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By a slight modification of the Fréhlich Hamiltonian (the introduction of an internal quantum num-
ber) we reduce the polaron problem to the solution of a continued fraction, even at finite temperature.
We analyze both the stationary states and the resonances (in one- and three-dimensional versions of the

model) and exhibit some unexpected results.

INTRODUCTION

Despite half a century of efforts, Fréhlich’s model! of a
slow electron in a polar medium remains only partially
solved to this day. However, we have found that a slight
modification produces a model, the exact solution of
which leads to two-coupled, nonlinear integrodifference
equations with which to construct the eigenstates. Our
modification consists of adding an internal quantum
number 0=1,2, ..., « labeling the internal state of the
fermion and the bosons with which it interacts. The
model Hamiltonian is

H= zkzc;,kco,k - 2[ Vg(q)a ;,qc;+ l,k*qca,k +HC)]
o,k o,q

+Eﬁwqa;‘,qaa,q ) (1)
o,q

in which the ¢’s are electron (fermion) operators
(#/2m=1) and the a&’s are optical-phonon (boson)
operators, all in a box of volume L>— 0.

With k,q unrestricted, the lowest-lying eigenstates—
the so-called “large polaron”? states—are labeled by the
quantum number o and momentum k:

}U,k>=c;,k|0)+2F(q;k)c;+]’k_qa;,qIO)
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The corresponding energy eigenvalues are
E (k)=k>—3 F(q;k)V,(q@)* . 3)
q

The interactions ¥V, could be allowed to depend on o.
I

For example, if one sets all ¥ =0 for o =2 and retains
V,(q) as the only nonzero interaction potential, the mod-
el formally reduces to an easily solved, asymmetric vari-
ant of the “magnetic polaron,” in which an electron with
spin (here, 0 =1 and 2) interacts with the magnetic back-
ground by the emission or absorption of magnons (here
aqatq)- Its analysis is left as an exercise for the
reader. In a somewhat less trivial, rotationally invariant
SU(2) version, this model has long ago been solved explic-
itly, and has found a number of physical applications to
magnetic semiconductors.’

In the present paper, we allow for an infinite number of
internal states, taking the V_(q) to be independent of o
for c=1,2,..., ». Thus electronic states are infinite-
dimensional spinors accompanied by the corresponding
bosons. Even in this case the model reduces to quadra-
ture for arbitrary potentials ¥(q) and arbitrary phonon
dispersion w,. In order to make contact with the stan-
dard models and approximations,* we have specialized in
the Frohlich interaction V(q)=[4ma/(g?L*)]"/? in the
three-dimensional (3D) model, and taken the phonon en-
ergy fio,=1 to be a constant defining the unit of energy.
Additionally, we examine an even simpler, one-
dimensional version in which the interaction potential is
a & function, i.e., ¥(q)=constant.

EIGENSTATES OF H,

We solve the Schrodinger equation
Hlo,k)=E(k)|o,k), by equating coefficients of the
various configurations:

* *
Co,k |0)’ca+l,k*qa ;,q |O)’c;+2,k—qa:+l,q’a;,q |0)’ ete .

The first result is Eq. (3), the second yields F(q;k):

F(gk)=—V(q)/[E(k)—(k—q)P—1—2(k—q;E(k)—1)],
F(q,q’;k)=—F(q;k)V(q')/[E(k)—(k—q—q')*—2—3(k—q—q’; E(k)—2)], etc. ,

where
S(k0)=3 V) /[wo—(k—qP—1-3(k—qo—1)] .
q
(5)

“

4

—
This equation, or variants thereof, has often been seen be-
fore.>~7 For example, Eq. (5) expresses the self-energy of
the Frohlich polaron in the Hartree (i.e., the random-
phase approximation®%). Whitfield and Puff® assumed a
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functional form Z3(k;w)=a{w)+k?b(w) and, taking
k —0, solved numerically for the functions a(w),b(®).
However, their ansatz can be correct only for special in-
teractions (such as the § function we shall examine in 1D)
and therefore we do not make use of it at present.

We use (5) to rewrite (3) as an implicit equation in
E(k):

Ek)=k>+3(k;E(k)) . (6)

Once Z(k;w) is found in Eq. (5), Eq. (6) fixes the eigenval-
ue E(k) and Eq. (4) determines the amplitudes F(q;k),
F(q,q’;k), . . . for the eigenstates, Egs. (2).

