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The dynamic structure factor S(k,w) of a nonideal Bose liquid is calculated within the
random-phase approximation and compared with neutron scattering data by Cowley and
Woods for liquid helium in the temperature range T ) <T = 4.2°K, with the conclusion that
the model is wholly inadequate. A low-frequency pole in the generalized susceptibility
discussed by Mattis and Landovitz is shown to be overdamped in S(k, w).

In studying the poles of the dynamic structure
factor S(k, w) for He* above the X point, Mattis
and Landovitz in an earlier Letter® concluded that
not one but fwo modes of wave propagation com-
prised the normal modes of the system, and that
the speed of propagation s of one of them fitted a
law

S (T - T)‘)l/z

near T,, whereas the speed of the other was fair-
ly insensitive to temperature.

In subsequent numerical work on the width of
the resonances identified as these normal modes,
we discovered that the widths were such that, in
fact, only a single mode could be perceived, in
contradiction to our earlier results. We then at-
tempted to fit the parameters to the neutron data
reported by Cowley and Woods? in the tempera-
ture range 7, < T'<4.2°K. The most striking fea-
ture of these data is that the energy and lifetime
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of the well-defined collective mode observed

at 1.1°K, and wave vectors £~0.2 A"%, do not
change appreciably on going from He II to He 1.
We find that the observed temperature depen-
dence of the collective-mode energy is markedly
different from that of the collective, random-
phase—approximation (RPA) mode in the nonideal
Bose liquid; nor does the wave-vector depen-
dence of the observed mode agree with that cal-
culated. Not surprisingly, the widths of the cal-
culated mode are typically a factor of 50 smaller
than observed values.

Our calculation is tantamount to an elaboration
of ideas originally put forward by Pines® which
exploit the analogy between the collective mode
and plasmons in an electron gas. The mode re-
sults from the short-range, rather than the long-
range, correlations in the liquid, and resembles
the zero-sound mode proposed by Landau for
Fermi fluids. Pursuing this analogy within RPA
leads to an expression for the generalized sus-
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ceptibility y(#, w) of the form
X, w)=xo(k, w)/[1 ~uy,lk, w)] (1)
and then*
Sk, w)=(2mn V)'lf_:dt exp(—iwt N ng* Oy ()
=[mn{exp(- Bw) - 1] 'Imx (&, w),  (2)

where n3 is the particle density operator, V the
volume, # the particle density, and 8=1/k37.
In (1), X, represents in general more than the
ideal Bose-liquid susceptibility, being that part
which remains once all processes described by
the polarization potential » are taken into ac-
count. For the present it suffices to know only
its large-w behavior,’ x, (&, w) ~nk?/m*w?, If we
set w=sk, then (2, w) given by Eq. (1) has a high-
frequency pole at a velocity s = (nu/m*)'2 which
is interpreted as the observed collective mode.
Pines’s discussion was taken one stage further
by Etters,® who used the ideal Bose-liquid sus-
ceptibility to express the first-order temperature
dependence of s in terms of the average kinetic
energy of the individual atoms. In this instance
the calculated velocity increases steadily with
temperature, whereas Cowley and Woods found
that the velocity corresponding to the peaks in
the neutron data decreased with temperature for
T >3°%K; some of their data are shown in Fig. 1.
They also found a weak dependence of this veloc-

20
* . o-1
R=0.4A —=
20 | I
e
| oA
«<—PR-0,2A
15 10
T .
>

N
o
X, 10 S

>

3

i 5 o]

> x

0 :
22 3.2 4.2
TK)—=-

FIG. 1. The velocities of the collective mode in
S(k,w) are shown as a function of temperature for two
wave vectors, together with the experimental data of
Cowley and Woods. The solid curves are calculated
with the measured saturated-vapor-pressure values of
the particle density, whereas the dashed curve for %
=0.2 A"l is for a constant particle density equal to »z .
We exclude the critical region.

ity on the wave vector. The question then re-
mained as to whether a (self-consistent) RPA cal-
culation for the nonideal Bose liquid, at finite
wave vectors, would describe the data, and our
conclusion is that it does not,

In the course of our calculations we found that
the low-frequency pole, discussed earlier by two
of us,! is overdamped. The occurrence of two
poles in the RPA expression (1) can be deduced
from the limiting behavior of x,(k, w), which is
negative for w=0, and proportional to 1/w? for
large w. There are therefore two poles for suf-
ficiently large u, but the low-frequency pole oc-
curs near the maximum of Imy, and is conse-
quently overdamped. This behavior is completely
analogous to the situation for the electron gas.”
Here the high-frequency pole corresponds to the
plasmon, and the low-frequency pole occurs in-
side the two-particle continuum and therefore
produces no structure in the dielectric function.

In detail, we calculate x(%, w) within the RPA
approximation for the Hamiltonian

H=Y a7 at(e,— 1)
X

+2V°t 3 u@ai.3 ey Taaz, ()

kP

where €,=%%/2m, | is the chemical potential, a
and a' are Bose operators, and u{q) is the Fou-
rier transform of the pair potential. Since many
of the steps in the calculation are given by Fetter
and Walecka,® and in our earlier Letter,! we
shall do no more than record the salient points,
and give the values of the various parameters.

