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SCHEDULING MULTIPROGRAMMED COMPUTER SYSTEMS:

AN ANALYTICAL APPROACH -

Introduction

In a multiprogrammed computer system, several jobs are using the facilities
of the system at the same time. However, a given facility (or resource) 1is
generally only allocated to one user at a time. But, while working, jobs gener-
ate requests for some facilities and liberate other facilities; thus, conflicts
may arise when several jobs request the same facility. The system®"s scheduler is

a set of mechanisms to solve these conflicts.

The scheduler should try to maximize the use of the resources while giving
higher priority to users haying a higher urgency. This paper 1is an attempt to
show that better schedulers could be built if some model of the interference between

user®"s requests for facilities were available.

Of course, a solution to this problem depends on some information being avail-
able on the patterns of the user®s requests for facilities. Haberman [4] has
shown that such information can be useful in avoiding deadly embrace of processes
in a time-shared environment. This information might be provided either by the

user himself, or extrapolated from statistics collected by the system.

What information would be useful? It should be relevant to the scheduler
by permitting computation, for instance, of a maximum possible "interference"
between different jobs; it should be simple and condensed because the scheduler
has to operate rapidly; and finally this information should be easily available
and characteristic enough of a given program that it could be used without any mod-
ification for several runs of the same program with different input data. In this
paper, the information used will be the proportion of usage of the various "non-
memory"™ resources over a rather long period of time during which a job runs, and

the total (maximum) amount of memory required by the job at various levels.

What exactly does the scheduler do?

In our terminology, scheduling means allocating resources or preparing
an environment in which resources will be allocated. These resources are memory

(drum, disk, core, fast registers), tape drives, C.P.U., busses, channels, etc..].



Note that some scheduling is usually done by hardware, which for instance resolves
conflicting requests for one memory bank. But even in these cases, it might be

desirable to have a software scheduler which decides, for large intervals of time,
which priorities the jobs (or busses, or CPU"sjwill, be assigned, for instance any

memory access requested during this _large interval of time.

The following decisions and strategies are completely independent from the
scheduler, except that they may feed information or requests into the scheduler and
they should not be confused with scheduling activities:

1) Page replacement algorithms 1in a computer with paged memory: which

page should be extracted from memory, and should the size of the work-

ing set of pages be changed, and should there be any prepaging.

These decisions can be made by the programmer, or by the system, but in any

case they concern program optimisation and not system optimization (insofar as we can

say that we don®"t improve the system by improving the user®s programs running under

2) Deciding on the "external" priorities of jobs; some jobs are more
urgent than others. This might be decided either by the system or
by the user himself (who is willing to pay more to get his job
executed soon). External priority can be reduced to an economic
criterion, the price offered by the user per unit computation of
his job, which is then fed into the scheduler, and will serve the

scheduler in order to build its own optimization criterion.

3) Statistics to be used by the scheduler or by the paging algorithm or
to compute external priorities, can theoretically be considered to

be collected independantly of those decision-making processes.

We consider that a scheduler is a mechanism using the following informations
1) On each program: some information about the kind of service wanted by
the program, either on a long term range, or because of a current

request for a facility.
2) The economic "bid" of eaci~. job, characterizing its "external™ urgency.
3) The resources available to the system.
We believe that some scheduling should be done for intervals of various dur-

ation of time. Microscheduling is being done for periods in milliseconds, macro-

scheduling for periods of hundreds of milliseconds, while scheduling of tapes

it).



should be done for minutes, and some real time users don"t want to use the sys-
tem at all if they are not assured of getting some minimum guaranteed resource

usage.

The scheduler decides to allocate some resources to some users, and chooses
parameters to be fed into the "lower level” scheduler (which handles smaller time

intervals).

The scheduler tries to optimize the economic criterion of the system, which
is the sum of the economic criteria of the jobs being allocated. For any job,
the economic criterion can be either under complete control of the user, pr com-
puted by the system according to some external urgencies. But these computations
are external to the scheduler, contrarily to what happens on some current computer
systems where restructuring the external priority queues 1is an essential function

of the scheduler.

Microscheduling and Macroscheduling

Macroscheduling will refer to those scheduling operations which are related
to the allocation of central memory. The time interval between two macrodecisions
is rather large (greater than 10 milliseconds on most systems). Microscheduling
concerns the allocation of the arithmetic and control units and of some fast busses,
to programs which are already essentially present in central memory. For instance,
the decision of what job is allocated access to the drum for page-in and page-out
operations between drum and main core memory is a microscheduling decision 1in
current computer systems where the programs are kept in core while paging takes place-

In future computer systems, this kind of paging will most probably be replaced by

a paging between two fast levels of memory, like on the 360/85.
Jj Current computer Future Computer
Systems Systems
Macroscheduling Allocation of Allocation of core
core memory memory

and fast registers

Time between macro-

- - 1 sec. = 10 millisec.
decisions
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Current Future
Microscheduiing Conflicts of accesses Allocation of CPU
I to drum and disk Conflicts 1in swapping
Allocation of CPU between central core
and fast registers and fast registers

In future computer systems, the transfer rates of the channels and busses
and the bandwidth of main memory are expected to grow faster than the speed of
the memory. This opens an entire set of new strategies for scheduling; for instance,
it might be smarter to swap out a program during every 1/0 completion delay encount-
ered by that program, rather than to leave it in an expensive memory during that

time. However, such swapping strategies will not be studied in this paper.

