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The theory of inelastic light scattering in anisotropic metals by conduction electrons interacting
with acoustic and optical phonons and impurities is developed. The effects of a surface are studied
in detail. The Coulomb interaction of carriers is included in a self-consistent way. The scattering
cross section is evaluated. The skin effect, as well as the electron-phonon interaction, modifies the

electron-hole contribution.

In particular, the wide relaxation continuum obtained by Zawadowski
and Cardona appears with a temperature-dependent relaxation time.

Sharp peaks in the cross

section arise from the excitation of bulk and surface phonons. The contribution of the mixed phonon
excitations, which are a superposition of longitudinal waves diminishing from the surface into the

bulk and nondiminishing transverse waves, has the form of a narrow continuum.

The slipping

nondiminishing longitudinal phonon produces a strong nonsymmetric maximum at the threshold of

the density of states.

I.INTRODUCTION

Much interest in inelastic light scattering (ILS) in met-
als has been stimulated by the recent observation of this
phenomenon in high-temperature superconductors.1-6
This observation reveals that the present theory of ILS
is very fragmentary and cannot provide the correct inter-
pretation of experimental data.

The first theoretical paper7on ILS considered the case
of clean conventional superconductors. The role of the
Coulomb interaction and anisotropy was analyzed in Ref.
8. The ILS in dirty metals was studied in Ref. 9. Sev-
eral attempts have been made to include the electron-
phonon interaction. Phonon resonances were studied
in a model in which one phonon group scatters light
and another interacts with electrons.10 The existence of
a wide background was explained by strong electron-
phonon coupling.11

According to the present theory the electron-hole con-
tribution to ILS in a normal metal depends on two pa-
rameters: + —1and v/S ~ 1012-1013s-1 ~ 101-102cm-1,
where r is the time of relaxation, v is the Fermi veloc-
ity, S is the skin depth. For a clean metal and at low
temperature, r -1 <Cv/S, the scattering cross section has
the maximum at the frequency transfer u> ~ v/S and
decreases as cj-3 for larger frequences. In the opposite
case, t —1 :5> V/S, the maximum occurs at oj ~ r -1, While
for d) > r-1 the cross section behaves as a>-1. An es-
timate based on various data for HTSC (Ref. 12) gives
t —1 - 102-103 cm-1 at temperature T - 100 K.

In all the theoretical papers mentioned above, the
metal surface was ignored, i.e., ILS being considered in
the bulk metal. It is clear that this does not correspond
to the real experimental situation. The distribution of
the incident and scattered light is very important in the
optical range. The typical size of electronic fluctuations
v/u in this range are ofthe order of the skin depth. There
are also other surface excitations such as phonons, plas-
mons, and polaritons. Thus the contribution of the sur-
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face excitations must be relevant for ILS. A correct theory
has to take all these effects into account.

The Green’s function method has been used earlier for
studying ILS in normal metals and superconductors.7-11
This approach is very cumbersome when including
the boundary. We develop an approach using the
Boltzmann’s equation with the appropriate boundary
conditions.13-15 This method was used before by one of
us16 for ILS by electron-hole pairs with plasmon excita-
tions. The method is essentially semiclassical. It works
provided that the momentum transfer is less than the
Fermi momentum, and the energy transfer is less than
the interband transition energy.

The role of phonons for ILS in dielectrics has been
studied both theoretically and experimentally17-20 (see
also references cited by the authors of Refs. 18 and 19).
In Refs. 20-22 the contribution of surface modes in ILS
has been considered theoretically for dielectrics and semi-
conductors. In this case the scattering is induced by di-
electric permittivity fluctuations. Our main goal, in this
paper, is to how phonons affect ILS in metals.

We will focus on the surface effects here. The inter-
action of electrons with acoustic and optical phonons is
described by a deformation potential. In a polar crystal,
lattice vibrations are accompanied by a macroscopic elec-
tric field. Consequently, scattering with the polariton ex-
citations can occur. The case of the polar crystal will be
considered in a later paper. The electron-electron inter-
action is usually described by Poisson’s equation. W ithin
this approach one loses the surface plasmon dispersion.13
The surface plasmon contribution contains the small fac-
tor v/c, ¢ being the light velocity, thus it is not relevant
to our considerations. On the other hand, bulk plas-
mons exist for u>> wp, where cup is the electronic plasma
frequency. This frequency transfer has been considered
before.13

The outline of this paper is as follows. In Sec. II,
the relation between the scattering cross section and the
modified density-density correlator is found. The corre-
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lator is expressed in terms of the generalized suscepti-
bility, using the fluctuation-dissipation theorem. In Sec-
tions 111 and 1V the system of Boltzmann’s equation and
lattice-motion equation, with the required boundary con-
ditions, is derived. The solution of this system of equa-
tions yields the scattering cross section. In Sections V
and VI, the cross section is studied and the contribu-
tions by electron-hole pairs, bulk phonons, and surface
phonons are found. The electron-hole contribution has
the form of a wide relaxation continuum. The produc-
tion or absorption of phonons produce strong peaks. The
height of these peaks is finite, because of phonon damp-
ing (calculated self-consistently) or because of the spatial
dispersion of the incident and scattered fields in the skin
layer. The r approximation and the Coulomb interaction
effects are discussed in the Appendix.

