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A bstrac t— T h is p a p e r  p re sen ts  a  new  m ea su re  o f  h e a r t  r a te  v a r i­
a b ility  (H R V ) th a t  c an  be  e s tim a ted  u sing  D o p p le r u ltra so u n d  te c h ­
n iq u es a n d  is ro b u s t to  v a r ia tio n s  in  th e  a n g le  o f  in cidence  o f  th e  u l­
tra s o u n d  b eam  a n d  th e  m ea su re m e n t noise . T h is  m ea su re  em ploys 
th e  m u ltip le  s igna l c h a ra c te riz a tio n  (M U SIC ) a lg o rith m  w hich  is 
a  h ig h -reso lu tio n  m eth o d  fo r e s tim a tin g  th e  freq u en c ie s  o f  s in u ­
so ida l signa ls e m b ed d ed  in  w h ite  noise fro m  s h o r t-d u ra tio n  m e a ­
su rem en ts . W e show  th a t  th e  p ro d u c t o f  th e  sq u a re -ro o t o f  th e  e sti­
m a te d  signa l-to -no ise  ra tio  (SN R ) a n d  th e  m ea n -sq u a re  e r ro r  o f 
th e  freq u en cy  e stim a te s  is in d ep e n d en t o f  th e  no ise  level in  th e  
signal. S ince v a ry in g  an g les o f  in cidence  effectively ch an g es th e  
in p u t SN R , th is  m ea su re  o f  H R V  is ro b u s t to  th e  in p u t no ise  as 
w ell a s  th e  an g le  o f incidence. T h is  p a p e r  in c lu d es th e  re su lts  o f 
a n a ly z in g  sy n th e tic  a n d  re a l D o p p le r u ltra so u n d  d a ta  th a t  d e m o n ­
s tra te s  th e  usefu lness o f  th e  new  m ea su re  in  H R V  analysis.

In d e x  Terms— A ngle o f  incidence , h e a r t  r a te  v a ria b ility , m u ltip le  
s ignal c h a ra c te riz a tio n .

I. INTRODUCTION

E IGHT out of one-thousand live-born infants have some 
form of heart defect, making it the single most common 

class of congenital abnormalities. Identification of these cases 
during early pregnancy reduces risks by timely treatment and/or 
planned delivery at tertiary care centers. Currently, the heart 
rate variability (HRV) analysis is used to understand the hemo­
dynamic state in adults and children [1]-[3]. The use of fetal 
heart rate as a tool for monitoring fetal hemodynamics was first 
suggested in the 1950s using electrocardiographic (ECG) sig­
nals [4, pp. 1-6]. Unfortunately, there is no reliable or non- 
invasive method for measuring fetal ECG during early stages 
of pregnancy. Fetal ECG signals can be measured externally 
from electrodes placed on the maternal abdomen [4, pp. 28-54],
[5]-[8]. However, these signals are in general corrupted by the 
maternal ECG and other signals such as abdominal action po­
tentials. They are also significantly attenuated by tissues be-
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tween the heart and the electrodes. The poor signal-to-noise 
ratio (SNR), and the high rate of coincidence of maternal and 
fetal ECG’s limits the detection rate of fetal QRS complexes 
from these composite signals to about 60% [7], [8]. Further­
more, fetal ECG can be measured using this method only after 
20 weeks of gestation [8]. Fetal ECG signals can also be mea­
sured directly from the fetal scalp [4, pp. 28-54]. However, this 
method is not feasible until later in gestational age and is per­
formed after the membrane rupture.