We prefer the words "microscheduiing™ and "macroscheduling™ to "microqueuing™ and
"macroqueuing”™ [1], because the latter suggest the use of FIFO queues by the scheduling
algorithm, which is a practice copied from real-life strategies, but which 1is not
so easy to justify in a more sophisticated environment. Note that, 1in our term-

inology, "scheduling” and "allocating™ are synonymous.

The models to investigate

In a first stage of this study, we are going to study microscheduiing models
where the programs are already in memory. A program will be considered as a
sequence of calls to various resources: C.P.U., 1/0,,..such that one and only
one resource 1is called at a time by a given program (no double buffering for
instance); this limitation could be removed, but helps to simplify the presenta-

tion.

Various queueing strategies will be studied. Some assumptions will be made
about the programs candidate to run, and the effect of these assumptions on the
use of resources and progress rates of the jobs will be computed. There are
several resources, each having its own microscheduler, which 1is independent
of the other microschedulers, the strategy of each microscheduler being determined

by the macroscheduler.

Some definitions

User: an entity which requests and seizes resources, and which might also give
some information about its future resource requirements.

The words user, job, program & process describe the same concept in this study.



Virtual time of a user: a time reference in which the user®s program is running
at the maximum speed allowed toy the hardware t a request never waits, but is alway
immediately served), |If a user permanently has top priority for accessing all

the resources, virtual time for this user and real time are equivalent, except

for a change of origin in time,

Virtual time diagram of a user: a diagram in which the resource usage of the user
is plotted as a function of his victual time. The function has the value n if
and only if resource #n is used- Remember that we made the assumption that a pro-

gram uses one and only one resource at a time tit is a purely sequential process).

Observables of the system: any quantities which are relevant to our study*

For instance, we are interested in:

The effective progress rate w” ot job #i tw like working). It. is the portion
of time user #1 was working, divided by the total real time interval on which
this was measured,

._total vi;tua{ timg interval for #L
i total corresponding real time interval

The performance u, of resource #j or its proportion of usage).

_ time resource #j is used by any job
] total real time interval

w. and u _are both dimensionless variables, which are observed over a certain
i F

interval of real time.

The economic criterion of the system is another observable; we assume that

it takes the form:

where c. characterizes the urgency of user #i.
X

Definition of the worst case. The worst case relative to some assumtpions and
a given microscheduling strategy is the lowest: possible value of a chosen observ-
able for ail possible virtual time diagrams of the various users over a certain
real time interval, subject to certain constraints. These constraints will gener-

ally tell which proportion .t its yirtual time a job is using a given resource.



A given set of observables defines a space. For a given microscheduling
strategy and with some assumptions on the usage of resources by the jobs, we define
the attainable domain (or "domain of certainty") as the set of points in the
observable space which can always be reached if the system desires it, for any
virtual time diagrams of the users which satisfy the given assumptions. This

is a generalization of the worst case in a multidimensional space.

System of fixed priorities (with preemption? for each user and resource

In the first model which 1is being studied,

1) For each user we know, over a ”“iven period of time, which percentage
of the various resources (for instance, C.P.U., drum, but not memory) he is

going to use.

2) For each resource, there is a priority assigned to each user. For a
given resource, these priorities are all different (the users are totally ordered
with respect to each resource). This priority assignment will not be changed
between two consecutive macrodecisions. If user #i requests the resource, he
will get it either if the resource 1is currently idle, or if it is allocated
to a user having lower priority for this particular resource (in which case the

lower priority user will have to wait for further use of this resource).

Note that a user does not necessarily have the same priority for all resources.

Thus, we characterize the situation by two matrices nxm, where n is the

number of users and m the number of resources:

proportion of the virtual time of user | spent on resource j

Q
>
(=

1"

integer number representing the priority of user i1 for resource j.

©
>

[
1

(normalization of the aﬁf for each user)



Pij < PKj user 1 has a priority than k for resource j
(Attention!l)

The assumptions are given over a real-time interval [0,T], which separates
the two activations of the macroscheduling algorithm. IT wr is the progress
rate of user i, this user will effectively get resource j allocated during a
time

T w, a.