1. EFFECTIVE HAMILTONIAN
AND SCATTERING CROSS SECTION

We begin with a brief recapitulation of ILS theory.
Consider a metal in the half space 2 > 0. The effective
Hamiltonian for the inelastic electronic light scattering
has the form

H =

where fp(r,t) is the electronic density fluctuation oper-
ator, U(r, t) is the product of the vector potentials of
the incident and scattered light (considered below as the
external field),

AW(r,t)AN (r, t) ~ U(r,1)
= U(K,,, z,cj) exp[i(kss —ut)], (2)

where and are the frequencies ofthe incident and
scattered light, respectively, and v»= ¢ —co<al, ks =
—kg8". Here, the subscript s denotes the vector com-
ponents along the surface. The polarization vectors ,
of fields A ~(r,t), A(s)(r,£) are included in the ver-
tex factor,

PfnPnf

7(p)=e<i)er)(~ +
(p) e ( €/(p) - e«(p) + ~ (i)

o
PfnPnf
] i) )m ©)
e/(P) - Cn(p)
representing a sum of two Feynman diagrams describing
light scattering.8,23 The subscript f denotes the index of
the band in which carriers exist, while n denotes an ar-
bitrary band. The vector p/,, is the electron momentum
matrix element, m is the electron mass.
The scattering cross section found using Eq. (1) is16

| 87re2
\mchu)(0)

E(ks,q))  kj "
1 —exp(—u>/T)

du” dQ
c79)3 ’

(4)
where 5](ks, uj) is defined by

/<00

S(kg,cc>)ocJI dzdz'(kgzz',id
0
xU*(k8,z,u=)U(\is,z',io0) , (5)

where Ky-y(JsB,z, z',u>) is the Fourier transform of the
modified density-density correlation function. The pro-
portionality coefficient is equal to the Bose factor [1 —
exp(—€d/T)]-1, which is extracted in Eq. (4). More pre-

cisely, K.y.T is the correlation function of Jn7(r,f):
= «<bn7. (r, )6 (r', t))) (6)

where Sny (r, t) is the modified density fluctuation,

sn. ™

and where (()) denotes the statistical average.

We consider the scattering light outside of the metal
and normalize the cross section per incident flux. A
straightforward calculation shows13 that the polarization
vector e(s) or (e”) has to be replaced by

() Qw (cfcis)/w(s))

") -
eM = _*(s) e»-("()) {ckrun)
z X e, (W< +exx(u>(°))ke*),
where is the dielectric function of a metal and a

depend on polarizations (s or p) of scattered (incident)
light:

12

««(WW)
1/2

>2

cO = =yy(u{s}) - k<2 ®)
Below, we assume that (i) the transfer momentum k,, is
directed along the x axis, (ii) the light incidence is normal
(k= 0), and (iii) the X, y, z axes are the symmetry axes
of the metal.

In order to find the Fourier transform of the correlator
(6), we apply the general fluctuation-dissipation theorem:

Kry(k,,z, 2’0 = — Ima(k,z,z'\w),

sp(-w/T)
)

where a(ke,z,z"',ui) is the generalized susceptibility in
the external field U(ks,kz,u>) (2),

(S~ 2@ =2 £ 5 74 (p)crp(ks,zw))

Jifele}

I dz' a(ks,z, z",ui)U(ks,z', u).
Jo
(10)
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I1l. BOLTZMANN’S EQUATION

According to Egs. (9),(10) one needs to evalu-
ate the electronic distribution function fp(ks,zu>) =

{{/p(ks,z, uj))}. We apply the Boltzmann equation,

ofp(rt) | dfp(rt) | dfp(rt) _ -
dt dr dp

(i)
where Stfp(r,t) is the collision integral with both impu-
rities and phonons.

Let us write the local electron spectrum of the de-
formed lattice as follows:

e(p,r,0 =£o(p) + 7 (p)f/(r,f) + Aifc(p)tiifc(r,i)
+&(PW M), (12)

where £o(p) is the spectrum for the undeformed lattice
and the deformation tensor is

_ 1/ duj duk
Uh 2 dxi )

where U{ and W are the acoustic and optical displace-
ments, respectively. We assume for simplicity that the
unit cell contains two atoms. The electron-acoustic-
phonon interaction, as well as the electron optical-
phonon interaction is described in Eq. (12) by the de-
formation potential.

Let us linearize Eq. (11) using

fP{r,t) = /o[e(p,r,t) - p] + ~ S fp(r,t), (13)

where /o[e(p,r,t) —p] is the Fermi-Dirac local distribu-
tion function. It is significant that the collision integral
is cancelled by the local-equilibrium term in (13).

We write the collision integral in the r approximation,

(14)

where rp is the time of relaxation for collisions with both
impurities and phonons. In the Appendix we consider
the impure metal, beyond the r approximation.

Defining the chemical potential by means ofthe charge-
conservation condition,

d3p
(Z?r)3fo(zo — Mo), (15)
we obtain
p(r,t)=p0+ [ (p))l/(r,t) + (Aife(p))uifc(r,i)
+(6(p))ni(r,t)1/(1), (16)

where the brackets denote the integration over the Fermi
surface:

dSF
<>-> /<> (2t0)3v’

since we assume that the electrons are degenerate. The
condition (15) expresses Debye screening for frequences

less than uip. It implies the renormalization of vertices
7(p)>"*ifc(p),&(p)> in (12):
7Py *"(P) = 7(P) - (T(P)/(1>.
Aifc(p) -» Aife(p) = Ajfc(p) - (Aifc(p))/(1), a7)
& (p)-+3i(p)=fc(p)-<fc(p)>/(I>.