This paper is concerned with developing a robust measure 
HRV from Doppler ultrasound measurements of fetal blood 
flow velocity waveforms. Ultrasonography is a safe, noninva- 
sive, and cost-effective tool for monitoring fetal cardiovascular 
system through imaging and blood flow velocity measurements
[8]-[18]. Splunder, et al. have shown that blood flow velocity 
waveforms can be measured from fetal arteries as early as the 
eighth week of gestation using transvaginal Doppler ultrasound 
techniques [14]. Short-term temporal [15] and spectral [16], 
[17] variability of fetal heart rate have been used for the 
assessment of cardiovascular development in fetuses during 
early human pregnancy using the umbilical arterial Doppler 
ultrasound blood flow measurements. Instantaneous fetal 
heartbeats were estimated from these blood velocity waveforms 
using a threshold detection scheme and spectral dynamics of 
beat-to-beat variability were characterized using fast Fourier 
transform (FFT) techniques. It is well known that the variance 
of the spectrum estimate based on the FFT of a random signal 
(periodogram) is of the order of the spectrum of the signal
[19], [20, pp. 63-105]. Furthermore, the spectral resolution of 
FFT-based techniques is inversely proportional to the length 
of the data segments [20, pp. 63-105], [21, pp. 23-83]. Both 
these factors contribute to the unreliability of FFT-based algo­
rithms in HRV analysis. Exposure to ultrasound beam for long 
durations of time may cause temperature increase and damage 
in fetal tissues especially in the brain encased in the fetal 
skull. Consequently, long-term monitoring of blood velocity 
waveforms is not recommended [22]. Other sources of error in 
HRV estimation from blood flow velocity waveforms measured 
using Doppler ultrasound techniques are: 1) variations in the 
angle between the incident ultrasound beam and the blood flow; 
2) the nonuniform insonation of the vessel; 3) the high-pass 
filtering of the received ultrasound signal (to demodulate the 
Doppler signal); and 4) the SNR of the Doppler signal [12]. 
These factors make it difficult to define a specific reference 
point in each pulse in the blood velocity waveform to estimate 
individual heartbeats and, hence, the beat-to-beat variability.

This paper presents a solution to the problems in character­
izing the HRV because of variations in the angle of insonation
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and noise levels in the Doppler signal described above. We 
used maximum blood flow velocity waveforms estimated from 
Doppler measurements in our analysis. These waveforms are 
not significantly affected by the nonuniform insonation and 
the high-pass filter settings [23]. We first demonstrate that 
blood velocity waveforms can be modeled as a single sinusoid 
embedded in white noise over short intervals of time. This 
model allows us to estimate the heart rate as the instantaneous 
frequency of the sinusoid in the short data interval. We then 
define the HRV as the temporal variability of the estimated 
heart rates over all the short intervals into which the blood 
velocity waveform is segmented. We use the MUSIC algorithm 
[21, pp. 139-160] to estimate the frequency and amplitude of 
the signal as well as the variance of the noise component in the 
signal. MUSIC is an eigenanalysis-based frequency estimation 
algorithm. A brief introduction to the MUSIC algorithm is 
given in the appendix. Unlike FFT-based methods, the spectral 
resolution of the estimates is not limited by the duration of the 
signal in this approach. Finally, we use a normalization of the 
temporal variations in the estimated parameters to develop a 
measure of HRV that is robust to the ambient noise and the 
angle of incidence of the ultrasound beam.

The rest of the paper is organized as follows. We describe 
the robust measure of HRV in Section II. Experimental results 
verifying the robustness properties of the measure is provided 
in Section III. The concluding remarks are given in Section IV.

II. HRV Analysis

A. Signal Modeling

Fig. 1 depicts a portion of an umbilical arterial blood velocity 
waveform acquired from an 18-week-old fetus. The temporal 
characteristics of the waveform suggest that this signal can be 
modeled as a pure sinusoid embedded in white noise over a 
short duration of time. Such inference can be further justified 
when we consider the autocovariance function of the signal. 
Fig. 2 shows the unbiased sample autocovariance function of 
the signal in Fig. 1. Since the estimated autocovariance func­
tion appears to match the sinusoidal model, we model the auto­
covariance function of the fetal blood velocity waveforms as a 
pure sinusoid embedded in noise over short intervals. We note 
that the harmonic frequencies of the heart rate are of relatively 
low strength compared with the fundamental and are further at­
tenuated in the covariance function due to the squaring effect. 
In our approach, we study the temporal variations in the charac­
teristics of the velocity waveforms using the frequency and am­
plitude values estimated from its autocovariance function using 
the MUSIC algorithm. The amplitude and the frequency values 
evaluated by the algorithm correspond to the instantaneous peak 
blood velocity and heart rate values, respectively.

B. A Robust Heart Rate Variability Measure

The instantaneous blood flow velocity estimated using 
Doppler ultrasound is given by

(1)

Fig. 1. Umbilical arterial blood velocity of a fetus at 18 weeks of gestation.