’ ’
1 13

Resource j will be running during a total amount of time

T~

thus :

1 , = 0 ) 1
@ u oA, W, (jqu)

Fundamental equations and consequences

We are now interested in finding the attainable domain in the worst possi-
ble cases, where the requests are synchronized in an order such as to get the
least possible simultaneous use of the resources available. This is relevant
to the general philosophy that the system should always expect the highest amount
of conflict within certain computed bounds. It should not oversell itself to the
users, guaranteeing them a service that it would eventually not be able to give*
Even if the system would decide to take some chances for a greater expected profit,
probabilistic models would be dangerous because they assume a randomises and
absence of correlation between users which are not true generally. Also, for a
given user, the requests do not havs a random length under some distribution, and
are not uncorrelated with each other. Of course, the computer could compute Markov-
chain coefficients for the various users, but this seems to exceed the allowable

overhead of an allocator.

The following fundamental equations express that, in the worst possible case,
a process will be waiting for a resource at any time when this resource is used

by another user of higher priority:



. 5 A =
if \é a’k;]'W’k <1 then i W,i - L_ a'k]W’k else W.I 0
j,k
D/k ]
ij'ﬁ 91,‘- Pkj< Pij
(0 < Nl 1< i<n

Note that 1 - w is the rate of waiting, for user i. The previous equations

can be condensed:

(2) 1— >min | £ ak j V 1 (0< W|< 1)

j .k ' @<i<n
PKj < Pij

Equations (2) define a domain of values for the w” "s; any point within this
if the system wants it, We called it the attainable

domain can always be reached
Note that equations (2) imply

domain, or synonymously the domain of certainty.

that:

(©)) O<u]: 5”a...w]< 1 (Ofw,i<;\l) @< 3"~ m

(The reader will find this result easy to prove)* Equations (2) can be

rewritten in the following more practical form:

@) V4 i, either w, = 0 or 1 > w,i + I{— a’kj" X
k, J

PKj < Pij

We are not going to prove here that (4) defines the worst domain

-, w?) satisfies equations (4), then the system

If a point (w*, w”,
rates by taking the follow-

is assured of getting the corresponding job progress
ing microscheduling strategies:

If a job asks for resource j with a priority greater than the one of the

job currently allocated, preemption takes place.



““1f job i1 has already used resource j during a time greater than T ajj»

its priority for resource j is reduced to something lower than the priority of

any job which has not exceeded its estimates on resource j. This policy protects

other users against those having made wrong estimates on their a,"s.

The macroscheduler now has the cask of computing the 1s and the p~*"s,

to satisfy equations (4) and to optimize some criterion, for instance:

) maximize E = ) C. w,I

—— i
i
is equivalent to a criterion which would tend to maximize

This criterion

resource usage:

where the d,"s could be called <"weights>> or costs of the resources.

Example 1

v - (1]

in a row and a resource is a column. Resource 1 1is

In this array, a job is

is the disk; job 1 is compute bound, job 2 is more 1/0 bound.

the C.P.U., resource 2

1) We give the maximum priority to job 1 for all resources:

Pi, -111)

Equations:
1 > wl
1 >w + wQ

The domain of certainty is defined by: w + w? 1, which shows that no

parallelism in the use of the resources is obtained in the worst case.
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2} The priority matrix is:

()

Equations defining the attainable domain:
r

Y
The attainable domain corresponds to a nearly optimal usage of the resources:

unr= .8 wh + 4 U2
u2= .2 Wl_+ .6 w2
and u”™ are maximum at the point:
= .65, w2 = ,87 =} uN = .87, uM = .65

in this case, both u” and are maximum at the same point. This, however,
is not a general result, and we might get very complicated domains in the u”™ space.

Nevertheless, solving the equations:

Vi, l-w. - 2. ar wk
D

pkj<pij

might give a good approximation of the use of resources in the attainable do-

3) The next case has the priority matrix:

V-1
I>w + 6w

1 > .8 wr + w2

Obviously, the attainable domain is worse than with the second priority assign-

ment but better than with the first one.
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w.
attainable domain
{equations (4) )
(Ps) 1
ID 12 1
Fig. 1: Domains in the Ww", w”) space for example 1.

Example 2

Consider the case (2 jobs, 2 resources) where

(6]
a1

(al'D') - 5

o

Figure 2 show? the virtual time diagrams of the users, and how they combine

into real-time diagrams for 2 different priority assignments:



12

wiji> (2 2) = 1A+ W

Figure 2.3 shows that this assignment really leads to almost sequential use

of the resources, as expected from the model.

"l + '5 w2
1 Sowr +W2
The expected result wr = ,67, w® = »67 is illustrated on figure 2.4.

Example 1 has a larger attainable domain than example 2 with the priority
assignment (~ 2~ "~e This 1is due to the fact that the jobs of example 1 are
complementing each other (one needs more C.P.U., the other more 1/0), while jobs

of example 2 have identical average needs of resources.

We will now show that the assignment to each job of a set of the same prior-
ities for all resources is a wrong choice, which can always be improved. For

instance, we have the following theorem:

Theorem 1. If, under priority assignment #1 job 1 has a strictly higher

priority than job il on all resources, then, if for a particular resource j, there

is no job having a priority higher than 1" but smaller than 1, (pr’ = p%b + 1),

then an exchange of the priorities of job i and job i" for resource j, without
changing the other priorities, 1is a priority assignment #2 whose attainable do-

main strictly includes the attainable domain of priority assignment #1.