The linearized Boltzmann equation has the form

d5fp(r,t) dSfp(r,t) 6fp(r,t)
dt \Y dr tp
= ~A"Y{p)U(r,t) + Aik{p)uik{r,t)
+Si(p)tUi(r, t)] - ev mE(r,t) . (18)

A term proportional to V/j,(r, t) in Eq. (18) is included
into the electric field E(r, t) representing the electron-
electron interaction. The above equations have to be
supplemented by Maxwell’s equations for E(r, t) and the
corresponding boundary conditions.13 However, our cal-
culation shows that the Coulomb interaction results only
in the renormalization (17), for the frequency transfers
we are interested in, namely, U <g cup (see Appendix).
Therefore, we omit the term ev <E(r, t).

We take the boundary condition for Boltzmann’s equa-
tion (18) at z = 0,

(/p(r> o — (fp(T°W))vl<o>

e(p«,f* > 0,r,w) = e(p,,,vz < 0,r,«) (19)

whose form describes the specular reflection of electrons.
A more realistic boundary condition does not affect the
final results in an essential way.24

IV. EQUATIONS FOR PHONON
DISPLACEMENTS

The phonon fields in the long-wave approximation
obey the following equations

d2ui(r,

Hkim * OXLOX. mw Ui(r,u>)
_ ., d d3p
= 2dxk/ (Ztt)3A<fc(p)/P(r,t (20)
d2wi(r, uj) o . I2Wi(r u>
dxkdxm p'xuwi(r,w) - p'uj2wi(r,u>)
=2 9® )W) 21

where p is the metal density and p' is the reduced mass
density. The right-hand sides ofthese equations represent
the electron-phonon interaction. Equation (20) is known
as the equation of the dynamical theory of elasticity (see
the review25 and references cited therein). The derivation
of Eq. (21) is straightforward and will be given elsewere.

The boundary conditions for Eqgs. (20) are determined
by the fact that the normal component of the stress ten-
sor must vanish at the surface z = 0+. They are

\ dui(r,uj) to d3p

Aizlm chm | (Zn)3A<<(p)/P(r,£ 0, (22)
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dwi(r,u) _
OXm

(23)

The last term in Eq. (22) represents the pressure on
the surface inside the metal due to the electron-phonon
interaction.

We use the even continuation in the z < 0 half
space for U(ks,z,ui) and for the components par-
allel to the surfaces of the phonon displacements
u,(ks,z, ai), wa(ks,z, . For the perpendicular compo-
nents uz(ks,z,uj), wz(ks,z, u®), we use the odd continua-
tion.

Taking the Fourier transform with respect to all coor-
dinates, we obtain the solution to Boltzmann’s equation
(18):

Sfp(k ,w) = ---[J;:-\;--.-k1+[rl(|pp)tr(k,u )
+ Aifc(p)ujfc(k,0>) + Hi(p)wi(k,0;)]. (24)

One can see that expression (24) satisfies the boundary
condition (19), since

dk .
/ 2" 5fp(Kikz 1M1

and we can change the signs of pz and kz conserving the
value of the integral, because the vectors and tensors t>,
Y (p), A*c(p), S,(p) each has a definite parity.

There are singularities at z = 0, which arise in Eq.
(20), (21) after the continuing into the z < 0 half space
and which are due to the terms containing derivatives
with respect to z. Using Egs. (13), (24), we get the
Fourier transform of Eq. (20),

pui2sai) ui (k, w)

"Aafc(p)Airn(p)(v ¢k - it-1)
U—v ek + ITp1

-i(Y (p)A afc(p))feftf(k,w) + kaC*c(k.,«). (25)

kkkmui{)t,u)

The first term on the right-hand side gives the renor-
malization of the elastic constants,

(Ajfe(p) (p))

and the damping (see for example, Ref. 25)

Aklm o A Aikim

rac(k) ~ ----- min (kl, 1) . (26)

For these estimates we use A(p) ~ ep, p ~ vpp/Six2s2,
where s is on the order of the sound velocity.
The sound dispersion relation is

W= Wac(k) - irac(k), (27)

where wac(k) is an eigenvalue of the matrix in the left-
hand side of Eq. (25).

The second term on the right-hand side of Eq. (25)
represents the response to the external field U (k, cu). This
simple form is obtained by ignoring the terms - 1u/nk -
s/v. The third term on the right-hand side of Eq. (25)
reveals 5-function singularities at 2 = 0 and represents

the surface effect. There isno sum over the Greek symbol
a. Note that the term containing kz arises only for the
equation with a = z. The constants C*c(ks,Lu) have to
be defined from the boundary condition (22). The term
proportional to iOj(k, w) is omitted in Eq. (25), since it
is of the order of s/v.