Fig. 2. Sample function of the signal in Fig. 1.

angle of incidence at time t. We sample blood velocity wave­
forms at a sampling frequency such that half of the sampling 
frequency is much greater than the expected highest heart rate 
and then divide each waveform into short segments of time cor­
responding to two to three heartbeats. We assume that the in­
stantaneous peak velocity, frequency and the angle of incidence 
do not change significantly over these short segments. Let, M  
be the number of samples per segment and N  be the number of 
such segments in the blood velocity waveform. Consequently, 
we can model the nth velocity sample of the ith segment using

z/(i, n ) =  oti cos (2iv f in
0 < n  <  M  -  1
1 < i < N

(2)

where c is the velocity of ultrasound in the medium, f Q is the 
ultrasound frequency, f ( t )  is the Doppler shift, and 6(t) is the

where f i , c^, and fa are the instantaneous frequency, the am­
plitude and the phase values of the velocity waveform, Oi is the 
instantaneous value of the angle of incidence, and £(n) is an in­
dependent identically distributed (IID) noise process with zero 
mean value and variance cr|. Similarly, we assume that the sta­
tistics of the noise process £(n) changes slowly compared with 
the variations in the frequency and the velocity of the waveform.

Let, cti, f i ,  and <r| • denote the estimated amplitude, fre­
quency and the noise variance, respectively, for the ith  block.
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We note that ai is an estimate of oli cos Oi in (2). Then, an 
estimate of the SNR for the signal in the ith segment is given by

a 2
SNR; =  (3)

2ah
From the above discussion, it is clear that the SNR is directly 

proportional to cos2 Oi when all the other parameters are fixed. 
For a complex-valued sinusoid embedded in white noise, Kay 
[20, pp. 407-445] has empirically shown that the mean-square 
error (MSE) in estimating the frequency using MUSIC is in­
versely proportional to the SNR of the input signal. This result 
can be extended to the case of real sinusoids to show that the 
MSE is inversely proportional to the square root of the SNR.

Therefore, we can eliminate the dependence of the MSE on the 
angle of incidence by defining a normalized HRV measure as

NHRV = (4)

where / if  is the mean heart rate computed over the whole wave­
form. In contrast, an estimate of the HRV given by

HRV =

1/2

(5)

-50 0 50
A ngle of Incidence (d eg rees)

Fig. 3. Distributions of the estimated mean heart rate.

depends significantly on the measurement noise as well as the 
angle of incidence. Therefore, this un normalized measure cannot 
provide reliable information about the cardiovascular system.

III. Experimental Results

In this section, we verify the properties of the normalized 
HRV measure in two ways. The first set of experiments involves 
simulated and real Doppler signals collected for different angles 
of incidence. We demonstrate that the normalized HRV shows 
little dependence on the measurement noise level and the angle 
of incidence. The second set of experiments involves the anal­
ysis of fetal umbilical arterial blood velocity waveforms. We 
show through the analysis of 108 waveforms obtained from fe­
tuses aged 10-20 weeks of gestation that the evolution of the 
normalized HRV with gestational age agrees with the known 
physiological behavior of HRV in fetuses.

A. Verification o f Robustness to Angle o f Incidence and 
Measurement Noise

A synthetic signal modeled as in (2) was generated with f i  =  
150 beats-per-minute (b/min), =  10 cm /s and a sampling 
frequency of 100 samples/s. The angles of incidence was varied 
from —80° to +80° in steps of 2°. One-thousand independent 
experiments were performed at each angle Oi and the experi­
ments were repeated for noise variance values cr| =  0 .001, 0 .01, 
and 0.1. Each experiment employed 110 samples. The MUSIC 
algorithm was employed to estimate the instantaneous frequen­
cies of the signal.

Fig. 3 depicts the variation of the estimated mean frequency 
values for the above three variance values with the angle of in­
cidence. This demonstrates that we can estimate the heart rate 
accurately for large ranges of noise variances and angles of 
incidence.

Incidence (d e g r ee s)

Fig. 4. Distribution of the HRV with the angle of incidence.

Fig. 5. Distribution of the normalized HRV with the angle of incidence.

At each angle 0, the HRV was estimated as the root mean 
square (RMS) deviation of the frequency estimates from their 
mean value and the normalized HRV was computed using (4) 
over the 1000 estimates. Figs. 4 and 5 display the HRV and
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Fig. 6. Distribution of the normalized HRV estimated for the carotid arterial 
blood velocity with the angle of incidence.

the normalized HRV, respectively, as functions of the angle of 
incidence for the three different noise levels. We can see from 
these results that the normalized HRV measure is relatively 
independent of the angle of incidence as well as the noise 
variances.