Fig. 2.1: Virtual time diagram of user 1.
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Cegources

time

Fig, 2.2: Virtual time diagram of user 2.

real time

Fig. 2.3: Real time diagram; (PYj) = 0 9

Lae

user waiting for the resource

users seizing the resource
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i . other words, any point in the space of observables which satisfies

equations (4) under assignment #1, will satisfy (4) under priority assignment

The proof 1is given in appendix A= The theorem is quite weak, but at least

it shows that a priority assignment like the following can certainly be improved:

(p'ij') = [I%33’
4 4 4
How to assign priorities.
If we want, to optimize c, W,, we get a good priority assignment by

i
ordering the priorities for resource j in the order of the quantities ----- —
i
a,
(the smallest — ~ gets the highest priority)*
i

A\

»

O 1=

1 oK

This is however not an optimal ©priority assignment, as might be shown by
the following counter-example :

Example 3: 3 resources, 2 jobs.

3 3 .4
ij ~31 .6 .09

We want to optimize w + w”; our method leads to the following assignment

of priorities:

él 1 2

. = t

(PU.) » 1

The optimum is wn + = 1 384. However, with the priority assignment:
12 1 2\

Gijd Mmoo

the op“cimum would Me Wy + Wy = 1.477
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C.iis example clearly shows that our "good"

always optimal; one of its major advantages 1is simplicity.

We shall restrict ourselves

E = w, + ... +w_ = u, + ... + U

1 n 1 m°

This is not a restrictive hypothesis for the validity of the

simplifies the equations.

Multiprocessor case.

So far we have only considered the case where the resources are not

changeable, and are only susceptible to one activation at a time.

going to study how the previous model can be extended to the case

may have more than one activation at a time. For instance, there

identical CPU"s or identical channels.

The fundamental "worst case"

here without further justification.

Define g~ by: r = . re[1,n], j£ [I,m]

priority assignment

equations are quite complicated.

is not

in the following to the optimization criteria

theory, but

inter-
We are now
where some resources

might be several

We give them

q~_- is the number of the user having the r-th priority for resource j.
IT resource j has R™ processors (possible simultaneous activations), the
maximum time that user i would spend waiting for resource jJ in time interval [0,T]
if r - gqi;j> Rj

so that the equations are: y i£.[I,n], 1 -w ~

Theorem 2. A smaller domain

hence tha theorem.

By replacing the a. 13 by the

the attainable domain defined by the previous

we have reduced the multiprocessor tp



a monoprocessor case. There is another way to achieve this: suppose resource
Jj to be a single resource Cone activation cr.ly) , but which works at times its
initial speed. The reader will eas.\iv verify that the w;"s would satisfy ecmations

(4), where the 2y % would have been replaced by the

K

ft - - _
. oom
13 gl 4 P ™ 27
I’} " k R m
k
The estimate given by the /~ "s is slightly more optimistic than the bound
obtained with the O(iU'S’

Example 4.
a. CPU Bus !
3}
job 1 & 21
myob 2 ! 6
job 3 .2 .8 1

Suppose that 2 c.P.ll. "s are available., We assign the following priorities:

/3 1\
(p->=12 2~
13 A

1) An exact treatment gives the fundamental equations:
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The lower bound method:

CPU Bus
job 1 4 »2
job 2 2 .6
job 3 A .8

is the "best" point of

the worst case.
2 Ux = -b2 u2 = *93

3) The "optimistic" approximation:

CPU Bus i

1
job 1 .372 .186
job 2 .18 .54
job 3 .093 .75

|

W = .81 w2= .82 w3= .40

Note that the treatment with the fj s does not in this example yield

* higher value of Z_W.I than the exact treatment with the aID's. In other words, it
i

is not always as efficient globally to have a processor working at speed n, as it is
to have n identical processors working at speed 1. OFf course, the processor at
speed n has other advantages under other assumptions, if the memory size is limited.
Example 4 was intended to show that the estimate of the wi's by the 1I15 can
be quite close to the exact camputat i.n results. This gets even more obvious witi®

high numbers of jobs,

A first scheduling algorithm based preceding theory

Suppose than we know the coeificients a  for the various jobs. Those can
be obtained either by extrapolating measurements conducted on each job since it
started to run, or sta"-latics on previous runs, or by using programmers® estimates
We suppose that there is only one level of central memory, of which job i needs an

amount mi to run.
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The jobs are ordered by external priorities. We then have to decide about
the w”"s for the jobs; for instance, we might allow w» = .5 for the high priority
jobs. A w” too close to 1 might strongly degrade the possible service for other
jobs, by obliging the system to give a high internal priority for all resources
to the job which has a high external priority. This would lead, as we saw, to a

poor utilization of the resources.

