

(14) 

we get the phason gap after performing the spatial a ver­
age as 

(15) 

Since the amplitude of the modulation wave varies 
with temperature as A ex: IT] - TIP, where {3= ~, Eq. (15) 

predicts a temperature dependence of the phason gap as2 

a ex: IT - TIfJ(n -2) .. /-;. 
cJ>] V I' 

(16) 

where, for Rb2ZnCI4, {3= ~ and n =6, so that 
(3(n -2)= j. 

The above temperature and impurity-concentration 
dependence of the phason gap is completely different 
from the one expected for the case of strong random­
field-like pinning 7 where 

(17) 

within the defect range. Here the gap frequency is ob­
tained as 

acJ> = COTT /10 = (J( /J..L )1/21Tn//3 (18) 

and is independent of temperature. 
The phason-induced spin-lattice relaxation rate contri­

bution T 1.J varies with the phason gap as 

(19) 

if the phason gap exceeds the nuclear Larmor frequency. 
Experimentally, a measurement of T l~l can thus easily 
discriminate between the cases described by Eqs. (16) and 
( 18), respectively. 

Let us now try to estimate the effects of substitutional 
impurities on the NMR line shape for nonzero quadrupo­
lar coupling. In the simplest case the NMR frequency v 
at a given site is linearly related to the nuclear displace-

ment u (x) due to the modulation wave at this site: 1 

v(x)=vo+au(x)=vO+V1 cos<l>(x) , 

where 

vI = a A ex: I T] - TIP . 

(20a) 

(20b) 

The NMR frequencies thus vary sinusoidally in space 
between ±vl' The inhomogeneous incommensurate fre­
quency distribution f ( v) is obtained 1 for a pure crystal in 
the plane-wave modulation limit eI> = qx from 

as 

f( v)dv=const dx 

f(v)= const 
dv d4> 

del> dx 

(21a) 

c 
(21b) 

The actual line shape F( v) is a convolution of f( v) 
with the nonzero width of the individual lines L( v), as 
narrowed, for example, by thermal fluctuations 

f +00 
F(v)= L(v-vo)f(v)dv. 

- 00 

(21c) 

The presence of a small concentration of substitutional 
random impurities induces a random strain as well as 
random fluctuations of the phase around the plane-wave 
modulation value at a given nuclear site. Both will affect 
the electric-field-gradient (EFG) tensor and thus the 
NMR frequency. As a result, the shape of the individual 
lines is expected to be Gaussian: 

(22) 

The broadening due to phase fluctuations will be super­
imposed on the broadening due to dislocations and other 
crystal imperfections present already in the paraelectric 
phase. Since these effects are uncorrelated, we expect 

a2=a5+a~h . (23a) 

a5 describes the strain contribution to the line broaden­
ing which varies linearly with temperature due to thermal 
expansion. a~h describes the phase-fluctuation contribu­
tion 

a~h =8~= ~ vj8e1>2 . 

The mean-square phase fluctuation 8e1>2 is 

8<1>2=Kni~ , 

(23b) 

(23c) 

with CPo being given by expression (13) and K being a nu­
merical factor of the order of 1. For Rb2ZnCI4, a~h 
should thus increase with decreasing temperature as 

a~h a: I TI - TI(2n -2P) a: I TI - TI 10/ 3 (23d) 

in the immediate vicinity of TI . 

The shape of the spectrum is now given by Eq. (21c) 
using Eqs. (22) and (21 b). The increased width of the in­
dividual components should thus mask the fine structure 
of the incommensurate frequency distribution and 
prevent the observation of soliton effects 1 if the defect 
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concentration is large enough. It should also make the 
observation of the fine structure due to the presence of 
commensurate lines in phases C 1 and C2 nearly impossi­
ble. The total width of the I spectrum av=2vl should, 
however, not be affected by the impurities. 

III. RESULTS AND DISCUSSION 

A. NMR line shape 

The 87Rb ~ ~ - ~ NMR spectra of pure (x =0) and 
substitutionally disordered (Rb1- x Kx )2ZnC14 single crys­
tals with x = 0.06 are shown in Fig. 2 for various selected 
temperatures between 320 and 10K. In the doped sys­
tem with x = O. 06, the P-I transition is clearly seen for 
this orientation [alHo<t(c,Ho)= 122°] only in the first Rb 
line around v-vo~O. In contrast, the second Rb line 
around v-vo~ -40 kHz is too broad to show a splitting 
at T]. The soliton and commensurate lines at lower tem­
peratures, which are clearly observable in the pure sys­
tem, are likewise smeared out in the doped system. 

The temperature dependence of the incommensurate 
splitting between the edge singularities, Bv= 2vl 
ex: I T] - T I f3, is compared in Fig. 3 for x = O. 00, 0.02, and 

(a) x = 0.06 (b) X=O 

320K 315 K \ 
---..) \1------' \'-----

280K 

280K 220K 

160 K 195K 

120 K 190K 

50K 50K 

10K 20K 

I I I I I I I 

60000 1.,0000 20000 0 -20000-40000 -60000 

(HERTZ) 

FIG. 2. 87Rb l-+ - ~ NMR spectra of (Rbl-xKx)2ZnC14 at 
various temperatures for x = (a) 0.06 and (b) 0.00. 
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FIG. 3. Temperature dependence of the incommensurate 
splitting Jlv= 2Vl ex:: I Tj - TIP of the 87Rb i -+ - ; NMR line for 

x = O. 00, 0.02, and 0.06. 