GENERALIZATION TO FINITE TEMPERATURE

There have been several studies of the effects of finite T
on the properties of the polaron, notably by Dunn.® In
the present model, the equations for the eigenstates are
easily generalized to finite T by the use of thermal Green
functions. The equations of motion of the retarded

|
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Green function’ yield

Gkw)=(1/2m)/[o—(k—qP?—Zpk—qo—1)],

where

3 r(k0)=3qViq)1+n(T]/[0o—(k—q)*—1
—3rk—qo—1)], (8)

with n(7)=1/[exp(1/kpT)—1], is a trivial generaliza-
tion of (5). With a little more effort than what is required
to obtain E(k), one can calculate the thermal expectation
value of the interaction Hamiltonian with the aid of this
G and consequently, the excess free energy of a composite
particle. We intend to pursue this interesting generaliza-
tion in the future.

SELF-CONSISTENT SOLUTION OF 2(k,w)

Converting (5) to an integral and shifting the origin to
k one obtains:

S(k;w)=L3 [ d%g 2m) 3 VAq—k)/[0—¢*—1—S(g;0—1)]

=(a/‘n')k_1f0wdq gln|(g +k)/(qg—Kk)|/[o—q®’—1—3(q;0—1)] . 9)

Because 2(k;w) depends on k = |k| and w only, the origi-
nally four-dimensional problem reduces to two dimen-
sions. Still, (9) represents two-coupled, nonlinear,
integrodifference equations, one for the real part R(k,w)
of 2(k;w) and the other for its imaginary part I(k,w).
Causality requires I(k,®)=0. For computational pur-
poses, we created a two-dimensional grid of some 20 000
points over the relevant range of k and w, and numerical-
ly solved for the real and imaginary parts of = on this
grid by iteration, until graphical accuracy [O(1%)] was
achieved.

We list salient features of the solutions, some of which
are shared with the Fréhlich model:* 8

(1) Stationary states exist only for |k| <k_, where k,, a
function of ¢, is defined by

E(k,)—E©)=1 (10)

and is the threshold for emitting a phonon. This implies
a minimum radius = /k_(a) for the stable polaron. All
states carrying momentum |k| >k, decay in time, more
or less rapidly depending on the magnitude of I(k,w).
Figure 1 shows graphically the solution of Eq. (6) at
k=0, a=1: E(0)=R{0,E(0)). One solution corre-
sponds to E<0 and is a stationary state [i.e.,
I(0,E(0))=0] but others are found at E >0 with
I(0,E)#0, and are classified as finite-lived resonances
which are better described in the time-dependent
Schrodinger equation formalism than as eigenstates. In
the example of Fig. 1, we see one bound state and one res-
onance only. The resonance could be a numerical ar-
tifact, as the height of the peaks in R (k,w®) is sensitive to

r

numerical accuracy and mesh size. Moreover, because
I(k,w) goes from steep maxima to shallow minima over
small ranges of energies, at some special k’s the resonance
can attain comparatively very long lifetime, during which
it behaves as a bound state (while technically remaining
part of the continuum of scattering states). For other
ranges of k, there may be no resonant states whatsoever
(which means that all excited states at those k’s are over-
damped, to the extent that they have no characteristic en-
ergy). We shall see examples of both extremes in the
one-dimensional example which follows.

(2) Near a true bound-state solution we find
I(0,E(k)+bw) vanishes at all dw <0, then rises to a
large peak beyond some positive threshold for dw.

(3) The spectral intensity function A4(k,w®), obtained
from the T—0 Green function, is also shown in Fig. 1.
It reflects the bound state at o =E(k) as a sharp peak,
followed by peaks at E(k)+1,E(k)+2,.... While the
first of these has been identified as a resonance, the others
are merely incoherent scattering states of the composite
particle in the presence of 2,3, . . ., phonons.