If a set S of jobs is allocated in memory, it has to satisfy:

1 >wlL 4 akj wk \% S
Pkj < Px3
m <M (memory available)
as 1

A procedure to find the maximal set of users fitting into available resources
would take the following steps:

Step 1: Take the highest priority user; put him in set S
Step 2: Check whether S* is an allowable set: first assign the priorities p”»
~N/1£S", according to the rule

PpResf PR3

where the c”1s are in the same order as the external priorities. Then check

equations (6) for set S". If they all check, go to step 3 else go to step 4.

Step 3: S S; go to step 4.

Step 4: Define S" as including all users of S, plus the highest priority user
not yet handled. If there are no more users to handle, the algorithm stops, else
go to step 1.

Using the above procedure we have found a maximum allowable set of users, each
of which has a requested guaranteed service. The computations can be done so
that the time required by the algorithm is: t=Amn+ B mn log(n)

- - - a' -3
the nxlog(n) term expresses the time to sort the quantities 1j «
C.
i

Check for inaccurate estimation of the resources needed

Having done our allocation for a period of time T, we have to check during
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that period what amount of resource j job i is using. |If he uses this resource
during more than W, a=§ T
1 1
job i is punished in the sense that its priority p for this resource is changed
to a priority lower than any job which has not exceeded its quantum on the resource.
This method assures that a job which accurately estimated its needs will be served

at least as well as promised. -

Set of users with non-guaranteed service.

Assume that there is still some central memory available after having applied
the previous macroscheduling algorithm, We might then put some other users in
memory, with priorities lower (for each resource) than the lowest priority of the
users of set S.The guaranteed service of users of set S will not be affected by
these additional ("Marginal™) users. M will be the set of marginal users.

We affect priorities in set M according to the same criteria as in set S.
0f course, the resource usage will not be as good as if the priorities had been
affected optimally for the entire set M + S. Our solution is a compromise between
respecting the external priorities of the users, and increasing the system®"s effi-

ciency.

Example 5. There are 2 CPU"s but only one bus (or channel).

aﬁU CPU 170 Wy decided if allocated
job 1 4 .6 .5
job 2 -3 *7 5
job 3 o5 5 .5
Dob 4 9 ol .5
job 5 .8 2 o5
job 6 .6 4 .5

These 6 candidates are in the order of their external priorities; there is
no limitation because of memory in this example.

The reader can verify that the algorithm (with ¢, = 1, V i) will accept jobs 1
and 2, reject 3, and accept 4 and 5. This is intuitively a good choice because

1, 2, 3 are 1/0 bound while the others are compute bound. = |1,2,4,5] M = 73,6]

and the priority assignment:

©; ™

Note that job 3 would have been accepted if w 4. Our assignment gives
the resource usage u = .6, u , = .8, which could be improved by solving equa-
tions (4 (equalities”™ for thel”0 w~”"s with the p~."s that we just computed.
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Comments:

D We only took into account the external priorities of the jobs, and not

a more precise quantitative measure of their urgencies.

2) Clearly, if the w"1ls were computed instead of just being arbitrarily

decided before the algorithm started we could get to a more optimal solution.

We will now study a few models of allocation before returning to specific

algorithms.

No-priority case.

In the "no-priority case", a user seizing a resource will never be preempted
and will not lose the resource until he decides to release it. The situation
is even worse than if users have the same priority for all resources, and may lead

to almost no parallelism in the computations,

The worst case equations are:

(7)) Vi€ 11,n] Lzw, + ga K%

e
k¥i
j

In the situation of example #4, this gives the following progress rates:
wh o= 16, wN = .32, wh = .64
so that the overlap of activity is small:

overlap = wA + w™ + w" -1-—- 12%

Therefore the no-priority case is uninteresting, and should be avoided in

any actual system design.

"Randomly turning" priorities

We will now investigate the following microscheduiing algorithm:

The time is divided into very short intervals, and the priority of the users
for the various resources is changing from one interval to the other, cycling so
that each user spends the same amount of time in each priority level. Typically,
the time between two priority changes might be 100 microseconds, and is small
compared to the interval between two allocation requests of jobs to the micro-

scheduler. Nevertheless, we assume that this method does not introduce any
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additional overhead.

We might, for instance, use a random number generator, at the beginning of
each time interval, to generate the job priorities during this interval.) this
would insure that there is no regular pattern of one job spending most of the time

at a higher priority than another, as happens with a circular permutation.

The idea of such a microscheduiing algorithm has the following justifications:

1) The hardware could allow time-sharing of a C.P.U. or a channel on very

short time-slices. However, we don X know whether this would be a good practice.

2) We want to assure a user of a certain percentage of use of some resources,
under any circumstances. Time-slicing on a very short time basis might seem a
natural way to do it; if user i is assured of having the top priority on resource
j during a portion of time p AT where AT is some small interval of time, then,

with the a.,"s defined previously, his progress rate will be at least

However, we can compute a much higher "lower bound"™ estimate for the w,"s.
After having done it, we will compare these new "worst case" equations to equations
(4) and show that under some assumptions the "turning priorities microscheduiing”
performs poorer than a fixed priority algorithm with the P*j"s well chosen.