0.06. As expected, the P-I transition temperatures T] are 
shifted to higher temperatures with increasing K + con­
centration. The critical exponent {3 for determining the T 
dependence of the amplitude of the modulation wave is, 
however, unaffected7 by the K+ doping for x <0.06 and 
its value ({3=0. 35+0.03) agrees with that determined 
from the x-ray data.4 The total width of the I spectrum is 
also unaffected by K + doping, in agreement with the 
model derived in Sec. II. 

A comparison of the NMR spectra of pure (x =0) and 
doped (x =0.06) (Rbl-xKx)2ZnCI4 shows (Fig. 2) that 
the 87Rb NMR lines in the substitutionally disordered 
system are significantly broader than in the pure system. 
As can be seen from Fig. 4, the experimental spectra can 
be reproduced by a convolution of the frequency distribu­
tion (21b) with a Gaussian having a temperature­
dependent width. The width a 2 can be decomposed in 
two parts: (i) a part (u6) which is present already in the 
paraelectric phase and which increases linearly with de­
creasing T down to the lowest temperatures investigated 
(i.e., down to 5 K) and (ii) another part (a~h) which is 
specific for the I phase (Fig. 5). This part starts to in­
crease at T] according to expression (23d) and decreases 
to zero below the J-C transition. We believe that a~ is 
due to random strains and has a linear temperature 
dependence due to lattice contraction. On the other 
hand, a~h seems to reflect random phase fluctuations 
around the plane-wave value induced by weak, randomly 
distributed substitutional impurities (Fig. 6). 

B. Spin-lattice relaxation 

The average value of the spin-lattice relaxation time T 1 

(Fig. 7) for x =0.06 shows a dip only at T] and no anom-
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FIG. 4. Comparison between experimental and theoretical 
87Rb ~ ---+ - ~ NMR line shapes in (Rbl-xKx)2ZnCI4 for 

x = O. 06 at various temperatures. 
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FIG. 5. Temperature dependence of the Gaussian half-width 
0'2=O'a+0'~h in (Rbl-xKx)2ZnCI4 for x =0.06 for the two ine­
quivalent Rb sites 1 and 2 in (Rb 1- x Kx)2ZnC14' 

Defects Pure 

(b) (0 ) 

r r 

FIG. 6. Schematic spatial dependence of the phase of the 
modulation wave in (a) pure Rb2ZnCl4 and (b) substitutionally 
disordered (Rbl-xKx)2ZnC14' 

aly at T c or T c . In the C 2 phase it increases strongly as 
1 2 

T ~O. The absence of a T 1 anomaly at T c and T c may 
1 2 

be due to the large phason gap induced by impurities 
which masks the commensurability induced gap. The 
variation of the effective T lover the NMR line allows 
the determination of the phason contribution T 14>1 to 
Til. The phason-induced spin-lattice relaxation time 
T 1 <1>' which is proportional to the phason gap a<l>' is 
drastically affected by K + doping (Fig. 8). In pure 
Rb2ZnCI4, TI4> is temperature independent and equals 10 
ms from +25°C to -60°C. For x =0.02, on the other 
hand, Tl<1> increases with decreasing temperature from 10 
ms at 34°C to 36 ms at - 80°C. For x =0.06, the effect 
of K + doping is even more pronounced. T 1 <I> increases 
from 20 ms at T=40°C to Tl<1> =50 ms at T= -80°C. 

The phason gap is thus larger in K + doped samples 
and strongly increases with decreasing temperature, 
whereas it is small and temperature independent in nomi­
nally pure Rb2ZnCI4• 

If one now assumes that the phason gap frequency is a 
sum of (1) a part that is independent of both temperature 
and K + -ion concentration and is present in nominally 
pure Rb2ZnC14 and (2) a K + -ion-induced part, the experi­
mental results for x =0.02 and 0.06 are in reasonable 
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FIG. 7. Temperature dependence of the average value of Tl 
for x = o. 06 between 320 and 6 K. The inset shows the temper­
ature dependence of the Rb 2 line splitting for the same impuri­
ty concentration and temperature range. 
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FIG. 8. Temperature dependence of the phason-induced 87Rb 
i ~ - ~ spin-lattice relaxation rate for x = O. 00, 0.02, and 0.06. 

The solid line represents the fit to the theoretical expressions 
( 19) and (15). 

agreement with the theoretical model developed in Sec. 
II. The solid lines in Fig. 8 which represent fits to the 
theoretical expressions (19) and (15) reproduce both the 
temperature and K + -ion concentration dependence of 
the observed Tl<P with n = 6 and {3= ~. 

IV. CONCLUSIONS 

The agreement between theory and experiment in the 
NMR line sh~pe as well as in the phason-induced contri-
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