Using the bulk Green’s matrix Dmc_b), which obeys
the equation

(Kkimkkkm ~ pu25u) D (*c* b)(k,u>) = 6in, (28)
we find the solutions of Eq. (25),

=£ i) [“-6)(kw)*aC «(k.,w)
a
+D ifc- b)(k,uo/r(k>w), (29)
where the force
[fc(k,W) = —i(Y (p)Ajfc(p))fcfed7(k, ui). (30)

We do not write the terms with the damping in Eq. (28),
as we have included it in u»through the formula (27).

Substituting Eq. (29) into the boundary condition
(22), one finds

cH (k. W=£>, 9 (ks,w) 3

CAizA.im
IO—Vek + ITp 1

x Di@c“i,)(k,™)/tc(k,M)fcm, (31)

+

where the surface Green’s matrix
the equation,

s™(ka, ui) obeys

dhz j*(ac-b) ikx
N o ﬂa (k,u}kmkQe
LOANzZA.im

O Vuk + ITp 1

(32)

for z —y 0+. The second term in the parenthesis gives the
additional contribution to the surface phonon damping.
The matrix Green’s functions contain all the
information about the phonon spectrum of a semi-infinite
metal sample.

The above considerations for the acoustic phonons can
be extended to optical phonons. The solution of Eq. (21)
for the optical displacement is like Egs. (28) and (29).
Equations (28)-(32) can be rewritten with the substitu-
tions:

ApJal  ftiklmkkkm

“(p)Si(p)(v-k
Ww>—v ¢k +irp 1

p W &n,
/r -»/°p= t/(k,<

(33)

The optical frequencies are renormalized by the electron-
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phonon interaction:

Xik - {Si(p)Sfc(p))/p".

The interaction of the optical phonons with electrons
gives the phonon damping. Using the estimate H(p) ~
££fPf, we obtain

Xik

uR
rop(k) ~ 7~ min (kl, 1) forw vk, (34)
k) ~ j N .
r op(k) GIT +1 for 4 A vk (35)
Hence the optical-phonon dispersion W — ojop(k)
irop(k) in the long-wave limit is estimated to be
(36)

woP = w2d+ ak2~ x + ;kz,

where the constants ujd and |a| ~ s2 depend on the po-
larization and the direction of wave propagation.

V. BULK ELECTRON-HOLE AND PHONON
EXCITATIONS

Since the distribution function (13), (24) and the fields
Mi(k, w), u>j(k, cj) (29) are determined, we can derive the
response (10) with the help of the expression

/ WP )UK, B3 - F0(e0~ Mo}

Using (13) and taking only linear terms in e(p,k, ui) —
£o(p), M(k,") —Mb [see Egs. (12), (16)], we obtain [see
Egs. (5), (9)] the scattering cross section,

dk
[
TH p)I2_

U—V ek + ITp
Si{Y* (p)Aik(p)}kiUk (K, tv)

W k,u,)

-(Y*(p)=.i(p))wi(k.,w) @7

The last two terms in Eq. (37) are written for most
interesting range >~ UE><C vk.

The expression (37) is our main result. We discuss the
different terms in this formula as follows.

A. Electron-hole excitations

The electron-hole contribution [see Fig. 1(a)] is repre-
sented by the first term in Eq. (37):

l—Z)F (In

¢

w3

Se_n(ks,a;) = MF(p)[27 >

) (b)
Q2> <I>— (17
Diik
(c)
<2 D . | Q 7 >
Dix

FIG. 1. Diagram representation of the correlator

(a) The electron-hole contribution accounting the scattering
by phonons (wave lines); the black dot [vertex Y (p)] shows
the electron interaction with the incident and scattered light.
(b) The bulk (acoustic- or optical-) phonon contribution; the
electron-phonon interaction is shown by the empty vertex.
The wave line corresponds to the bulk phonon Green’s func-
tion (D\"~b* or D&p~hY). (c) The surface-phonon contri-
bution. The surface phonon Green’s function (D”c or
D ~-*]) % shown by the double wave line. The dots mean
the diagram chain summed to all orders.

Se_h(ks,w) = -Im J ~|f/(k,0;)]|2

u IF (p)12 (38)
W—v ek +irpl"'”’

where, for normal skin-effect conditions for the incident

and scattered light,13

2<

R C=Cl+ Kz2=

U(k,«) = where

(39)

Here, we omit the polarization subscript [see Eq. (8)].
In the pure limit Z|£| » 1, we can ignore ir*1in the
denominator of Eq. (38):

dkz |C/(k,07)[2
2n k

Se-h(ks,0f) = 7T0J

(40)
where kO is on the order of y/v and v = v <k/wfc. We
find for the normally incident and scattered light
for ulC| » oj,

(41)

for t>|C| <
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Such an expression was first obtained7 for superconduc-
tors by applying the Green’s functions method.

In the opposite limit NQ <C 1 and for isotropic rp, Eq.
(38) takes the form

woz+ 1(MPI)G “2)

This contribution has the form of a wide relaxation back-
ground, it is shown in Figs. 2, 3 for the Stokes range.