This result has been checked by simulation, and the following discussion attempts

to establish a theoretical justification.

Under our new model, if k users compete for some resource, each one will
get it during a portion of the time 1/k,, Consider resource j. User 1 will seize
it during a period T the worst possible case, the maximum overlap of
requests occurs on resource j. Thus, the time spent by user i waiting for resource

j is less than or equal to
/ min fa, w, T, a, ,w. T)
k /71 183 k 13 1

This points out that if a job k asks for less time on resource j than job 1,

the maximum time spent by job i waiting for resource j because of job k will be
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T akj’wkl f , on the other hand, a T{a’KerT’ job 1 will wait for resource

LW
Y
J because of job k at most during a time a”w”T.

The worst case equations are thus:
8 1 >w,. + min (@, .,w, , a, ,W.
® - 0 f,gl (nCJ k’” Tjo |)

3 Vifc[l,n]
These equations define the attainable domain with turning priorities.
k

T a

Fig. 3: Time spent by the jobs on resource j

and maximum interference of job 1 with other jobs.

Theorem 3. For every point in the attainable domain defined by equations (8),
there exists a priority system in which this point is attainable according to
equations (4).

Proof: We define this priority system by:

Kj 1j” "X k1 Tk
We assume that, for a given j, the a.,,s are all different. Then obviously,

equations (8) imply equations (4) for this system, which are:

i€L [1,n] 1>w | a, .. W
L Ki® "k

kjwkﬁé Az Wy

This theorem is reassuring because it tells us that whatever we are assured
of doing under a turning priority system, we are also assured of doing under a

fixed priority system.
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However, we can prove the following theorem under some restrictive assumpt-

ions :
Theorem 4.

If one of the following is true:

1) There are only 2 jobs (and any number of resources).

2) There 1is any number of jobs, but competition is limited to one resource only.
Then there exists a priority system whose attainable domain includes

the domain defined by:
Pu< Py 9 g

The proof is shown in appendix B.

Theorems 3 and 4 show that a fixed priority system should, to a certain extent,
be preferred to a random priority system (which is itself better than no priority
at all). |If a resource has the property that it can be preempted without any
other additional future loss of time, then the available information on the jobs
can be used to assign priorities for the resources, and a "good" choice is to
assign the resource to the job which has the least need for it (after having

weighted these needs by the external urgencies of the jobs, which leads to the

quantities ).

What about macroscheduling?

Do we really need macroscheduling separated from microscheduling? 1In a
recent paper [2], the author examines what was wrong with the Chippewa Operating
System; he concludes that there were two flaws. First, the absence of a macro-
scheduler: the Chippewa system allocated resources for an indefinite period of
time, without taking into account the global demand of each job. Thus, there
was no guarantee when a ;job was allocated, that the job would not ask later for
more memory than was available, and in this case the Chippewa scheduler did not
take back the resources (CPU,.,-,; already allocated. The second problem of
Chippewa was that 1/0 bound jobs, or compute bound jobs, were not recognized as
such by the scheduler, and so this information was not taken into account in assign-
ing priorities for the resources. We have seen that bether simultaneity in resource
usage 1is achieved by assigning a high priority for a resource to a job which makes

little use of this resource.
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Denning [3] has attacked the macroscheduling problem by assuming that each
user®"s processor demand and memory demand are known. Then the macroscheduler
has only to solve the Knapsack problem (deciding, for each job, whether to allo-
cate it or not, so that the sum of the demands of each job for some resource will
not exceed a quantity which is slightly smaller than the total available amount

of this resource.

Our approach has some similarities to Denning"s, however we do not only
determine for a job whether it will be allocated or not, but also what will be
its w*» (progress rate). By doing so, we hope to get better resource usage than
if the users were deciding individually about their own progress rates

(or if the "external"™ scheduler was deciding them).

Sketch of another algorithm for macroscheduling

There are two kinds of resources: the macroresources <3 (which are allocated
by the macroscheduler), and the microresources OL(allocated by the microscheduler)
We call b~ the absolute amount of macroresource j desired by user i. By opposi-
tion, a” is the relative amount (per unit of time) of microresource j needed by
user 1.

Now, the mathematical problem can be expressed in the following way:

Find a set of users S which maximizes the economic criterion

subject to the following constraints:

9
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where p”~ ia a priority system to be chosen.

The first equations for je<é& express that any user which has a non-zero
progress rate (and thus who is allocated in memory), can find some space in
aieaaory level #j.

The other equations are just equations (4).

The following algorithm finds a nearly optimal solution to the problem.

It works in two steps:

15 Get an approximate solution by optimizing the economic criterion

with the following constraints:

Trie constraints for the resources of set (3 are identical in equations (9)
and (IP); the constraints concerning the resources of set A are, however, weaker
in equations (93 than in equations (10) ; the fatter just e”pjress the best
possible case (where no unnecessary interference between jobs would happen) ;
.wever, we use this method because equations (10) are easier to manipulate
than equations (9) and wa shall later get a more refined solution. Thijs first
step Xz essentially intended to eliminate from further consideration the jobs
mhich should certainly not be scheduled (for which w® = 0) .