Figure 2 shows the ground-state energy as a function of
a. Its inset shows the dispersion, computed at a=3.
While the ground-state energy is accurately given,
present accuracy is insufficient to exhibit the expected®®
flattening of the dispersion at k. [i.e., 8E /3(k?)|.=0.]
(The figure also indicates some numerical “jitter.”) A
planned increase in the number of points leading to a de-
crease in mesh size by a factor of 10 or more should cure
all numerical problems. But we now turn to a one-
dimensional version, for which the present accuracy is
amply sufficient.
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FIG. 1. Graphical solution of Eq. (6) at k=0, for a=1. Top
panel shows two intersections of @ and R(0;w)=Re[=Z(0;0)],
middle panel shows that the leftmost intersection has
I(0;w0)=Im[2(0;0)]=0; hence the corresponding state is an
energy eigenstate. (The rightmost intersection is a resonance.)
The first two peaks in the Green-function spectral intensity
A(0;w) (lowest panel) correspond to the bound and resonant
states, respectively, while the higher peaks have no physical
significance.

A SOLVABLE MODEL IN 1D

The one-dimensional version of our model can almost
be solved in closed form. With the interaction a & func-
tion in space, ¥(g)=(2a/L)!/? is independent of g. The
analog to Eq. (9) is

2(k;0)=(a/m) [ “dglo—q*—1—3(g;0— D] (1)

normalized to coincide with the right-hand side of Eq. (9)
in lim,_,. In this instance, a Whitfield-Puff-type® ansatz
is, in fact, justified as 3X(k;w) can be written
S(w)=R(w)+il{w), with both R and I real functions of
@ independent of k, with I=0. The integral is easily
evaluated to yield a continued fraction

S(w)=—a/[l—o+Zw—1)]'"2. (12)

The graphical solution of the eigenvalue equation for
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E(0)

FIG. 2. Ground-state energy E(0) vs coupling constant a.
Inset: shows dispersion (E vs k2) at a=3. The approximately
linear relation indicates that the effective-mass approximation is
fairly accurate over the range of energy for which the composite
particle exists.

bound states
k*=E(k)—R(E(k)) and I(E(k)=0, (13)

is illustrated in Fig. 3 for a typical intermediate-coupling
value a=3. From the small k behavior, we can obtain
the effective mass, m*/m =1—0R(E)/0E |E(k); it is plot-
ted as a function of « in the same figure. From Fig. 3, it
appears obvious that a bound state exists at any k, and
thus that k,=o. This is a consequence of the inverse-
square-root nature of the divergence!® of R(w) at
o=E(0)+1 seen in Fig. 3. Its behavior can be related to
a and m* by combining (12) and (13) as follows:

lim [R(E(0)+1—8w)]=—a/(m*8w/m)/*— .

S0—07"
(14)
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FIG. 3. One-dimensional model: graphical solution of Eq.
(13) at various k for the particular example a=3. [Ground-
state energy E(0) vs a is essentially the same as in 3D, as al-
ready plotted in Fig. 2.] From small k2 behavior we can extract
m™*/m at each a. Inset: m*/m vs a (five calculated points; the
straight line is just a guide to the eye).
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The excited states (resonances) in 1D can also be com-
pletely catalogued, by an extension of the analysis to all @
and of 2(w) into the complex domain. At any «, for the
range of energies E(0)<E(k)<E(0)+1, there are only
bound states. What happens in the next range of energies
will be described as follows.

4) E(0)+1=2E_ (k)<E(0)+2, there is no resonance
whatever. This surprising result implies that all excited
states carrying momentum |k| <V [2+E (0)] rapidly de-
cay to the ground-state polaron.

(5) Precisely at |k|=v[2+E(0)] (where the excited-
state energy has the value E,, . =E(0)+2), we discover
an infinitely sharp resonance: a true eigenstate, within
the continuum. This “accidental” eigenstate is the conse-
quence of I (w) having a cusp and vanishing at precisely
this energy. There are no other, higher, resonant states
at this special value of |k|.

(6) For |k|>V[2+E(0)] there is one (occasionally,
two) resonance of finite width at each k, gradually
broadening with increasing |k|.

To within graphical accuracy, the dependence of the
ground-state energy E(0) on a in the 1D model agrees
with the curve we computed separately for 3D over the
entire range of @ shown in Fig. 2. In both instances, the
energies are continuous functions of a and there is no
itinerant-to-localized phase transition for these poten-
tials. This agrees with the findings of Peeters and De-
vreese!! concerning the absence of a phase transition in
the Frohlich model. The principal differences between
our 1D and 3D models are to be found at large k, and
concern such delicate issues as the existence of a cutoff
k.(a) in 3D but not in 1D.
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