Note that there is the strong dependence of E on the
skin depth & ~ 2(*“1. In the limit £2 0, the skin
depth should be replaced by the sample thickness. The
frequency dependence (42) is the same as for the case
of electron-impurity interaction.9 For high temperatures,
the collision rate r_1 is determined by the electron-
phonon interaction. Our results differ somewhat from
those obtained in Ref. 11, where some factor violates the
sum rule. If the temperature is larger than tvjy/3, the col-
lision integral gives 27rgT (limits of validity of
this temperature behavior were found out in the numer-
ical calculations.27 Here, g is the dimensionless constant
of the electron-phonon interaction (about the definition
g see Ref. 28. For low temperatures T <C tvo. the scat-
tering rate r _1 ~ gT3jwf>.26

Our semiclassical derivation of E is valid as long as
U & T. Otherwise the quantum mechanical response
theory has to be used. Because of the temperature T is
implicated together with ui in sums over discrete frequen-
cies, the obvious substitution can be made,29

1~ f2rgu)D for w> [tvD/3, T),

T~ ygal3/oj2dfor wd /3 » w» f. (43)

g i

s '

o 1

© ‘

a i

v H

£ :

3 H

L \

z :

) L/

0 w, W, wW; W, Ws

Frequency transfer
FIG. 2. The Brillouin light scattering cross section with

excitation of acoustic phonons. The background is from the
electron-hole contribution [Fig. 1(a)]. ui = wac- 3(ka) —the
Rayleigh phonon peak; U3 = tac_;(ks,kz = 0) —the peak
of the longitudinal phonon slipping along the metal surface.
ui4d —Uac-t(ka, kz = CI), = u>ac-i(k,,, kz = Cl) — the bulk
transverse and longitudinal phonon peaks, respectively. The
pile between w2 = wac-*(ks,fe~ = 0) and 013 is the contri-
bution of the coupled transverse and longitudinal waves; the
longitudinal waves decay from the boundary (like Rayleigh’s
wave), while the transverse waves do not decay.

)]
B
o |
e ]
S :
[&4 i ]
Q 1 1
a HEH
7] ‘ +
1 1]
c RN
o [l i
£ Vi
& b
[
. T
] ) ]
1] ] )
] 1] ]
1] 1 ]
[ !
-1
Wp Wep T
Frequency transfer
FIG. 3. The Raman scattering cross section for the nor-

mally incident and scattered light with excitation of optic
phonons. The Brillouin peaks represented by Fig. 2 are omit-
ted here. The entire electron-hole background is shown. The
bulk optical phonon contribution is resolved into two peaks.
One is conditioned by the singularity of phonon density of
states at the threshold u. - Another at aiocp - asop_b (ks =
0,kz = Ci), is determined by the momentum and energy con-
servation.

B. Acoustic bulk phonons

If we substitute the term proportional to fEc(k,tv)
from (29) into (37) for ii*,(k,tv), we obtain the acoustic
bulk phonon contribution:

Eac_t(ks,u;)=Im~r<y*(p)Aaa(p)>
al3

X(Y (p)A~(p)) J <\U(k,tv)\2
(44)

The bulk matrix Green’s
has poles determining the bulk phonon dispersiol
Ac where n = 1,2,3. The imaginary part in
(44) comes from the damping Tac (26). Using the matrix
Green’s function,

function Dfac—é’) (k.a:

1(n) mfn)*
Djrcw)- (45)
PV wic-b(K) -(<*>+ *°)2

where are the eigenvectors of the homogeneous Eq.
(28), one obtains the scattering cross section for the case
of the infinitesimal damping:

Eac-6(ks,w) = sgntv ~"2 ]

X |E7(k, tv) (Y (p) Aifc(p))u|")kk\
X2 -u>(")b(k)].

Note this form has the positive sign for tv > 0 and vice
versa. The tensor (I'(p)Ajfc(p)) is diagonal if the sym-
metry axes of a crystal are used as coordinates.
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We consider the case of normally incident and scat-

tered light in detail for the finite damping. Here, Eq.
(44) gives
-i>M

= 10 (p)Azz(p))|2 1m J 2irpsfk2- W+ irac)2

(46)

where s; = (Azzzz/ p)V2is the longitudinal sound velocity
in the z direction. Note that there is no contribution from
transverse phonons.

The integrand (46) has a maximum at \kz\ = Ci, with
width @ and a maximum at kz = %|a>|/s;, with width
rac/s(. If Ci Q r ac/.s,, we integrate only the de-
nominator, taking ?7(k, w) at kz = ui/si. We get

Cii(y(p)A"(p))i2

~ac-b(7) 2p[(M - S(Ci)2 + s2C1)

sgn Iu 47)

This expression has the form of a sharp peak at |w| =
s;Ci, with width s;C2- The comparison of Eq. (47) with
Eq. (38) shows that the ratio E*~/E "~ ~ CL/C2 2> 1.
If Ci < @, the broadening of the peak makes it impossible
to observe experimentally.

If @ (rac/s(, Ci), we integrate only J7(k,0j), taking
the denominator at kz = Ci:

Cirac|(y(p)A"(p))2
2@3,[(” i s(Ci)2+ric sgn 1. (48)

The peak is sharp since the damping rac (26), which
should be considered at k ~ Ci, is small. Now we find
the ratio E JA/E ~ ~ CiSi/rac - v/s.