To get a good approximate solution of this mixed linear programming problem
do) , it is not necessary to use the Simplex method, nor an enumerative methpd
of search. A faster method which gives a good approximate solution works as
TC TIC*Wfc : -

Assign an initial weight K, to resource j. Assign an initial w. to job i.
Compute the desirability for each job:

C.
1

Sort the job* according to their desirabilities. Starting with the one pf
h1/Jhvrnt ds.*l-rability, compute whether the job e#n be allocated or not, that is,



if equations (10) can be satisfied with S consisting of the jpbs which we already
decided to allocate and of the job we are trying to allocate. Whether the job

has been allocated or not, try the next one.

When all the jobs have been examined, compute a new weight assignment and
the new w”1s according to the principle that a job having larger 4~ should IMave
a larger w , and that a resource for which the corresponding equation (10) had its

left side much smaller than 1, should have its weight decreased.
This entire process can be repeated 2 or 3 times.

2) Having determined the set S, we get a better approximation of the by

solving equations (11), with piil pi’b <> a.,/c, ai.i/Q,.
X i] i N i

- (@X)) l=w + ZL a w V i”7S
1 j£O. 3
Pi"j ~ Pij
If any of the w/s of the solution is negative, this is rempved frpm set

S, and equations (11) are solved again. As we have seen, equations (1Q) were
giving a set of users to allocate which could be somewhat top large. By eliminat-
ing some users from this set in some cases, we get a nearly optimal set to satis-
fy equations (9 while optimizing equation (5).

Pricing

The determination of prices is, to a large extent, a consequence of the

scheduling strategy. In our approach, a user agreed to pay at most a price

to get a progress rate w®, and if he was proposing a larger Jie flid get a
higher priority.

However, the system should charge more or less uniformly the various jpbs
being allocated; it should not just charge the maximum possible to each job,
because otherwise the jobs would increase their c”"s slowly until they were
scheduled, thus leading to a greater overhead. The marginal theory of pricing

requires us theoretically to charge to user i exactly C"W£/ where oV ~ is

the lowest bid that the user would have had to offer to get allocated; unfortun-
ately, this definition would lead to very complicated computations. We suggest
here a few alternative methods.
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D If v is the first job which was skipped (not allocated) when we scan-
ned the jobs in order of decreasing desirabilities in the first step of our
macroscheduling algorithm, and if w” is the effective progress rate for job 1,
charge job i:

= min (c1 , CI) X Wy X T

Py 1

2) If we want to penalize jobs having estimated their a”j"s incorrectly,
and if job i1 has effectively used an amount r” of resource j, we charge him:
r, .
Py = min (cL—, Ci) X max (5_..)
ID
3) We could have also computed a unit cost for resource j:
yE = KD dE’ where t is the first job not allocated and k.3 the
weight of resource j, as compute” by the macroscheduling algorithm. |If

job i uses resource j during a time r\j, we could let him pay:

p = minCc w , r. .y
1 0 13 3
It is useful to have some prices for resources, so that

1) A new coming user can by immediate inspection of the pripes determine
whether he wants to get in the system or not.
2) On the long range, the computer center staff might determine the needs

to install or remove facilities (see [5])

The variations of the y~.s in time should probably be smoothed for those

purposes.

Problem for further research:

1) Continuous macroscheduling: instead of applying the macroalgorithm at
regular time intervals, find a simplified macroalgorithm to be applied each
time a job previously running deactivates itself voluntarily, or when a job
is changing its external priority, or even when the swapping channel is idle.

We might just schedule or unschedule jobs using the desirabilities which have

been already computed, but we might also want to recompute the the K"'s,
the drls and the wrls.
2) Extend the models to include processes using more than one resource

at a time. For instance, Fig. 4 shows the virtual time diagram of a user
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which initiates 1/0O and swapping at the same time:

N resources

CPU
170

Swap-out
Swap-1in
memory (20K)

memory (2K)
Virtual time

Figure 4

Another characteristic of our hypothetical job is that it does not need
all its memory resource continuously (a buffer of 2K is enough during 1/0 com-
pletion), Could we take care of this knowledge?

Solving this problem would be especially useful for future computer systems
where the cost of arithmetic and control units is expected to decrease much more
than the cost of central memories.

3) Find models of "probable" performance as well as "worst case" models.

4) Which information other than aif's or the bID's on the jobs would be
relevant to an allocation algorithm?

For instance, the exact virtual time at which a job will place a request
might be available for some jobs while being completely out of the question for

others.

5) How much would the results of the model be affected by slight errors in

the predictions?

Conclusion

Our initial effort was applied to separate problems which are usually
handled together in a very intricate manner: 1) Scheculing 2) Paging algorithms
3) Deciding external priorities of users 4) Collecting information about the
average probable needs for resources of a specific job. Pricing, at the opposite,

should not be a question separated from scheduling. The problems of protection
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and of deadly embrace had already been separated from the others 1in previous
works. By partitioning the difficulty, we believe that the way to better

scientific understanding of shared computer systems stands open.

