
Lattice Quantum Chromodynamics 
Comes of Age
Quantum chromodynamics is the elegant but notoriously 
intractable theory of the strong interactions. Recent 
advances in numerical computer simulation are beginning 
to reveal, in impressive detail, what the theory predicts.

Carleton DeTar and Steven Gottlieb

T he s tre n g th  of the  e lec tron -pho ton  in teraction  is ch a r­
acterized by the  fine-struc tu re  constan t o - 1/137.036. 

Because .< is sm all, q uan tum  electrodynam ics (QED), the 
theory  of in te rac tin g  electrons and  photons, can be solved 
to very good approxim ation w ith  th e  trad itional technol­
ogy of pencil and  paper. By co n trast, quan tum  chrom ody­
nam ics (QCD), the generally  accepted theory of strongly 
in te racting  q uarks and  gluons, has  proven to be rem ark ­
ably resis tan t to  th a t  approach. But in recent years, ad ­
vances in com pu ter technology an d  a lg o rith m s have 
brought the ah initio, num erical sim ulation  o f QCD to a 
level o f credibility  th a t will have a significant im pact on 
scientific discovery.

Lattice QCD
In form ulation, QCD and QED are  strikingly sim ilar. Both 
are gauge-invariant q u an tu m  field theories. The key differ­
ence is th a t photons in QED arc  neu tra l; so they can 't in­
teract directly with each other. The gluon is the QCD a n a ­
log of the photon; it carries th e  strong  force between quarks. 
But quite unlike photons, gluons do c a n y  color charge, the 
analog of electric charge. So gluons in te ract directly w ith 
each o ther as well as w ith  quarks. (See the article by Frank 
Wilczek in PHYSICS TODAY. A ugust 2000, page 22.)

T hat seem ingly innocent change has dram atic  conse­
quences for phenomenology. It is th e  root of QCD’s d a u n t­
ing complexity. E lectrons, positrons, and  photons can be 
separa ted  and isolated a t m acroscopic d istances. Q uarks, 
an tiq u ark s, and gluons cannot. T h is prohibition, called 
color confinem ent, a s su re s  th a t all the  elem en tary  p a r ti­
cles (the  hadrons) com posed of q u ark s, an tiq u ark s, and 
gluons come in precise color-neutral com binations. Loosely 
speaking, th is  m eans th a t  they come e ith er in q u a rk -a n -  
tiq u ark  pa irs  (the m esons) o r in tr ip le ts  of q u ark s (the 
baryons). S evera l recen tly  d iscovered  “p e n ta q u a rk ” 
haryons a p p e a r  to  com bine a q u a rk  tr ip le t w ith  a 
q u a rk -a n tiq u a rk  p a ir  (see page 19 o f th is  issue.)

Why only color-neutral com binations? In QCD, q uarks 
can have th ree  colors. Conventionally, they are labeled red, 
blue, and green, bu t o f course they  have nothing to  do w ith 
optics. A n tiquarks have the  corresponding  anticolors. 
T rip lets o f q u ark s contain ing  equal portions of th e  th ree
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colors a re  color neu tra l.
Try to  pry loose one of the th ree  

valence q u ark s  in  a proton. Before 
going m uch fa r th e r  th an  the rad ius of 
th e  proton (about 1 fm or 10*w cm), 
you’ve done enough work to create  a 
new  q u a rk -a n t iq u a rk  pair. P a irs  
prom ptly  appear, choose new p a r t­
ners, and  you find a meson in one hand  

and a proton o r n eu tro n  in  th e  other. No isolated quarks!
At d istances an  o rder o f m agn itude sm alle r than  1 fm 

or, equivalently , a t  in te raction  energies or m om entum  
tran sfe rs  in the  m ulti-GeV  range, « t, the energy-depend­
en t QCD analog  of th e  fine-structu re  constan t, is effec­
tively weak. In th a t  lim ited  regim e, pertu rbation  theory 
works, and  pencil-and-paper m ethods succeed. But for the 
la rg e r d istances an d  softer in teractions, w here confine­
m en t is th e  dom inating  process, a , is effectively large and 
we m ust resort to com puterized num erical sim ulation.