For the nonperpendicular scattering, transverse
phonons are excited. The height of corresponding
peaks is proportional to k2. The relative height of
the transverse and longitudinal peaks is ~
min(A:2/Cf,Ci/72)- All the bulk peaks are located at
wl = wic(k*,kz = Ci)-

C. Optical bulk phonons

The contribution of the optical bulk phonons to the
cross section is contained in the last term in Eq. (37),

EOp-b(k8,a>) = Im<Y™*(p)Si (p)>

Hb
/ tl(k,<

xD \&P6) (k,w). (49)

First, we consider the case when the vector
(Y (p)Hj(p)) lies in 2 direction. Equation (49) gives for
normally incident and scattered light

Sop_6(u;) = [(Y(p)Sz(p))I2ImJ

‘ak2 + wf, — W+ iTop)2’ (50)

The denominator has a minimum at kz = fom;n, with
width Akz,

k2 = (w2-w D)/a,

Akz = [ti>rop/[a(tu2 —id )]1°2\ , (51)

where r op is given by Eq. (34), upon substituting k = Ci-
Let us consider two limiting cases for the typical situa-
tion, Ci C- Below we take 1w > 0 in order to write the
formulas in the clearest way; for v < 0, one substitutes
w A \U\ and changes the sign of E.
(i) The damping is relatively large, Akz 2> C- Then we
integrate only \U\2, taking the denominator at kz = (22

rop|(Y (p)3z(p)>r
2pTC3u,D{[u - (c2dt+ aC2)V/2]2+ r~p}e

(52)

Sop-bH

We see that the peak is at w = (II* + aC2)1"2- Our
estimate of the peak height gives EMMa*W/E|*£ ~ ~“E»/rop.

(ii) The damping is small, Akz << Q- Integrating
only the denominator and taking 11/12 at kz = k,nIn, one
finds

I<Y(p)Hz

£ Opb() (PHz())]

2ap'(2W£E>)1/2[(femm - Ci)2 + Q2]

/ " \ 172
xRe . (53)
a—tuD + iTo
Note that
1/2
Re
lud + *r
=112 1 - uD)sgna+ [(We 1ud)2+ r2]1/2

{cu- wd)2+r2

The expression (53) has two peaks (see Fig. 3). One
is controlled by the singularity of the phonon density
of states at the threshold w = cup. Its relative height

is - (2Pf/2v1/2/C?/2s1/2. The other, at
lu = wop(ke = 0,kz = Ci), is determined by momentum
and energy conservation. Here, ~ pE/C1C2e
The frequency interval between the peaks is aC2/2aj£>,
whereas their width is We see the peaks are
resolved for the above situation.

If CIl < Q, it is easy to see that there is only one
peak at the frequency <u> determined by the singu-
larity of the phonon density of states. This result is
obvious, and we do not derive it to save space. For
the nonperpendicular scattering for which we still have
(Y(p)H,(p)) = 0O, the transverse peaks exist also; the rel-
ative height EJJJN/E™ &L ~ min(fc2/A:2, 1). If the vector
(Y (p)Sj(p)) liesin s direction, the transverse peaks exist
only for normal scattering. For inclined scattering, the
ratio is EEJIMN/E““t ~ min(k2/k2, 1). For the general
case, both the longitudinal and transverse peaks exist
with approximately equal heights.
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VI. SURFACE PHONON EXCITATIONS

The first term in the right-hand side of (29) represents
the surface phonon contribution. Upon the substitution
into (37), we get [Fig. 1(c)],

Ea(kac® —I m ( k s,cv)AZ4g) 3 (k a,cu)/?(ks,Iv) ,

ct/3
(54)

where for the acoustic phonons
jr(k»,") = £<y (p)A™(p)>
7

xJ NN (k,WD(* - 6)(k,Wfe7fa , (55)
and for the optical phonons,

i"(k.,w)="(y(p)s7(p)>

x1 ~U (k,0,)D Arbl(KMk, « (56)

The surface matrix Green’s functions D”*c » (ks,uj)
and D ~p~3\]ts,uj) have poles determining the surface
acoustic-phonon (Rayleigh’s) spectrum v = 0aC_S kS)
and the surface optical-phonon spectrum uj = Wop_S(KS).

A. Acoustic surface phonons

The scattering cross section (54) is expressed in terms

of /~c(ks,uj) and D ~*c_sNks,w). We now have the chal-
lenging task of finding their explicit form. But it is easy
to solve a problem for the important isotropic case, in
which the tensor of elastic constants

AK-m P (NIAKm % AimAkT) E P@i )ik~ mi

(67)
where St is the transverse sound velocity. Substituting

(57) into the equation defining the bulk Green’s matrix
(28), we get

I 1
k +«?)(E? +«t)
sfk\ + sfnf -(sf - sf)kskz

(_ (sf —sfykakz sfkl + sfnf (58)

here we denote Kft = k2 —uj2/sft .
W ith the help of (32), we find after the intricated cal-
culation
2uj2Kip
" St[(ks + Kt)2- 4k2KtKI]
({sF-Z)\(sf-252)sr

[(sf-2sf

D trB\f30 =

(59)