The previous scheduling algorithms and models apply in computer systems where
the shared facilities can either be preempted with very little overhead (CPU,
busses between two levels of fast memory), or cannot be reallocated without a
great amount of overhead (memory). They do not apply, however, in cases where
a resource can be preempted but the delay imposed on the preempted job is greater
than the time during which the preemption occured. This would be the case if,
for instance, a job is swapped from the drum into memory, but if at a certain moment
he can"t get one of the pages because another job has a higher priority to get a
page from this sector of the drum, then our preempted job will have to wait an
entire revolution of the drum before the opportunity to get the missing page is
repeated, and the cost of having a set of pages idling in memory during all that
time is of course important. In such a case, the right strategy might be to
avoid preemption, and to decide what to do by computing a "desirability ratio”
for each possible scheduling operation (ratio of the urgency by the total cost of the

resources involved).

It is our belief that the scheduling techniques described in this paper will
be especially useful for scheduling of real-time users, who want to have the
assurance of getting a certain percentage of usage of the resources of the machine

before they start working.

Other investigations of multileveled scheduling are still necessary. We
believe that queuing theory is getting too rapidly enormously complicated when
the number of servers and the complexity of the queueing strategy increase.
Simulation is a fast way of testing whether some algorithm is workable, but is
not more than a predictive technique: it does not seem to be likely in the future
that a scheduler will first simulate the situation before making a decision.
Analytical approaches are almost all that are left to prove schedulers in the
future with the certainty that the designed algorithm will work almost optimally

in all cases.
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Appendix A. Proof of Theorem 1.

Equations (4) can be written, under priority assignment #1:
.

12) V kEL[I,n] , either 2— /kk.wki< 1 orwk O
k 1=1
{Iﬂr» = T]Z
“9th "REti,2F,p for k * k" and m]
Pk 1p ~ Pkp
Under priority assignment #2:

(13) \/k 0 [1,n], either &T , oW, , < 1 or Wy = 0

with iT kk, ak , Mor k M ki ancj =1
p€ [I,m] r - - kk
PX"pC p,kp

We shall prove that equation #k of (12) implies equation #k of (13), except
for k = i, and that equation #il of (12) implies equation #i of (13).

1) Note that for k / i and k / 1", we have obviously kk, = ~"kk"" because
the priorities of these jobs relative to either job i or job i* have not been modi-

fied on any resource. This proves equation #k of (13) for k ~ i and k ~ 1i1l.

2) We have: IHT' = i = ac mm= oy Fi"i =1 i
n=» =0 Bpp =L Qg oW L T S P
thus: ATETKT - MiETKT Ay an™ k*; Mis Proves equation #i° of (13).

3) Finally, we show that equation #i of (13) is implied by equation #i" of

(12). For k™ / i and k™ ~ i", /"ik,< tf.k. because Pk,j< Pz~ P'k .j < P "j>-

1= *Imlm

Al 1% Yi-i

QED.
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Appendix B. Proof of Theorem 4,

1) There are only 2 jobs.
Before proving the theorem, let us prove the following lemma:

Lemma 21" W1 a<™ W2 are Pos”~t”ve numbers less than 1, then equations
14 d + A12) wx + A2l w2< 1

(15 N\ 2wx + (1 + A2l) w2< 1

imply

(16) Wit (N 2+ A21FW2A 1

Proof: equation (16) is achieved by multiplying equation (14) by (-
equation (15) by X . and adding.

Proof of the theorem: We assume that ~ j, if Kk a’;D ~ a”™ . We have to show

that equations (8) imply equations (17):

an ly vy +61 4Tg,knw,k
kj’ i?

We can rewrite equations (8) as equations (14) and (15) with
Aij = A1k

TS A |

According to the lemma, this implies equation (16) ; now note that

Ak * 3k
so that equations (17) are verified.
2) There is only one resource.

We have to show that equations (18) imply equations (19):

(18) id[1,n] We * . min (alwl. , akwk) B

(19) i [1,n] w. +

I+
[N

\
YRa
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Censider the set S of jobs such that k~- S AWy '5-alw1.

L WS?
k 1

a) yes, there does. Choose then k1 such that there is no job in S whose

Does there exist a job k1£ S such that w

progmess ratio is less than %*, and greater than w®. Then equation #k" of (18)

implies equation #i of (19) .

b) there is no such k*. This means that \/k&€ S, w
Thus equation #i of (18) implies equation #i of (19).

< w.i, and ak> a]

k

3 Note that the theorem is not valid for any number of jobs and any number

of resources, as shown by the following counter-example:

25 .25 .25 .25

,24 .76
(aiy) = .24 .76
.24 .76
.24
The progress rates wh = .5, = wh = wh = w .875, satisfy equ. (8 , but not
equ- (4).
However, we suspect that the optimum of w- is always higher with equ. (4)

than with the constraints of equ. (8).