In 1974, K enneth  W ilson a t  Cornell U niversity  for­
m ulated  a version of QCD on a discrete spacetim e la ttice 
(see th e  left panel of figure 1) and , w ith pencil and paper, 
used it to provide a p lausib le, bu t not rigorous, argum en t 
for color confinem ent.' Wilson argued  th a t, on a  coarse 
spacetim e la ttice, th e  po ten tia l energy of separation  of a 
quark  and  an  a n tiq u a rk  m u st rise linearly  w ith distance. 
In 1979 a t  B rookhaven N ational Laboratory, M ichael 
C reu tz, L aurence Jacobs, an d  C laudio Rebbi dem onstrated  
th e  feasibility of doing m eaningful num erical sim ulations 
w ith W ilson's form ulation  on a  Control D ata Corp 7600 
com puter.2 S hortly  the reafte r, C reu tz obtained num erical 
resu lts  for th e  confinem ent po ten tia l th a t  supported Wil­
son’s conclusions. T h a t success launched  a new branch of 
com putational physics, called lattice gauge theory or la t­
tice Q CD .' The rig h t panel o f  figure 1 shows a modern la t­
tice-QCD resu lt for th e  q u a rk -a n tiq u a rk  potential.*

High-precision calculations
For two decades a fte r C reutz's pioneering 1979 calculations, 
refinem ents in algorithm s and com puting power brought 
steady gains in precision and  consistency. B ut only in the 
past four years have powerful algorithm ic and theoretical 
im provem ents launched us into the age o f high-precision 
lattice QCD—a t least for some key hadronic quantities.

By th e  s ta n d a rd s  o f the  strong  interactions, “high pre­
cision" m eans 1 or 2%. The im pact of th is  new precision ex­
tends beyond th e  strong  in teractions. D eterm ining key fea­
tu res of the  weak in teractions of hadrons—for exam ple, 
the C abibbo-K obayashi-M askaw a (CKM I pa ram ete rs— 
requires correcting m easured w eak decay ra tes for strong- 
in teraction  effects (see box 1). The uncertain ties in our 
knowledge of such fundam ental param eters lim its the 
precision w ith which th e  s ta n d a rd  model of the  elem entary  
particles can be te sted  and probed for new realm s of 
physics.

T he m ost im portan t theoretical advance in recent
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Figure 1. Latticc quantum-chromodynamic calculation, (a) In the Wilson lattice formulation, the gluon field operator U links 
the quark fields q at adjacent lattice sites in the discretized four-dimensional spacetime. In the 3D internal color space of 
QCD, q is a .{-vector and U is a 3 x  } matrix (b) A recent lattice-QCD calculation of the potential energy of separation be­
tween a quark and an antiquark.4

years has  been the developm ent of improved actions, th a t 
is. improved m ethods of form ulating  QCD on the  lattice. As 
in classical field theory, the QCD action is th e  integral, over 
space and tim e, of tb e  la g ra n g ia n  density. In lattice calcu­
lations. th is  four-dim ensional in tegral is approxim ated by 
sum m ing over d iscrete lattice points in spacetime.

With substan tia l com putational resources a t N SF and 
DOE national cen ters during  the past th ree years, lattice 
gauge theorists have used an  im proved “staggered fermion" 
iISF) action to generate , and  m ake puhliclv available, a 
large set nf gauge-field configurations (see box 2).' S tag­
gered ferm ion actions, introduced by John  Kogut and 
Leonard Susskind in 1976, a re  so called because the algo­
rithm  spreads the fermion sp ins over adjacent lattice points.

The newly available gauge-field configurations include 
the vacuum -polarization (quark  loopi effects of u, d, and s 
quarks. Several lattice-QCD collaborations, working to­
gether,' have recently used these configurations to deter­
m ine a variety  of hadronic quan titie s to an unprecedented 
accuracy of 3CJ-. All of those quan titie s had been m easured 
previously in the laboratory. F igure 2 plots the ratio  of the 
sim ulated value to the experim ental one for each observ­
able. The only inputs were a few experim entally known 
hadron m asses th a t were used to determ ine the lattice spac­
ing and the m asses of five of the quark  flavors. The t  quark 
is too heavy to contribute. The rest is pure prediction.

The left panel shows the  resu lt from a widely used 
quenched approxim ation  (om itting  quark-loop effects). 
The right panel shows w hat h appens when quark  loops are 
included in th e  calculations. The resu lts  show th a t  quark- 
loop effects nre essen tial; w hen they  arc included, the 
agreem ent with experim en t is encouraging.