We also evaluated the normalized HRV using blood velocity 
waveforms measured at different incident angles from a carotid 
artery of an adult. Fig. 6 shows the normalized HRV values at 
four different incidence angles. From this figure, it can be con­
cluded that the normalized HRV measure is relatively constant 
with the angle of incidence.

B. Evolution o f Fetal HRV With the Gestational Age

In normal fetuses, changes in heartbeat patterns with the ges­
tational age can be explained using physiological considera­
tions. Myofibrils in the cardiac muscle are responsible for the 
contractility of the myocardium. The increase in the number of 
myofibrils increases efficiency of the myocardial contractility. 
By 8-10 weeks of the gestational age myofibrils appears in large 
numbers improving the contractility of the myocardium and, 
hence, decreasing the heart rate [15]. The autonomic nervous 
system develops first with the parasympathetic nervous system 
which matures around 15 weeks of gestation. The parasympa­
thetic nervous system activity tends to decrease the heart rate. 
Due to both these factors, heart rate decreases from 10 to 15 
weeks of gestation and remains approximately constant from
15 to 20 weeks [24]. Similarly, the HRV remains approximately 
constant from 10 to 15 weeks and increases from 15 to 20 weeks 
of gestation. The increased HRV with fetal age is due to the mat­
uration of the parasympathetic limb of the autonomic nervous 
system around the 15th week of fetal life [24]. Development of 
other oscillatory mechanisms of the body such as respiration, 
baroreceptor, and vasomotor may also influence the increase in 
the HRV [15]. In what follows, we show using ultrasound blood 
flow velocity waveforms collected from 108 fetuses between 
10 and 20 weeks of gestational age that the evolution of the 
normalized HRV measure is similar to the behavior predicted 
based on the physiological considerations. This demonstration

further strengthens the claim that the normalized HRV measure 
of this paper is a viable candidate of assessing fetal cardiovas­
cular health.

1) Data Acquisition: The fetal ultrasound measurements 
were collected at the Department of Obstetric and Gynecology, 
Academic Hospital Rotterdam-Dijkzigt, Rotterdam, The 
Netherlands. This study was approved by the Hospital Ethics 
Committee at the Erasmus University. Of the women who 
consented to participate in the study, there were 108 women 
with normal singleton pregnancy between 10 and 20 weeks of 
gestation. Ten fetuses were studied in each age group (each 
week of gestation within 10 to 20 weeks) except for week 19 
where only 8 data sets were available. All pregnancies were 
uncomplicated and infants were normal with a birth weight 
between the 10th and the 90th percentile corrected for maternal 
parity and sex. The angle of incidence was kept below 20° 
and the flow velocity waveforms were obtained from the free 
floating loop of the umbilical artery. Transvaginal (5 MHz) and 
tranabdominal (3.75 MHz) Doppler recordings were used at 
10-13 and 14-20 weeks of gestation, respectively. All Doppler 
studies were performed for 18 to 45 s with the women in the 
semi-recumbent position and during fetal apnea. Consequently, 
all waveforms consisted of more than 40 beats and were 
adequate for the HRV analysis.

Umbilical arterial Doppler signals were stored in superVHS 
(sVHS) tapes in PAL format using a Panasonic superVHS 
video cassette recorder (model AG7350) with near CD quality 
audio. The recorded audio signals were digitized offline at 12 
kHz using a 12-bit analog-to-digital converter (National Instru­
ments) and acquired using a personal computer. The digitized 
signals were first divided into segments containing 512 samples 
with 75% overlap so that the signal parameters were estimated 
at every 128 samples. Therefore, the sampling frequency of the 
reconstructed waveforms was 93.75 samples/s. The maximum 
velocity envelope was estimated using the FFT-based threshold 
crossing algorithm described in [23].

In a separate study, Doppler ultrasound measurements were 
made using the same algorithm on 11 normal fetuses of 10- 
to 20-week gestation during three successive 5-min intervals 
to evaluate the dependence of instantaneous state of the fetus 
on the reproducibility of the flow velocity parameters. There 
was no statistically significant difference in the umbilical arte­
rial flow velocity parameters estimated from the three separate 
sets of measurements.