Note this matrix is symmetric, therefore the cross section
(4) is positively defined.
In the range |w| < stk,,, both Kt and m are real. The

transverse and longitudinal waves are coupled together
by the boundary conditions [this is shown in Fig. 1(c) by
the vertical lines] into Rayleigh’s wave. The dispersion
of the surface waves30 is determined by the pole of the
matrix D¢ (k,,uj) shown by the double wave line on
Fig. 1(c). The bulk phonon matrix Green’s functions,
integrated over kz in Eqs. (54) and (55), are shown by
single wave lines. Note that the integration over kz is
not relevant to the surface phonon line. The imaginary
part in Eq. (59) comes from the damping Tac in the
denominator of Eq. (59), where vj —>uj + irac(ks). Thus,
the scattering cross section has the form of a sharp peak
at |w| = Sjiks, corresponding to Rayleigh’s phonons. The
exact expression for /fc(ks,uj) (55) is cumbersome, but
it depends almost not at all on £,

jr(ks,u0~<Y (P)A(p)>/ps2. (60)

Substituting Eqgs. (59), (60) into Eq. (54) and extracting
the imaginary part, we obtain near the pole

rad|(F(P)A(P))|2
Psi[H ~wec s(ks)|l2+r3j

The formula is exact as long as Xikim has the isotropic
form (57). Estimating the expression (61), we get
leh; - -<rac

In the domain stks < uj < sik8, the imaginary part
appears because kt is imaginary (rcj is still real). In
other words, transverse phonons propagate into the bulk.
The longitudinal phonons are still decay from the surface.
The contribution of such quasisurface excitations (they
are called sometimes as “mixed” modes) results in the
narrow continuum, which at uj > stk3 has the following
frequency dependence (see Fig. 2),

YEAE)R . P
ps2k2

(k. (61)

Eac—s(ks,u®) —

In the range sike < uj, both kt and K; are imaginary:
the transverse and longitudinal phonons propagate into
the bulk. The longitudinal phonons interact with elec-
trons more efficiently than the transverse ones. The in-
tegral (55) has the square root singularity at w = sike:

ik2 112

) YOAG> 5\ )

Taking into account D *c
(26), we obtain

and racgiven by Eqgs. (59),

Eac—s(ks, uj)

AN [21CHp)a(p))|2

ps3/2KI2 ”
H-"» +[(H-s<M2+r2j12
(M - sfes)2+r X

(63)

This nonsymmetric peak results from the slipping longi-
tudinal phonons, kz —0. The estimate of the ratio is
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— (t'/s)1/2fsC2/|C|2- A similar pedk ig“applied to ILS by a normal metal. We have consid-

gitudinal resonance”) has appeared in the theory of ILS
in dielectrics.2

B. Optical surface phonons

We consider the optical surface contribution (56) for
the most interesting case when the vector (Y (p)S,(p))
is in z direction. The evaluation is similar to the case
of acoustic surface phonons. The optical-phonon matrix
Green’s function D°£~"(ks,0<) has the same form as Eq.
(59), with k21 = f&2—(w2—ajp)/ai't, where a; */p'
and at = fi,z,z/plm The pole of D°£~s(k,,,a>) gives the
optical surface phonon spectrum U = aop_s(ks), which
consist of two branches (on the contrary to the accous-
tic Rayleigh spectrum) and will be considered in detail
elsewere.32 The surface optical phonons have been stud-
ied in Ref. 31 for an isotropic dielectric.

The optical surface peak has the form:

Nop—B(kS,
rop|<y(p)H.(p)>|2
p'H 2 max(fc2, |C| )}{[w - k'op-s(k«)]2+ T2p}
(64)

In the interval wf, + atk2 < ui2 < uip + a;fc2, there
are mixed optical modes which contribute in the cross
section the following continuum:

Y (p)Es(p))\2

=2 a —at/s2)1/2 .
p\a\3/2k2 max(fc2, [C|2) 2= )

The optical longitudinal resonance has the shape,

[(y(P)ss(P))|2

S@-s(ks, p'ky2\a\"\C\2
Suj sgn at + [BB2+ T2p]1/2
fa* +r2p
(65)
where

Su) = v—(uip + aik3p/2

This peak shape is asymmetric. For a; > 0, the cross
section decreases rapidly in the range Sw ~ rop, if 8ui <
0. At the opposite side of the peak, where S>> 0, the
cross section decreases slowly, as (<60>)-1/2. One can see
that the longitudinal resonance is absent, if the vector
(K(p)Hj(p)) lies in z direction.

VII. SUMMARY AND CONCLUSIONS

In this paper, we evaluate the semiclassical response of
a semi-infinite metal to an arbitrary external field U(T,t).
The existence of lattice vibrations is taken into account
and leads to nontrivial effects. Our method is based on
the straightforward solution to the boundary problem.

ered the effect of the electron-phonon interaction in the
inelastic light scattering. The interaction manifests itself
in three different contributions.

First, the electron-phonon interaction modifies
[Fig. 1(a)] the scattering by the electron-hole pairs in
the same manner as for conductivity. This contribution
may be called the relaxation background and is observed
in the frequency transfer range 4 ~ r_1 = 2ngivjy ~
103 cm-1 [see Eqgs. (42), (43)].