The q u an titie s  shown in figure 2 dem onstra te  the  pre­
dictive capabilities of la ttice  QCD. The two hadronic decay 
p aram ete rs /', an d /^ , which describe th estro n g -in terac tio n  
contribution to the w eak decays of the  r  and  K mesons, 
m easure th e ir  q u a rk -a n tiq u a rk  w avefunctions at the  ori­
gin. The p articu la r m ass-difference com binations shown in 
the  figure—involving the  nucleon, th e  doubly stran g e  E

baryon. and  the  ground s ta te s  of the  B, (strange and bot­
tom flavored i and V m eson fam ilies—w ere chosen because 
those linear com binations a re  ra th e r  insensitive to a v ari­
ety of system atic  erro rs.

The flavor-neutral >1’ (charm onium ) and  'i (bottomo- 
m um  i meson fam ilies, quark  analogs of positronium . are, 
respectively, cc and  bb bound s ta tes . The figure shows level 
sp littings betw een different orbital s ta te s  of these “quarko- 
nium " families. The c an d  b quarks, w ith m asses of a  few 
GeV. a re  a thousand  tim es heavier th an  the u and d.

For th e  hadronic q u an titie s  in figure 2, extrapolation  
to the  physical u and  d m asses is well under control. B ut 
m any o th e r im p o rtan t q u an titie s , such as the nucleon 
m ass itself, p resen t g re a te r  difficulties. We expect, how­
ever, to achieve com parable precision w ith the  nucleon 
m ass, for exam ple, once we have developed the ex trapo la­
tion procedure for it to  th e  sam e level of sophistication we 
already  have for th e  rr and  K m esons.

As a byproduct of these  calculations, one gets a new 
value for the  color f in e-stru c tu re  coupling or, by com bining 
a  nonpertu rbative  la ttice  de term ination  of energy scales 
w ith la ttice p ertu rb a tio n  theory. T his q u an tity  is tra d i­
tionally calcu lated  a t  very high energies, w here p e rtu rb a ­
tion theory applies. A lthough th e  s ta r tin g  energy scale of 
th e  new d eterm ina tion  is two o rders of m agnitude lower 
th an  th a t o f the  p e rtu rb a tiv e  calculation, the two values 
tu rn  out to agree reassu ring ly  well. For « , at 91 GeV (the 
m ass of the  Z" w eak boson, th e  conventional point of com­
parison!, th e  c u rre n t la ttice  QCD calculation gives 0.121 
± 0.00.3. The world average from o th e r determ inations is 0.117 t 0.002.
What advances do we foresee?
► CKM  m a tr ix  e le m e n ts .  An im m ediate scientific objec­
tive is to determ ine th e  w eak decay constan ts f u for the 
charm -flavored D m esons an d  fK for the  analogous bottom- 
flavored B m esons. O ne needs those constan ts to ex tract 
the  CKM m atrix  e lem en ts (box 1) from the experim entally  
m easured  m eson decay ra tes . As we have done w ith  f ,  and
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Box 1. The CKM Matrix Elements
Q uantum chromodynamics (QCD) is the strong-interaction 

part of the standard model that summarizes our current 
understanding ot the most iundamental interactions and parti- 
< les in nature. Quarks com e in six "flavors," the lightest of 
whic h, u (up) and d (down), have masses of just a lew MeV 
and make up the proton and neutron. The other quark flavors, 
in order of increasing masy are s (strange), c (charm), b tbot- 
tom), and t (top). Ea< h quark flavor com es in the three colors 
that are the QCD analogs of electric charge. All hadrons are 
color-neutral combinations ot quarks and antiquarks (denoted 
by overbars).

The fundamental parameters of QCD are the quark masses 
anti the coupling strength rr,. la ttice formulation adds arbi­
trary computational parameters: the grid spacing a and the 
total lattice volume. In numerical simulations we can vary jll 
the parameters, but the objective is to choose values that ap ­
proach those in nature, including, of course, taking the lattice 
spacing to zero while keeping the volume large enough la few 
Im on a side) that it doesn’t distort the physics

In the standard model, weak interactions, unlike the strong 
interactions, can change quark tlavors. For example, the figure 
at right shows a boitom-llavored B meson decaying to a 
charmed D meson (plus positron and neutrino) with the meta­
morphosis of a b to a c. Alternatively, the B meson can decay 
by the weak annihilation of a b with a u. The iundamental 
weak-interaction parameters include the measured coupling 
amplitudes tor such conversions of one quark flavor into an­
other (the red dots) with the virtual emission of the W  boson 
that mediates the weak interactions. These amplitudes are the 
elements of the unitary 3 z 3 Cabibbo-Kobayashi-Maskawa 
(CKM) matrix