To calculate the density operator n;=2a;+ga;
in (2) we form the equation of motion for at,7%a;,
and reduce each four-particle interaction term
to the sum of all nonzero pairings of operators.
After collecting together the various interaction
terms, we can identify three types of contribu-
tion to the equation of motion. First, there is the"
self-energy contribution,

at, eV D sulp){ 55 - S 5e3e3h 4)
where f, is the Bose distribution function
fo={explBle, -] -1}7" (5)

We take this contribution into account by the re-
placement

Ble,— 1) = Blm/m*)e, +n, (8)
with n determined by
n=V13f )
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with n=0 at 7,. From the latter condition we
find m* in terms of T, and n,. Using the mea-
sured saturated-vapor-pressure values® we find
m*=1,44m, and that 7 varies between zero at
T, and 0.477 at 4.2°K.

The second contribution to the approximate
equation of motion is

Fras =DV u®) Diat.s a3 ®)
which is often referred to as the direct contribu-

tion. The third, and final, component is the ex-
change contribution,

g =f DV D ru@lar. 3.5 7a5.5 ©)
Note that for a d-function potential the exchange
term (9) is identical with the direct term (8), and
in this instance we would simply replace u in (8)
by 2u. However, to be consistent we would need
also to take account of the wave-vector depen-
dence of the self-energy contribution and not use
the simple replacement (6). For this reason we
neglect the exchange contribution (9), and our
calculation is then, strictly speaking, a Hartree-
RPA approximation.

Within these various approximations we obtain
for x(k, w) expression (1) with

2 €L, 5 — €3
b w) =2 2”5 . 10
XO( ’ ) Vzlg)fp wz_(e_l:+_s_€_5)2 ( )

The imaginary part of this expression for ¥,
can be expressed in closed form, but we recall
only the limiting value,

limImy, (%, sk)= ~ (sm*2/47h"%)
k=0
x [exp(n+zBm*s?) - 1]1, (11)

This has a maximum value at a velocity s =~ (2n/
m*B)Y2, for temperatures ~T,. The real part
cannot be expressed in closed form but can be
evaluated numerically from the imaginary part,
either via dispersion relations, or as a power
series in k%

In Fig. 1 we show the velocity of the collective
mode in S{k, w),'° Eq. (2), evaluated from (1) and
(10) as a function of temperature for two small
values of the wave vector. The value of u was
determined from the energy of the collective
mode observed at 2.3°K and £=0.2 A" and this
gave a value u = 1508°K A®. The calculated veloc-
ities are seen to increase slowly with increasing
temperature which is clearly at odds with the ex-
perimental data of Cowley and Woods. The dis-
crepancy is even larger if we use a constant den-
sity instead of the observed saturated-vapor-
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FIG. 2. The solid curve is S(k,w) calculated for T
=3°K and ¥=0.2 8”1 as a function of w/ks», where
$3=2.17X10* cm sec”!. Inthese units, the low-fre-
quency pole in (&, w) occurs at 0.278 and the collective
mode in S(k,w) at 1.122, and these are denoted by ar-
rows. The peak height in S(k,w) is 14°K'1, and has a
half width at half-height of 0.025. The imaginary part
of Xy is outlined by dots, and is seen to achieve its
maximum value in the vicinity of the low~frequency
pole in x (&, w).

pressure values. The dashed curve in Fig. 1 re-
presents the energy of the peak in S(k, w) for k=
0.2 A"! calculated with the constant density n=n,,
and the upward temperature dependence is seen to
to be quite pronounced. We conclude that the re-
pulsion between the collective, RPA mode and the
thermally excited states is not compensated by
the change in the density with temperature. How-
ever, inclusion of the repulsion between the col-
lective mode and the high-frequency, multiparti-
cle states might outweigh that with the low-fre-
quency, thermally excited states and bring the
resultant calculated temperature dependence in
line with that observed.

Figure 2 shows S(k, w) for T'=3,0K and £=0,2
A" together with Imy,(k, w). The half width at
half-height is 0.08°K which is to be compared
with the much larger experimental value of some
4°K. The major part of this discrepancy is, no
doubt, due to the neglect of collisional damping.
We see from Fig. 2 that there is no visible struc-
ture in S(k, w) from the low-frequency pole in
x(k, w), which occurs in this instance at a veloc-
ity of 4.6°K A. Equation (10) of Ref. 1 related the
correlation energy to S(k, w), and one might have
speculated that the low-frequency mode contrib-
uted to the A anomaly in the specific heat. From
the present results, we see that this overdamped
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mode can nof make any contribution and we re-
gretfully conclude that RPA, as we have defined
it and used it in this calculation, is not even qual-
itatively predictive of the critical phenomena at
the A anomaly.

We are very grateful to Professor P. Noziéres
and Dr. A. D. B. Woods for several helpful dis-
cussions.
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