Second, the light scattering by electrons may involve
the excitation or absorption ofa bulk phonon [Fig. 1(b)].
The Brillouin-Mandelstam scattering with the excitation
of acoustic bulk phonons is attended with the low fre-
quencies transfer ui ~ sk ~ 0.1 K ~ 5 GHz, since the mo-
mentum transfer k of light in the optical range is small.
The scattering is observable only when the skin depth
is rather large. The Raman scattering with the excita-
tion of the optical bulk phonons is associated with the
frequency transfer on the order of the Debye frequency
102 cm-1. In the case of small phonon damping, the cor-
responding peaks may be decomposed into two maxima
(Fig. 3). One is controlled by the singularity of phonon
density of states at the threshold and another is deter-
mined by the momentum and energy conservation. The
width of bulk acoustic- and optical-phonon resonances
[see Eqgs. (47) and (48) and (52) and (53)] is determined
in competition between T and where the phonon
damping T and the field decrement £2 are given by Egs.
(26), (34), and (39).

Third, the excitation of surface acoustic and optical
phonons is possible [Fig. 1(c)]. The width of surface res-
onances [see Eqs. (61), (64)] does not exceed the width
of bulk resonances, because it is defined by the phonon
damping and does not depend on the field decrement. In
addition there is a narrow continuum in ILS from a spe-
cial type ofthe mixed phonons, which are a superposition
of the longitudinal wave with an amplitude diminishing
from the boundary into the bulk (similar to the Rayleigh
wave) and the nondiminishing transverse wave. This con-
tinuum is accompanied by the nonsymmetric longitudinal
resonance Eqgs. (63), (65).

Let us note that the peak shapes are independent of
temperature, in agreement with experimental results.1-6
But their widths are studied insufficiently in the exper-
iment and the attribution to bulk or surface excitations
is undetermined.

The theory of Raman light scattering in polar metals
will be published soon in the future. Here, the electric
field plays a more important role. There are two ways
to affect the scattering. First, the bulk optical phonon
dispersion is modified. It has an immediate impact on
the surface optical-phonon dispersion. Second, a different
type of surface excitations appears— the so called Fuchs-
Kliewer surface polaritons.33 The peaks corresponding to
excitation and absorption of polaritons come in the cross
section.
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APPENDIX: RAMAN SCATTERING
IN IMPURE METAL
WITH COULOMB INTERACTION

Let us show that the above result (37) may be obtained
by accounting the electron-electron interactions and the
electron-impurity interaction beyond the r approxima-
tion. Here, all the surface effects are omitted as well as
the electron-phonon coupling for simplicity sake.

We search for the solution of Boltzmann’s equation,

Ip(k,w) = /0[e(p,k,0;) - /z0]+ ~ 6fp(k, 1j), (Al

depending on the unperturbed chemical potential no and
the local energy,

e(p, k,w) =e0(p) + 7 (p)i/(k, I
The linearized Boltzmann’s equation with help of (Al) is

—i(ui —v mK)5/p(k, 1) = iu>j(p)U(k, 1) + iev mk<r(k, 1)

+Stfp(k,w) , (A2)
where the electron-impurity collision integral,
Stfp(k,w)
ho-w(p.p)[Sfp.(k,Lu) - */P(k,u)]. (A3)
We have the Poisson equation,
d
/ -(Z:B?Sfp(k,w), (A4)

for the potential >k Iu) of the Coulomb electron interac-
tion, where en, are the dielectric constants of the lattice.

Because of the Debye screening, the electron-impurity
interaction in metals can be described by a short-range
potential. Hence the scattering amplitude is isotropic
w(p,p') = wo- Then one rewrites Eq. (A2),

StPik,w) WP—v ek +ir 1

AwT7(p)f7(k,w) + ev <k<f(k,a;)

> = (A9

where the scattering rate isr 1 = (wqg). Integrating
both sides of Eq. (A5) over the Fermi surface, we find

(STP(k,aQ) W) i

D lu—v mk + ir-1/

v ek .

Wy ek + 1T 1 &KW
W—v <k 1 (A6)
lu—v -k + ir~
Let us consider two limiting cases.

(a) Small momentum transfer, W+ ir~1\ vk. Then

we omit all the terms proportional to v <k. In this lowest
order, we lose the diffuson pole in Eq. (A6) (see Ref. 16).
Equation (A6) gives (Sfp(k,Lu)) = —(7(p))Z7(k,1u), and
we obtain

U(k

Uk (cr gy + ir 1TED

6fp(k,cu) = - O
(A7)

Substituting (A7) into (10), we get our result (37) for the
small momentum transfer limit.

(b) Large momentum transfer, |w+ ir-11<g vk. In
this case the last term in (A5) is negligible, and r-1
determines only the bypass round the pole. The solution
of Poisson’s equation after the substitution (Al), (A5)
into (A4) gives

AireU{k,uj) j v *ky(p)

</>(kw) = (A8)

£>(k,w) lu—v mk + iO
where
£>(kw) = eikkikk - 47re2 vk (A9)
(k,w) = eikkikk - 47re —vmk+iO
Using Egs. (Al), (A5), and (A8) we get the response
(20):
sn”(k, ui) v-k|7(p)|
Uk, lu lu—vVv *k + *0
v -k7*(p) v *k7(p)
w—v ¢k + i0 y—V ek + i0j
v k -l
. (A10)
v -k + i0O
Expanding in powers of Lu/vk,
v *k7 (p)
u-vk +to/f ‘'nP" k v
(ALl
one can rewrite the expression (A10):
(A12)

where the vertex 7(p) is renormalized according to Eqgs.
(17). Hence we obtain Eq. (40).
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