O ne of the big questions is whether there are still more 
quarks to be discovered. If so, the true CKM matrix has to be 
bigger than 3 x  3, and we would find that the incomplete 
matrix describing the known quarks is not unitary. An intense 
experimental and theoretical effort is under way to measure 
the CKM matrix elem ents precisely enough to detect such de­
partures from unitarity. But to accomplish that, one has to 
correc t for Initial- and final-state strong interactions between 
quarks. That is where lattice QCD calculations become es­
sential. The gluons that mediate the strong interaction are 
represented in the figure by wavy lines, sometimes sprouting 
loops—virtual quark-antiquark  loops. The weak decay 
process occurs in an instant, but strong interactions set the 
stage and dress the hadronic actors.

f t . we rxpect to  d e term ine  t he heavy-llnvnred meson decay 
constan ts to high precision.

A nother im portan t strong-in teraction  param eter, BK. 
characterizes the  influence of th e  strong  in teractions on 
the rem arkab le  and well-known quan tum  m ixing phe­
nomenon in which a n eu tra l kaon oscilla tes between the 
positive s tran g e n ess  K an d  negative  s tran g e n ess  K" 
sta te*  The analogous but less w ell-m easured process in ­
volving the B" and  B" m eson s ta te s  is u nder cu rren t study
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a t the  S1.AC B aB ar collider and the Belle collider a t  KEK 
in Ja p a n  (see PHYSICS TODAY. May 2001, page 17). Both 
m easu rem en ts also d e term in e  elem ents of the CKM m a­
trix. S tudy  o f B-meson m ixing and decay is an im portan t 
p art o f th e  F erm ilab  Tevatron program .
► T h e  q u a r k - g lu o n  p la s m a . The cores of sufficiently 
dense s ta rs  a re  expected to contain  an  in trigu ing  phase of 
m a tte r, p red ic ted  by QCD. in w hich hadrons a re  so 
crowded th a t q u ark s  an d  gluons a re  “liberated" and move 

a s  if they were in a kind of deconfined 
plasm a. The un iverse was very likely 
such a quark -g luon  plasm a (QGP) 
for a b rie f m om ent a f te r  th e  Big 
Bang. Such a phase is an ticipated  to 
m a n ifes t itse lf  a t  extrem ely  high 
tem p era tu re  o r density. E xperim ents 
u n d e r way a t  B rookhaven’s Rela- 
tivistic Heavy Ion Collider (RHIC) 
and  a t  CERN bring heavy nuclei into 
h igh-energy collision in hopes of cre­
a ting  th e  QGP for b rie f in s tan ts  isee 
th e  artic le  by Thom as I.udlam  and 
L arry  M cLerran in PllYSK'S TODAY, 
O ctober 2003, page 48).

A lthough lattice-gauge sim ula­
tions do not describe the kinem atics of

1.2 1.4

Figure 2. Comparing lattice QCD with experimental values for a variety of hadronic quantities. The ratios of simulated to 
measured values are shown tor lattice calculations with (right) and without (left) quark-loop effects. The quantities are it- and 
K-meson hadronic dec ay parameters: mass-difference combinations between the E baryon and the nucleon and between the 
ground-state B, and Y mesons; and energy-level splittings between various bound states of the charmed quark and its anti­
quark (the iff mesons) and between bound states of the bottom quark and its antiquark (the Y mesons). The quenched approx­
imation (left) is much less expensive to compute, but in< luding quark-loop effects brings substantial improvement. The yel­
low bands indicate I d e p a r t u r e  from |>erlei t agreement between calculation and measurement. (Adapted from ref. 6.)
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Figure 3. Predicted fluctuation of the net strangeness num­
ber , \  as a function of temperature T in a hot. flavor-neutral 

ensemble of quarks and antiquarks. The mean strangeness 
<,N) vanishes, because there are as many s as s quarks. But 

the mean-square value (N /), which measures the random 
strangeness fluctuation, does not. The inflection point near 

180 MeV in this lattice-QCD calculation is thought to signal 
the crossover to a quark-gluon plasma. Scaled by T\ the 

mean-square number of strange quarks per unit volume V, 
plotted here in natural units (fi = c = 1), is dimensionless.