The spectral analyses of the fetal heart rate time series have 
shown that between 10 and 20 weeks gestational age, a signif­
icant portion of signal spectrum exists below 1 Hz [17]. This 
indicates that the instantaneous peak velocity and heart rate do 
not change significantly over short intervals of time less than 1 s 
during 10-20 weeks of gestation. In this work, we estimate the 
instantaneous heart rate values using intervals approximately 
of1 s (90 samples) corresponding to two to three heartbeats. 
We also assume that the angle of insonation remains constant 
over this interval of time. The input to the MUSIC algorithm 
consisted of the autocovariance function of each block for the 
lags in the range [—35, 35]. The algorithm then estimated the 
autocovariance of this data for lags in the range [0, 10], and 
from that estimated the frequency and the amplitude of a single
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-3 .8076a;+  205.1209, 
146.4839,

10.0 < u  < 15.4 
15.4 < cj < 20.0. (6)

2.8307,
0.2040a; -  0.3109,

10.0 < u  < 15.4 
15.4 < < 20.0. (7)

Fig. 7. The distribution of the heart rate as a function of the age.

real sinusoid in the model along with the variance of the noise 
component.

2) Mean Heart Rate: Fig. 7 depicts the mean value of the 
estimated instantaneous heart rates for each waveform as a 
function of the gestational age. As expected, the mean heart rate 
decreased linearly with gestational age up to the 15th week and 
then remained approximately constant. The piecewise-linear 
model of the mean heart rate estimated using the least-squares 
curve fitting for ages 10 to 15 weeks and 15 to 20 weeks of 
gestation is the solid line in the figure (P50). The relationship 
of the estimated model for the mean heart rate /  with the 
gestational age a; over the period of 10-20 weeks of gestation 
was given by

The RMS deviation of the mean heart rates from this model was 
6.10 beats/min. Fig. 7 also shows the 90% confidence intervals 
(P10 and P90) for the distribution of the mean heart rates as­
suming that variations are Gaussianly distributed.

3) Normalized Heart Rate Variability: The variability of the 
heart rate estimates were characterized using the normalized 
RMS deviation of the estimated mean heart rate over each wave­
form , calculated using (4). Fig. 8 depicts the behavior of the 
normalized HRV with the gestational age. The solid line (P50) 
shows the piecewise-linear least-squares fit of the HRV with the 
gestational age and is given by

In the first segment (from week 10 to 15), the HRV was constant. 
In the second segment (from week 15 to 20), the HRV gradually 
increased. The estimated RMS deviation of the data from this 
model is 0.96 beats/min. The 90% confidence intervals (P 10 and 
P 90) of the estimation are marked by the dotted lines.

Both the estimated heart rate and the HRV evolve with the 
gestational age as expected according to the physiological 
considerations. This, in conjunction with its robustness prop­
erties, makes the normalized HRV measure more useful for

Fig. 8. Normalized heart rare variability as a function of the age.

assessing fetal cardiovascular function than its un normalized 
counterparts.

IV. Conclusion

Reliable estimation of the frequency components of non- 
stationary data is difficult with Fourier transform-based 
algorithms when data lengths are short. Furthermore, HRV 
measures based on the Doppler ultrasound measurements have 
been handicapped in the past because of their dependence 
on the measurement noise and the angle of incidence of the 
ultrasound beam. The normalized HRV measure based on 
frequency estimation using the MUSIC algorithm is robust to 
variations in the angle of incidence of the ultrasound beam as 
well as the measurement noise. This is a significant advantage 
of our approach over the current state-of-the-art in HRV 
measurement. Furthermore, real-time implementation of our 
algorithm is not difficult. As a result of these observations, we 
believe that the normalized HRV is an excellent candidate for 
assessing fetal cardiovascular health. Preliminary results of 
using the normalized HRV as a marker for abnormal cardiovas­
cular development suggest that fetuses with severe congenital 
heart defects have HRV measures different from fetuses with 
structurally normal hearts. Confirmation of these findings 
would open the possibility of intervention and therapy at a 
sufficiently earlier gestational age than current mid-trimester 
techniques. In addition, many women at increased risk for a 
fetus with congenital heart disease could be reassured at an 
earlier gestational age than is currently possible.

Appendix

The MUSIC algorithm [20, pp. 407-445], [21, pp. 139-160] 
is briefly explained here. Let y(n )  be a real-valued signal mod­
eled as a sum of P  sinusoids in noise as

p
y(n) = ^ 2 a k cos (27Tfkn  +  ^ k) +  f  (rc) (A.8)

where £(n) is an IID process with zero mean value. The pa­
rameters a,k and fk  represent the amplitude and the frequency
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of the fcth sinusoid of the signal, respectively. We assume that 
fk  /  fm  for k  /  m . The phase v/>/. is assumed to be uniformly 
distributed over [0, 2ir) radians and uncorrelated with ipm for 
k ^  m . In the analysis model of (2), P  = 1, but the following 
discussion assumes an arbitrary value of P .

The signal y(n)  has zero mean value. The covariance function 
of the random process;//( // ) is given by

where

The covariance function j xx of x (n )  is given by

lx,

cos 2ir fm  =
ej2%fm _|_ R-j2njrn

2 P  ,

<-> = £(?)■ 0j2nfim

y (n  — m  +
= A x (n )  +  i (n ) ,

where

x (n ) =  [x i(n )  X2 (n) ■■■ 

and

£ ( « ) = [ £ ( « )  C ( n - l )

The covariance matrix of the signal vector y  ('■//. ) is 

R  = £  { y ( n ) y * ( n )  [
t2j

x 2p ( n ) Y

= A P A ff +  a?In

P  =

0 ' C*2P 
\ 2 ,

(A.21)

) = ' ' y  —  cos2Trfim  + a 28(rn). (A.9)

Let x (n )  denote the sinusoidal components in y (n ), i.e., 
p

x (n ) =  £  a k cos (27rf kn  + ipk ) • (A.10)

(A.11)

{•}/; is the Hermitian transform of {■}, and \ i s  an 
m-dimensional identity matrix. Let { A i, A2, . . . .  Am } 
denote the eigenvalues of R  in the descending 
order, and { s i ,  s2, . . . .  s2/» } be the eigen­
vectors associated with first 2 P  eigenvalues and 
{ g 2p+i ,  g 2p + 2, g m } be the eigenvectors
associated with { A2P+ i, A2P+2, . . . ,  Am }. Here

Xk > tr | for k = l , 2 , . . . , 2 P  (A.22)

and

\ k =Cr| for k = 2P  +  1, 2P  + 2 , . . . ,  m . (A.23)

Let

Since each sinusoid can be represented as a summation of two 
complex sinusoids using the relationship

s2

(A.12)

S =  [ s i 
and

G  =  [g2P+l

s2P  } (A.24)

(A.25)

lx x (m )  can be represented as a summation of 2P  frequency 
components as

2p  2
7 * * M  =  £ ( y )  e ^ m (A.13)

where fi+ p  =  - / ;  and a i+P = U{ for 1 < i <  P . Substituting 
(A.13) in (A.9) results in

Then

R G  =  G

A2p+1 
0

0

0
A2p + 2

=  a t  G .

a ? G .

(A.14)

Let the frequency vector

a ( / )  =  [ l  e~j2*f  e~j4lTf e - j 2(m-i)Tr/]T (A.15)

where m  > 2 P . Let us further define the matrix of all the fre­
quency vectors

A  =  [a  ( / i )  a  ( / 2) ■ • ■ a  (,/'2P) ]. (A.16)

The rank of the matrix A  is equal to the number of distinct 
sinusoids 2P  in the signal.

Let us consider the m-component signal vectors given by
iT

However, from (A.20), we get

R G  =  A P A ffG  

This implies that

A P A ffG  =  0.

However, A P  has full column rank implying that 

A h G  = 0.

(A.26)

(A.27)

(A.28)

The solutions to the above equation, { / fc} |£ 1 are found by 
solving the following equation [20, pp. 407-445], [21, pp. 
139-160]:

-.Hr G G H&( f)  =  0 (A.29)

(A.17)

(A.18)

(A.19)

(A.20)

or equivalently determining the angular positions of the 2P  
roots of the following equation:

a ^ - 1 ) G G Ha(z ) =  0 (A.30)

located nearest to the unit circle, where

a(z) =  [ l  £“ 2 ^ - (TO“ 1)]r . (A.31)

Because we consider real sinusoids, these roots will appear as 
complex conjugate pairs. In other words, for every frequency 
estimate /*, there will be a corresponding frequency —J) esti­
mated.

The amplitudes of the real sinusoidal components and the 
noise variance may then be estimated using the autocovariance
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function of y(n ). We can expand (A.9) as a matrix equation 
given by

COS 2P7r/i cos 2 P irfp

(A.32)

The amplitude in each P  sinusoids under analysis and the noise 
variance <r| can be directly estimated by solving the P  + 1  linear
equations in (A.32).

Then, the SNR of the signal is

SNR =

P 2

a
(A.33)
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