(Adapted from ref. 7.)

a heavy-ion collision, they can predict the equilibrium  prop­
erties of the QGP: the phase d iagram , the equation of sta te , 
and fluctuations in particle number. F igure 3 contains the 
result of a recent luttice-gauge calculation th a t shows how 
the fluctuation of net strangeness density  increases with 
tem peratu re  in a  hot. flavor-neutral ensem ble of quarks and 
an tiquarks 7 The inflection point nea r 180 MeV m the fig­
ure is taken to indicate the transition  to the QGP from a 
lower-tem peratu re  phase of q uarks and an tiquarks con­
fined in hadrons. Such calculations provide crucial input for 
phenomenological models of QGP* form ation and decay,

In a flavor-neutral ensem ble, w ith  equal populations 
of q uarks and  an tiquarks, th e  net baryon num ber van­
ishes. (A quark  ca rries baryon num ber +Mi. For an a n ti­
quark , it’s -Vs). A long-standing algorithm ic challenge has 
been to find a way of s im ulating  QCD at nonzero net

200 300
TEMPERATURE r(M eVi

400

baryon-num ber density—for exam ple, in ste lla r in terio rs 
or the “nuclea r fragm en ta tion ’' regions of phase space in 
rela tiv istic  heavy-ion collisions.

Introducing a  nonzero chemical potential to push the 
baryon density  aw ay from zero m akes the  determ inant of 
the quark-action m atrix  (box 2) complex. Then the vveight-

Box 2 . How Lattice Calculations Are Done
T he successful numerical treatment of QCD uses the Feyn­

man path-integral technique to quantize the field theory.1 
For gluons, the numerical problem is then reduced to carry­
ing out a massive multidimensional integration. Quarks, 
however, present a greater challenge. The essential problem 
is that quarks are fermions. In the Feynman path integral, they 
are represented by anticommuting quantities called Grass- 
mann numbers. Fortunately, the fermion integration can be 
done by hand, leaving only an integration over the ordinary 
numbers that describe the gluon degrees of freedom. But the 
quarks make the gluon integrand more complicated. After the 
quarks are integrated out. any quantity of physical interest— 
lor example, the mass of an elementary particle—is obtained 
from observables OIL/) that arc functions of the gluon field Li­
lts expectation value is given by

(D) = /  dUO  it/) expl -  S (D i| det IA K U) 1 
JdL/expl -  5U-0I d e t |M l/) | '

which is just a weighted average of the observable func lion 
over the multidimensional integration volume. The weight is 
determined by the purely gluonic action S(L/) and the deter­
minant of the quark-action matrix \KU) that describes the 
motion of the quarks and their interaction with the gluons. In 
the language of perturbation theory, the quark determinant 
generates the closed quark l<x>ps in Feynman diagrams. 
These loops represent a polarization of the QCD vacuum. 
They produce the quark-antiquark pairs whose creation 
makes it impossible to pry one quark loose from a proton.

The so-called quenched approximation drops the quark 
determinant in the numerator and denominator of the pre­
ceding equation, thereby omitting the quark loops. The d e­
terminant can be included, but at a cost that increases by a 
few orders of magnitude when one decreases the masses of

the u and d quarks toward their experimental values Thus 
even when vacuum polarization effects are included, it is 
standard practice to carry out computations with unphysi­
c ally large u and d masses and then extrapolate to their phys­
ical values.

O ne of the larger lattices in current practice has a regular 
grid of 28 points in each of three spatial dimensions and 
in time, with lattice spacing a «  0.1 fm and time intervals of 
a/c. With eight gluon color combinations and (our spacetime 
link directions at each lattice site, that comes to 67 x  10*’ 
integration variables needed to describe the gluon field. 
That’s definitely not the place to use Simpson's rule! Instead, 
one uses a variety of importance-sampling techniques.

The form of the weighted integral in the previous equa­
tion lends itself naturally to importance sampling. If the net 
baryon density is zero and we are careful with the number of 
quark flavors involved, the weight will be positive definite 
and it can be treated as a probability. If we sample points U, 
for / =  1, 2, . . .  N  in the multidimensional integration space 
ac cording to that probability, the expectation value of Ĉ tLO 
becomes a simple average of the values that O assumes on 
each point in the sample:

The statistical error on this expectation value decreases like 
M V N ,

To specify one sample point U, in the integration space re­
quires giving the value of the gluon field on each of its four 
lattice links. With the large lattice grid described above, it 
lakes 600 megabytes to specify the complete gauge-field 
configuration. A com m on computational strategy is to gen­
erate and archive a large sample of such configurations. 
They then becom e a resource that can be used subsequently 
to "measure" a w ide variety of different observables.
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ing factor in the  first equation in box 2 can no longer be 
in terpreted  as a  probability, and  the  usual importance- 
sam pling techniques lose th e ir  effectiveness. (A sim ilar com­
plication plagues condensed-m atter physics calculations for 
system s in which the eonduction-eloctron occupancy devi­
ates from h a lf  filling. I Good progress has been made recently 
in obtaining resu lts for small net baryon density.*
► H a d ro n ic  s t r u c t u r e .  The in te rn a l s tru c tu re  of th e  n u ­
cleon is fundam ental to n u clea r physics. A principal sci­
entific goal is to d eterm ine q u an tita tiv e ly  how q u ark s and 
gluons produce the  b inding and  spin of the  nucleon. To th a t 
end, vigorous experim en tal p rogram s a re  in progress a t 
MIT, Thomas Jefferson  N ational A ccelerator Facility, 
SLAC. Ferm ilab, DESY, an d  CERN. (See page 9 of th is  
issue.) RH1C will soon be jo in ing  the  en terp rise . The n u ­
cleon is easy to  study  by la ttice  QCD, because it is th e  ligh t­
est of the th ree -quark  barvons. And determ in ing  the  sta tic  
properties of hadrons is n a tu ra l for la ttice  QCD. We hope 
to u n d erstan d  the nucleon's s tru c tu re  th rough  a com bina­
tion of num erical sim ulation  and  experim ent.

What we can and can't calculate
Lattice-gauge theo ris ts  use the Feynm an path -in teg ral 
technique to quan tize  th e  field theory  (see box 2 1. The 
F eynm an approach actually  leads us to carry out calcula­
tions w ith  an  im aginary  tim e coordinate. T hat fea tu re  is 
s tan d ard  in s ta tis tica l q u an tu m  m echanics. In fact, the  
F eynm an in teg ration  over a lte rn a tiv e  path s determ ines 
the partition  function for an  ensem ble of in teracting g lu­
ons, quarks, and  an tiq u a rk s  in the rm al equilibrium . In 
lattice-QCD calculations, th e  te m p era tu re  is inversely pro­
portional to the du ra tio n  of th e  whole lattice volume in 
im aginary tim e.

If we keep the im aginary-tim e du ration  sm all, we can 
study  h igh -tem pera tu re  fea tu res such as the  QGP. But if 
we m ake the  du ration  la rge  enough, we’re sim u la ting  a 
te m p era tu re  close to zero. Q u an titie s  o f in te rest a t  zero 
te m p era tu re  include the  m asses of a wide varie ty  of 
hadrons, th e ir  decay am plitudes, th e  q u a rk -a n tiq u a rk  po­
ten tia l, and various s ta tic  p roperties of hadrons, such as 
the in ternal d istribu tions o f charge and  m agnetization.

L attice QCD n ea r zero te m p era tu re  also addresses the 
com plicated s tru c tu re  of th e  vacuum . The vacuum  s ta te  of 
QCD, its zero-tem perature ground s ta te , is rem arkably  
rich in structure.® The gluon field fluctuates w ith  tw ists 
and  tu rn s , trac ing  out topological kno ts called in stan tons 
U nderstand ing  the ground s ta te  is fundam ental to un d er­
standing  QCD.

We cannot, however, ca lcu late  everything. B ecause of 
its close rela tionsh ip  to s ta tis tica l therm odynam ics, la ttice

Figure 4. Circuitous paths linking quarks at neighlx>ring lat­
tice sites improve QCD simulations by effectively smoothing 
the sharp corners of the four-dimensional spacetime lattice. 
The diagrams show different terms linking quarks in the ISF 
action. The arrows represent gluon color matrices on links 
between adjacent sites. The traditional unimproved action 
used only term a. A chain of arrows is a product of such ma­
trices. The five-link diagram (c) involves three directions and 
the seven-link diagram (d) is meant to represent all four 
spacetime directions. Some paths, like f. link next-nearest 
neighbors.

QCD in its  cu rren t form ulation is unsu ited  for sim ulating  
real-tim e processes such as  m u ltipartic le  scattering  anil 
th e  n o n eq u ilib riu m  b eh av io r of th e  QGP. For such 
processes we rely on phenom enological models to ex trapo­
la te  from the dom ain w here la ttice QCD does work.

The principal com putational challenges faced by la t­
tice QCD are  reducing d iscre tization  erro rs  and ex trapo ­
la ting  down to the  sm all physical m asses of the u and  d 
quarks:
► D is c re t iz a t io n  e r r o r s .  R epresen ting  spacetim e by a 
regu la r grid  o f d iscre te  points introduces artifac ts  th a t be­
come sm all as  the  la ttice  spacing  a  is decreased. However, 
the  com putational cost (the num ber of requisite  com puter 
operations) grows very steeply w ith decreasing a—som e­
th in g  like a 7 o r —w hen th e  com putation  includes 
quark-loop effects. In  th e  end, one m u st ex trapolate  to zero 
la ttice spacing. To im prove the  accuracy of th a t ex trapo la­
tion, we place a high prem ium  on finding improved algo­
rith m s th a t  reduce d iscre tization  artifac ts . C urrently , 
large-scale com putations w ith  im proved action algorithm s 
work w ith a la ttice  spacing as  sm all a s  0.09 fm.
► L ig h t- q u a r k  m a sse s . C om putational cost, a t  fixed a, 
grows approxim ately  as  the  inverse square  of the  quark  
m asses in question . T h a t m akes it too expensive to le t the 
u and d q u a rk s  be a s  ligh t a s  they  a re  in n a tu re . (The pro­
ton is a h undred  tim es heavier th a n  the  sum  of its th ree  
valence q u a rk s ./ In th e  lim it o f van ish ing  quark  m asses, 
QCD h as  a special "ch iral” sym m etry  from which one can 
define a  p ertu rb a tiv e  expansion in the  sm all quark  m ass 
and  th u s  anchor th e  ex trapolation  down from the unphys- 
ically high m asses used in the  la ttice calculations. So if we 
can sim u late  QCD in th e  regim e w here chiral pertu rbation  
theory applies, we can  ex trapo la te  from lattice QCD to the 
sm all u and d m asses w ith som e confidence. In cu rren t 
large-scale la ttice  sim ulations, it is feasible to tak e  the  u 
and  d m asses a s  low a s  th ree  tim es th e ir  physical values. 
T h a t’s well w ith in  the  range of ch iral pertu rbation  theory 
and  well below th e  quark -m ass values th a t had to be used 
in la ttice calcu lations before th e  ISF  im provem ent

How improvement is accomplished
The key to  the  recen t advances in lattice-gauge theory has 
been the  developm ent of im proved lattice actions for de­
scribing the  m otion an d  in teraction  of q uarks and gluons. 
Tlie im provem ents refine the  discretization  of the quark  
action. T he ISF  action is th e  m ost extensively exploited of 
these algorithm ic im provem ents.'

Let us exam ine one of the steps in the  im provem ent 
process. In a la ttice  sim ulation , the  sim plest term  de­
scribing th e  in te rac tio n  betw een  q u ark s and gluons in ­
volves th e  in n e r product o f an  an tiq u a rk  field a t one la t­
tice site  and the  q u ark  field a t  a neighboring site, l b  
m ain ta in  gauge invariance, however, one also has to in ­
clude in th a t product the  gluon m atrix  U on the link jo in ­
ing the  two la ttice  sites.
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spat inn <>,or J  variety of lattice quark-action algorithms. The 
smaller the slope, the better the algorithm. The* blue points 
indicate results with the unimproved staggered-fermion ac­
tion devised in 1070 and used well into the 1990s. The red 

|X>ints indic ate an improved version of Kenneth Wilson's 
original quark action used in the late 1990s. The ISF action, 
represented by the green points, clearly shows the least de­

pendence cm lattice spacing. The nucleon mass, in the limit 
of vanishing a, comes out about 300 MeV t<x> high because 
all these calculations, foi simplicity of comparison, used un­

physic ally high u and cl masses and ignored quark-loop 
effects. (Adapted from ref. 10.)

Figure 5. Calculated nucleon maw as a function of lattice

The im provem ent schem es use not only th e  sh o rtes t 
p ath  t<> connect adjacent s ites  b u t also  a  com bination of 
products o f gluon m atrices along  longer, more circuitous 
p a th s  betw een im m ediate an d  m ore d is ta n t neighbors, as 
shown m figure -1 With the  correct lin ear com bination of 
such path s, we can reduce d iscre tization  erro rs, in effect, 
by sm oothing the sh a rp  corners of th e  lattice. We remove 
erro rs proportional to a3. So we’re left w ith erro rs th a t 
scale like a ' and  <r«. The added com plexity of th e  cir­
cuitous p a th s  increases the com putational cost by a factor 
of two or th ree , bu t the  g rea te r  cost is handsom ely repaid 
in b e tte r  accuracy a t  modest la ttice spacing.

One way to  m easure the  effectiveness of th e  improved 
form ulation is to observe how calculated quan titie s vary 
w ith la ttice spacing. For exam ple, figure 5 com pares the 
lattice-spacing dependence o f th e  ISF-aetion calculation of 
the nucleon m ass w ith  calcu lations th a t  use older action 
a lgorithm s.1" To avoid th e  added com plication of ex trapo ­
lation, all o f these  lattice calcu lations used unrealistica ll v

SQUARED LATTICE SPACING a2 (fin2)

heavy quarks. Therefore th e  nucleon m ass, in the lim it of 
van ish ing  a ,  com es ou t about .'300 MeV too heavy. But w hat 
m a tte rs  in th is  com parison of quark-action  algorithm s is 
the sensitiv ity  to  la ttice  spacing. The sm alle r the slope, th e  
b e tte r  the im provem ent. Clearly, the ISF action does het- 
te r  in th is  test.

G iven sufficient com putational resources (see box 3), 
the  fu tu re  prospects for high-precision lattice calculations 
a re  excellent. The ISF  action is only one of several im­
proved actions cu rren tly  being investigated. u O thers m ake 
even fu rth e r  im provem ents .1'  T heir form ulation is more

Box 3. Special-Purpose Computers for Lattice QCD
T he rate-limiting computational problem 

in lattice QCD is the solution of large 
linear systems. These systems are well- 
suited for massively parallel computers 
with fasl communication, high local mem­
ory bandw idlh, and relatively small memory 
per processor. Thus it becom es cosl- 
effective to consider special-purpose m a­
chines for lattice QCD calculations. These 
can be custom-built machines like the 
(}CDOC computer designed by researc hens 
at Columbia University, Brookhaven, the 
Japan Institute of Physical and Chemical 
Research iKIKENl. and in Britain. Alterna­
tively, they can be so c ia lly  configured PC 
clusters built mostly from commercial parts.

The photo at light shows a QCDOC 
daughter board with two nodes, each with 
a gigaflop-per-second double-precision 
IBM 440 PowerPC unit, 4 megabytes of 
memory, and 12-way bidirectional com m u­
nication.''' Sustained 10-Tflop/s QCD cal­
culation requires 20 000 such nodes. Euro­
pean examples include the custom-built 
Italian apeNEXT com puter.C urren tly , special-purpose lattice-QCD computers can be built at a cost of about SI per Mtlop/s.

Prac tically the entire US lattice gauge theory community, a group of about .r>0 scientists, has been w orking together for the past 
tour years to develop the computational infrastructure it needs lo study the wide variety of high-energy and nuclear physics prob­
lems that require numerical QCD simulation. In addition to the QCDOC, lai^e PC clusters are under development at Fermilab and 
Jefferson Lalxwatory. The US Department of Energy’s SciDAC advanced c omputing program is providing funds for the- development 
of community software to facilitate efficient use of these powerful computers.1'
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com plicated; th e ir  im portance-sam pling a lgorithm s arc  
not y e t ready lor large-scale com putation . B ut we expect 
significant gains in th e  n ea r fu ture .

An altogether different approach  em phasizes a  m ore 
accurate  trea tm e n t of chiral sym m etry  at nonzero lattice 
spacing th a t provides much b e tte r  control of th e  ex trapo ­
lation to the physical ti and d q u ark  m asses .13-14 T hat a p ­
proach is considerably more expensive th an  the ISF action, 
hut some prom ising w ork is in progress. It’s im portan t to 
pursue a lte rn a tiv es  to  ISF for two reasons. F irs t, the im ­
plications of som e of the  approxim ations used in the ISF 
sim ulation  a re  not com pletely understood. Second, sys­
tem atic u n certa in ties  in the chirally  accurate  m ethods and 
th e  ISF m ethods a re  sufficiently d ifferen t th a t they pro­
vide good cross checks.

A host of in te restin g  fundam ental physics questions 
aw ait application of the  new tools. T hese include s trin g en t 
te s ts  o f th e  s tan d ard  model of partic le  physics, full ch a r­
acterization  of th e  quark -g lu o n  plasm a, q u an tita tiv e  de­
term ination  of the s tru c tu re  of the  nucleon, and th e  p re­
diction of m asses and  decay channels for observed and 
conjectured exotic hadronic s ta te s , including pen taquarks, 
purely gluonic particles called g lueballs. and quark -g luon  
hybrids (see P h y sio s  Today, S ep tem ber 2003, page 191.
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